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ABSTRACT

In this paper an algorithm is given
for extremum search of an unknown func-
tion F(x) when the space of variables
taking discrete values is not a metric
one. Function values are obtained expe-
rimentally.

The given algorithm is based on the
idea of adaptive random search. This al-
gorithm has been used for the solution
of a number of practical problems for
choosing an effective subsystem of de-
pendent features in pattern recognition.
It is intended for solving problems
which do not correspond to know prob-
lems of discrete programming.

S 1. Formulating of problem

This paper deals with the following
problem: there is a set of n. variables

X1 Ay, , X1, ,X,. Everyone of those
takes the finite set of values X; =xtf.
oy :r'g/g, .. %,, ) « Here, variables are

quantities measured in a names scale (1)
In other words, everyone of these value
sets is the list of some object
I.e. the space constructed by these va-
riables is not a metric one.

Names,
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Let us form the set of n elements
X= (x; . Xt, ,Xp,) taking one element
from each set. The numger of different
sets is equal tNV= /7, . For every-
one of these element zs’e/’ts one can de-
termine F(x)- the quality criterion
value of this set. It is required to
find such a set X*=(x1%, X**) in
order for F(Oc) to take the extreme va-
lue. Thus formulated, the problem can be
solved only with a method involving com-
plete sorting, generally speaking. As
a rule, it is impossible to carry out
the complete sorting because of the
great number of variants N and the
considerable cost of carrying out the
experiment. However, it is possible to
sort only a limited number T of diffe-
rent variants (  T—N) In this case,
If there are no assumptions of function
class restrictions, one can use any al-

gorithm for function extremum search.

In this paper an algorithm based on
the idea of adaptive random search IS
given. This idea is the following: orga-
nization of subsequent tests depends on
the results of previous ones. This pro-
cedure is the training for extremum de-
termination of the function. For that
the number of tests is broken up into a
number of groups

7! ) gp, -
(A PR, Sl %7{:# N

£)

and the following assumption is used for
testing the (¥#he group: for any
pair of values {Tﬂﬂ' 2,,} of variable X,
the probability PW”{:J:-M_::z’z*}wp‘wj[:qfszz”}
even if one set a? ’‘including X is
better (according to criterion 'F(x)
than any set x including Xy, . The
difference between these probabilities
Is greater the more is the

number of tests carried out by the given

relative
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momat of search

y Al
> v
r~ _ X =/
T, =

Tests of the (¥+//-th group are
carried out in order to include the va-
| u x, f variable X proportional
to the” probability Z”W{mz/g:—-m:j which
is changed as the search is carried out.

At the beginning of the search, if there
IS no a priori information for prefering
one value X to another, the probabi-

lities of choice of these values are sup

posed to be equal to 7,

#

The greater the number of tests the
more "careful” must be the extremum
search and the larger the problem class
solving.

This problem does not correspond to
known problems of discrete programming.

The problem of choosing the most
effective subsystem of dependent featu-
res in pattern recognition is an example
of such problems for whose solution the
algorithm stated below Is supposed to
be used.

Really, here the set of all POS-
sible variants is that of all solutions
of including either feature in an effec-
tive subsystem. The variable X  takes
two values: the i-th foature is included
In the feature subsystem or not. In this
case, the variant number is equal N=2"

A summay of discrepancies connec-
ted with both feature measure and recog-
nition errors can be used, for instance,
as the criterion F(x)

The other example of such problems
Is that of technological process optimi-
zation it there are variables measured
iIn the names scale.

The adaptive random search idea has
been used for algorithm (3 )for the
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choice of m features from 77 (A= C:).
This algorithm has been an effective
one for solution of a number of prac-
tical problems in pattern recognition,
medicine, geology, sociology, psycholo-
gy, €economics.

§ 2. Algorithm description.

Let us introduce the following de-
finitions:

1. Space of positions.
Let us denote it by <

positions is constructed by wvariables
XX, X ., . %

. The space of

corresponding, to

N o
those X,, Xx,, .Xx_ , , X, . Variable
X, takes one of the integer values
{/.2. B 7721-} which we name  posi-

tions., The number of positions 7T, is

equal to that of wvariable values )(z.in

a piven moment of search (77, <7)) .
After carrying out every experi -

ment group, a one-to-one correspondence
Is established between the positions of
variable £; and the values of vari-
able X For that, the best set x™

iIncluding the value xtf , the Dbest
set x"? including the value xi» and
so on are fixed. Putting in order sets
‘H‘}, r (z‘e'/ . p 177 by the criterion
we thereby put in order the variable
values X The variable value for
which the best result by criterion F(x)
IS obtained Is compared to the best po-

sition, the value for which the next

As the search is carried out,the num-
ber of variable values X; used is de-
creased by excluding variable values of
less scope. The choice of number m.will
be considered below.
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result by quantity iIs obtained - to
second one and so on.

