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Preface

One of us (GG) gave a series of six lectures (two hours each) at the
I1I¢ cycle de la Suisse Romande in January/February 1990. The notes
on the lectures gave us the idea of writing the present book. Our intent
has been to stress the ideas and the conceptual developments, referring
to the literature for the proofs. Even so we realize that we were forced
to make several compromises with the formalism (particularly in Chap-
ter 10, obviously the heart of the matter), and, as a consequence, this
book assumes that the reader has some familiarity with classical quantum
field theory. What is really required is that the reader has worked out the
details of some classical perturbation theory result (e.g., the Compton
scattering in QFT, the removal of some divergences in one-loop radia-
tive corrections, and some elementary calculations in the field theory
approach to many-body theory).

Therefore the book is dedicated to scholars wishing to refiect on some
details of the foundations of the modern renormalization group approach
and to think of them in the light of the few known rigorous results. We
use them here to provide support for an approach that has proven useful
in many problems.

We do not take the point of view of mathematical physics. Rather
we expose how the renormalization group looks to us as physicists: this
means the achievement of a coherent perturbation theory based on second
order (or lowest-order) calculations. The contribution of mathematical
physics to the subject has been, we believe, the clarification of the foun-
dations (certainly clear to the initiators of the subject, but less so to
many others) and to provide proofs — often only partial — that the
higher-order corrections do not matter.

Therefore we do not dwell at all on the successes of the remormal-
ization group methods as a mathematical physics subject (hierarchical
model, 3 scalar field theory, d = 2 Coulomb gas and dipole gas, d = 4
critical point, to mention a few) or on the general n! bounds (such as
(8.28) below). This is so not only because it would expand our work
almost without limits, but also because it is time that such results be-
came accepted (without the need to explain them from the beginning to
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Preface

audiences who do not really care), allowing us a discussion of the renor-
malization group by keeping the rigorous results in the background, in a
context that illustrates the key ideas without requiring sophisticated (or
perhaps just complicated) mathematical tools and technical analysis. We
use the mathematical results only by occasionally quoting them to say
that the higher order corrections do not change the picture.

The material collected here is fiarly standard except for the part on
the Bose condensation, which we added because it is a summa of all the
previously illustrated ideas and in order to stimulate a discussion on one
of the most controversial subjects in condensed matter theory.

We restrict our attention to some typical problems that can be for-
mulated as field theories, but the methods are quite general. The ideas
reflect the approach that was developed in Roma during the last 15 years
(eighteen as of this writing). We are indebted to many for encourag-
ing us by simply paying attention to our efforts and for often providing
suggestions that we have incorporated, possibly (but not intentionally)
without reference, because ours was, at least at the beginning, a fasci-
nating joint cultural development. While this work shows us how much
lower the results have been compared to the expectations, we find it useful
to report our point of view to a wider audience.

The aim of the lectures in Lausanne was to present the results of the
renormalization group concisely and in a nontechnical form. The hope
was to convey the enthusiasm evoked in the lecturer when he realized —
finally getting a flash of ideas from the papers of [DJ], [D], [GJ], [BS1],
[WEF] whose deep significance had remained obscure to him for long years
— that mean field theory of phase transitions had finally been surpassed
and not only nontrivial critical exponents were naturally emerging, but
also at the same time, and for the same reason, renormalization theory
of relativistic QFT became fairly transparent. The technicalities of the
exposition that we could not avoid both in the original version and, more
so, in the present probably obscure the original intention, but we hope
that some traces of the revelation still survive.

We are greatly indebted to Professor Arthur Wightman for his inter-
est, his comments, and his encouragement as well as for making possible
the publication of this book through Princeton University Press.

Roma, 1995
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Chapter 1
Introduction

The notion of renormalization group is not well defined. It arises
in theories in which a prominent role is played by scale invariance or
covariance properties, of various quantities, with respect to a noninvert-
ible transformation of coordinates. The noninvertibility is an essential
feature; it is supposed to allow one to reduce effectively the difficulty of
the problem.

Examples of problems that have been treated implicitly or explicitly
via such techniques are the following:

The KAM theory of Hamiltonian stability

The constructive theory of euclidean fields

The universality theory of the critical point in statistical mechanics
The onset of chaotic motions in dynamical systems

The convergence of Fourier series on the circle

AN

The theory of the Fermi surface in Fermi liquids

To the above one can add a less-established problem, which we present
here because it seems to us that it summarizes and merges many of the
ideas illustrated in this book:

7. The Bose condensation.

The term renormalization group started to be used in the above sense
with the work of Di Castro and Jona-Lasinio [DJ], and the method
was developed to its major successes in the works of Wilson [W1], [W3],
[W4], [WF]. In retrospect one can say that the same ideas had been
used several times in earlier works, for instance in (1), (2), and (5);
furthermore, it would be very easy to illustrate the methods used in
the analysis of the above problems without even mentioning the words
renormalization group; this certainly happened in the early works on

(1), (2) and (5).
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On the other hand, it is widely believed that the renormalization
group point of view is a very useful unifying conceptual scheme, orga-
nizing scaling ideas occurring in the solution of a problem. It allows us
to transform into mathematical propositions (which still may be very
hard to prove) many intuitions that one develops about the qualitative
behavior of several systems.

In these lectures we shall illustrate some examples taken from the
class of problems in (2), (3), and (6), trying to avoid technicalities about
which the reader can find abundant literature.



Chapter 2

Problems Equivalent to the Analysis of
Suitable Functional Integrals:

Critical Point and Field Theory

Let us begin with the problem of critical points in statistical mechan-
ics (item 3 in chapter 1). The thermodynamic functions are expected to
have singularities as functions of the temperature 7" at the critical tem-
perature, 1., and to behave like (T' — T..)* for T sufficiently close to T.
The exponents, «, are called critical indices. We ask of our renormal-
ization group technique that it makes possible the calculation of critical
indices for some family of interactions.

The simplest systems to study are lattice systems; we write the Hamil-
tonian

1 )
H(p) = 500" Y T —)ea =0 +057 D _ret (21)
z,yeEA TEA

for a system with no magnetic field, i.e., with no term linear in ¢ in
(2.1), enclosed in a cubic box A C R? centered at the origin, and with
side L; L, z, and y are integer multiples of the lattice step, denoted p, L
Periodic boundary conditions in the box A are imposed on the real-
valued functions, ¢. Evidently, H(p) can be regarded as the interaction
energy of a system in which there is a continuous spin, ¢, € R, at each
lattice site x in the box A, and there is a pairwise interaction between the
spins at  and y given by —py “ 20, J(x—y)p,, with J(z) = J(—z) and
J(0) = 0, as well as a self-interaction py*(r + p3 >, 5 J(z))p2. In the
case of first-neighbors interaction H(y) has a formal limit, as pg Lo,
equal to J [ dz(0p,)? 4+ [ dee?.

The problems that we study in what follows are formulated with
some generality, but they are interesting and nontrivial already in the
cases J(z —y) # 0 for |z — y| = p; ' (nearest-neighbor interaction) or
lz—y| < 2py " (next nearest-neighbor interaction) or a simple long-range
interaction J(z—y) = J|z—y|~. The reader should think to such cases
when bothered by the generality of our formulation.
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The partition function for this Hamiltonian is

Z(B) = /efﬁH(so) H e @) dy, (2.2)

zEA

where exp[—po(¢)]dy is some a priori distribution on the spins, describ-
ing the high temperature statistics (5 ~ 0) of the spins. More physically
the spin ¢, associated with the lattice site x is itself a sum of many ele-
mentary spins interacting with a much stronger interaction so that there
is a regime in which 8 can be regarded as not being small enough to re-
solve the spins composing each ¢,. Thus they will behave as being in
their ground states (in which their sum is assumed to have a distribution

exp(—po(p))dp).
We take, as an example,

po() =y * (Loy* — Rop?), Ly>0,Ry >0, (2.3)

which has received a great deal of attention (sometimes being called the
¢*-model or the Landau-Ginsburg model).

If r = 0, H(p) can be written in the form (1/2)3°,  \ ¥zAz—ypy
and it is convenient to introduce the function .J(p), which is defined in
terms of the (discrete) Fourier transform A(p) = S _, Aze ™™ of A,
through the equation

zEA

A(p) = 2p5™* > J(2)(1 — cospx) = py T (p) - (2.4)
xEA

Here p € R has components that are integer multiples of 27/ L, and pz
stands for 25:1 DT, i

We assume that > |J(z)] < oo as well as J(p) > 0 and one among
the following three possibilities:

J(p) =Jo |p* + O(|p|*)
J(p) =Jo |pI*™7 + o(Jp|*~) 2>7>0 (2.5)
J(p) =Jo p*~7 +O(p*™") 0>, yeven,

where Jj can depend only on the direction of p.