2. Set of transforming vectors.
Let us denote it by o =(X_, 'dz' ).
Vector C\’L—'-(dz/,, (.?(12, ’O(ZA’ ,dz&)estab-
lishes a correspondence between values
of variable X: and positions of va-

riable &, .The component of this vec-

tor dzﬂ is the value which takes the
A -th ‘position in a given moment of
search.

At the beginning of the search, if
there is no a priori information of pre-
ference of one variable value to another
the vector is

dz =(ITZ/'1’12’ ’rz/g* ’ rzf’z’ /-

Since the wvectors set is renewed
after carrying out each group of expe -
riments, denote it by o 7,

3. Matrix of recommendations Bm.,
This matrix is a set of recommendations
in a space of positions for carrying out

a % -th group experiments.

37 - {z AN
l

)
fOI‘ L -_ 1,2,00. D; §= 1,2,... z‘ ;
¢ ¥/
4. Matrix of planning G .
| _ . R (Y _
It is obtained from matrix using

a set of vectors. Matrix of planning is

¢ {:r

z ( 4"/}

(¥
’

fOI‘ Z 31’2.010 ng E - 1.2’000 Z

5, Function of "confidence" P
This function is introduced as a quanti
tative measure of preference of one va-
lue to another

P= 75 b))
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for ¢ =1,2,... 05 B =1,2,000 £, 3

where 235 (6, . m,) is a probability of
variable value X which Is occupying
the /5 -th position in given moment of

*

search with the value x; The choice

of parameter éz will be considered be-
low.

The function of "confidence” IS
given in a space of positions.

Proceeding from the assumption des-
cribed in §1 the function 5 (6, )
might have the following properties:

1) at the beginning of search | f
there is no a priori information of pre-

ference of one variable value to another

2) function P/ﬁ (’0’z-, 7721} must de-
crease steadily whén the number of the
position increases.

3) by increasing the relative num-
ber of experiments carried out, the fun-
ction of "confidence" must increase at

the first positions at the expense of
those Wit;t_l)z reater numbers,
L
3 : —
4) 2 /235(5%,7773}——/
A=7
In our case we have used the function
6+ 7/

(L) = ' ' ; -~
f 7+ 42)? which 1s given in pa
per (4) .

For any velue of parameter & from
interval (0,o=)

f
/f('z) JY =7
o
Function of "confidence" is given

thus: A
v 6, + 1
Fe (&, m, )-—=f —t— o dX =
' o (7+ 68, X)
@
= ‘5"”; 51-"; (1)
or + /BL 6/ 577
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The function (1) has all properties for-
mulated above., Really, if 51-0 then all
of 77 positions of variable < have
equal value for the function of "confi-~

7
dence" -~ - If 5 > (O then function

(:5

when the number of position 1s increa -

, 77, ) 1is uteadlly decreasing

sing. If parameter &, is  increasing
as the number of experiments is storing
then the values of variable X, occupy-
ing the first positions will be more
prefered.

Since the function of '"confidence"
depends on the group number of experi-
ments carried out, we
/D‘aazi,,ﬁv ).

' Néw, if the number of

corresponding to either value )ins done

denote 1t by
experiments

in proportion to the function of "confi-
dence" value then the number of experi-
ments will be stored; the more perspec-
tive variable values .\, X, X, , X

will be included by further search. The
number of experiments '%i‘”“d for the
variable value keeping the A -th posi-
tion is done equal to the nearest inte-

vv
cer from ~ 7 p 5( 57721)1 e,

/) &/
2 e onp (R4 )
7. :

At every stape of search a one~to-
one correspondence is established bet-
ween points of space & constructed by

varisbles ¥ 6, &£,, , % , <,, and space

L !

X constructed by variables X,,X,, X, X

This correspondence is done by means of
the vector set &'/, Therefore, if in
space X the sct of (§+7) points 1is
chosen in correspondence with the dis-
tribution law given by the function  of
"eonfidence" and if condition (2) is sa-
tisfied then in space X set of points
which also satisfies equation (2) will
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correspond to that set, Hence, we obtain
point sets in space Z (matrixes .38
.”5(72 B3™) vefore carrying out expe-
riments. It is necessary to input in ECM
only the following data: the number of
variables 77 , the number of values for
all of the variables (,,7,, ,/Z,, £,
and the number of experiments 7 .

Let us describe the procedure for
obtaining matrixes B ‘7 A ('U : 5:‘{”, 37
At first, it is necessary to

the function of "confidence" A~

using formula (1), We give coefflclent
51 and the number of positions 777, the

following way: the entropy for wvariable

EE is calculated by means of the known
correlation

’

determine
(V’/ é

772‘!
/H' (5 L 2: }’ 5 m, )
p=s AT

\ i ¢/
o9 Py 8L m, ) (3)

Then the entropy for whole space of
positions 1s determined. This entropy is
equal to the sum of those for each vari-
able, since the choice of positions of

every coordinute is done independently,
i.e,

H - Z/:/'w(ﬁ

(=7

The magnitude H is @ quanti -
tative measure of our lack of knowledge
of which of the .V possible variants
corresponds to the best value of crite-
rion A/ 2/ . At the beginning of the
search 1f there is no a priori informa -
tion of preference of one value of a
variable to another, this
equal to

entropy 1is

IO’ Yizf “':)f, ‘_73
A=, == gl

= if@)x¢/
=/ =7 ‘

Let us denote the relative number of ex-

periments carried out by ¢, = 7¢ “ ’
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the number of experiments remaining Dby
To =7-C, o Let us require that the
entropy should decrease steadily to zero
a8 7, is increasing to one. For that,
the function 4 7 = foy/lw + X' where

, & [ (o) N
KT ~AHT &
e +/{ T, #7 (4)

N, =%
" g Q

e o

is introduced.

The quantity < is on a logarith-
mic basis., Parameter A determines the
adaptation degree, The less A 1is, the
less is the degree of adaptation. This
pasrameter value must be chosen from the
interval (-2, 2) in order 0..-;.5.,72,",..-5 7 .

If the quantity T, is changing
from O to 1 then A, is changing from

Y (o) 7.
1 to Q , entropy /4~ "~ is decreasing
steadily from &' to O.

The condition on which the choice
of concrete value of the parameter &«
depends will be given below,

After carrying out 7, tests the
entropy is decreasing iq¢90mparison with
the initial ome in .é??” times. We
consider that the entropy for each vari-
able is also decreasing, le.C.

A AT
AT e
Then
» , e s on
que__: M::;%ﬁu’byﬂ‘,%;)--;gfé (5)
Let us equate entropy //‘f,t"z,,vzz,) and

that /7;" defining by correlations (3)
and (5):

(Y7, ,r (¥
H (¢, m, =4,

(6)
Now, we determine the number of posi-

tions 772, , For that, the maximum num-~
ber of the position for which one can
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choose even one test from the remalined
number of those 7, 1s determined.This
number is determined thus:t at first, we
suppose 77, = ¢, and from equation

F

. (éz,{z)7'¢=/

the coefficient value &, is determineai.
7
Let us denot‘ewit bY &y e« IEA {é; i’
m, ) = A, , then 772, is supposed
to be equal to 7; -7 . A new velue 7,
is tested in the same way. This proce-
dure is repeated until the inequallity 1is

fulfilled

. (! ,
) ' 777 ) =<
7 { Ay ! 7, HZ

(7)

The number 7T, ic the first ome 772 for
which the inequality (7) is fulfilled,

If the number 772, is defined, then
the coefficient &, is determined from
equation (6) with the method of dichoto-
my . |

When éz end 7z, have been determi-
ned, one can compute probabilities ,ﬁb
(5z . 7. ) for /5-:/,.2, , 772, using exX-
pression (1).

Further, the number z"L” tests
included in the (¥»7)-th pgrouvp is deter-
mined, It must be such a number so that
one can regulate the values of every va-

risble X by the quantity #  when
the results of experiments #,6 £,k /£

are obtained., The number % ¥*7 must
be as small as possible in order to car-
ry search as "carefully" as  possible,
For that, we require that the value of
varisble which in & =iven moment of
search is occupying the last  position
should be included in a test only  one

time. From that

wherecgﬂof‘t f?is the nearest 1integer

4
/
from sz 7]
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( Frt)

The test number 7, , LA=0 ,, 1=1 7, "Hayka", 1969 r.
is determined by means of expression (2). 3., JlcoB I'.C. BrHOOp 3h)EeKTUBHON CUCTEMH
Then, the set of Z'**” points in 3aBUCHMEX MpPU3HAKOB. "BHuUMCAUTENB-
7l -~ dimensional space of positions is Hoe cucremn", Bun.I9, HoBocuOuMpCK,
chosen in correspondence with distribu- 1965.
tion law given by function of "confi- 4, bycnenxo H.Il., lpeiizep 0.A. MeTOon cTa-
dence". The choice of these points is TUCTUYECKMX ucnuTanuth. Mockma, OM,
done so that the number of points cor- I961.

responding to the A -th position of va-
riable Zz)a should be equal to X, . Co-
ordinates of these points are represcn-

ted as matrix B ‘“*7 of (’Z(%/‘}";’U di-
mension.

The procedure for obtaining matrix

‘B‘Q%K/ is repeated several times, The
matrix to which corresponds the least
number of coinciding lines (coinciding

points) is chosen from those obtained.

If the relative number of coinciding 1li-

nes exceeds a threshold then the degree
of adaptation is decreased (value of pa-

rameter A 1is decreased beginning with
X =2 ) and the process of obtaining

(7! (L] /A
, B, 8 is repeated

matrixes B
from the very berinning.

If A 1is decreasing to -2 and one
can not obtain all matrixes 87 372 g
then we output matrixes obtained and the
number of tests not distributed.,

Further experimental planning 1in-
volved the conversion of matrix .5'"" to

G"W by means of vectors N ‘wsot snd

renewal (\{Vﬂ on base 0ol results ob-
tained ~ 6 4, . [;‘f/' . The procedure
for obtaining matrix L?‘wlcan bc done

without using a computer,
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