The first case in (2.5) will be called the short-range ferromagnetic
case; it is realized when Y J(z)|z|* < oo, J(x) > 0. The third case
will be called the short-range nonferromagnetic case; it is realized when
the interaction has short range so that J(p) is analytic at p = 0, but there
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are suitable cancelations between the various contributions to .J(p), like
>, (pz)?J(x) = 0. The second case is the long-range potential and it
arises when J(z) o |z|~%, a > d; the relation between « and the decay
rate of the potential J is given by

y=d+2—a if |J(z)|=|z|7. (2.6)
The partition function of our system can be rewritten as

Z(B) = % /eXp [padz (—Lows — Mo(B)¢3) | Paldy) ,  (2.7)

FASHIN

where AV is a trivial normalization factor, Pg is a Gaussian process with
covariance or propagator:

1 mpo ip(z—y) 1
cl, = y / = —Chy (2.8)
(27T) —7Tpo BJ(])) ﬁ
with (27)~¢ ffi;o d?p a shorthand notation for |T1\ > and
My(B) = —Ro + Pr . (2.9)

Finally the “trivial factor” mentioned above is the exponential of

2

A Lo
G tos it + o [ iG] o)

with the same meaning for (27)~¢ ff:; d?p.
Since the sums in (2.8) are rather clumsy, one could use the represen-

tation:

_ _ 1 TPo eip(m—y)
cl. = Coyint, Cuy= / ——dlp, (2.11)
’ ngz:d ! ! (27T)d —TPo J(p)

corresponding to the image method of electrostatics, and this time the
integral has to be interpreted literally.

The analysis of the above problem is technically somewhat simpler
if (2.7) is replaced by a truly field-theoretic problem, i.e., if one thinks
that ¢, is defined for all 2 € R? inside the box A. One replaces Z(f3),

(calling v = /By) with

1 —2,,4 —1,,2
Z = W/GXP [/A (—LoB™ %y — Mo(B)B™ pz) dx| P(dy), (2.12)
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where P is the Gaussian process with propagator

+oo .
_ 1 x(p)e?@=v)
Oy = G / . (2.13)

where J(p) in (2.4) has been simplified into p>~7 and x(p) is a cutoff
function corresponding to the integral extremes +mpg in (2.8), and the
integral has to be interpreted literally. For instance, a good choice —
essentially as good as any other with the same features — is x(p) =
(p/po)2~ [ =P’ /P 0= V/2d .

The fact that the volume is finite and that there are boundary con-
ditions is important in some arguments: for example, when translation
invariance is used or cancelations due to integrations by parts are ex-
ploited.

However, to avoid rather clumsy expressions, we shall use C in (2.11)
or (2.13) as propagator rather than the periodized version C': in this
way one breaks translation invariance, but we shall nevertheless perform
the mentioned cancelations, where they are needed, without worrying
about the inconsistency; it is possible to see that all the results reported
in this review could be correctly reformulated in terms of the original
model (2.7), (2.8). The reason is simply that all the rigorous results
depend on bounds on the propagator (or better its multiscale decom-
position, see chapter 5), which are uniform in the volume. The formal
results are usually obtained in the literature, on the other hand, without
worrying about “boundary corrections” and are very often given “in the
limit A — 00.”

The model (2.12), (2.13) is manifestly close to the problem of eu-
clidean quantum field theory. The latter problem is, in fact, related to
the analysis of the same integral with x(p) replaced by (1 — x(p)) and
v = 0; more generally it is formulated as the problem of studying

[ Plav) esp [ (-3t - 2y da (2.14)

with P(di) being a Gaussian measure with propagator given by (2.13)
with C replaced by

o 1 0, L= ey
_ ip(a—y) 2.1
Cay (2m) /d p 7 € (2.15)

Here pg is some inverse length scale fixed in advance (bare mass of the
theory).
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The above model is called the ¢*-model and it can be naturally gener-
alized to the V() model, where V is an arbitrary function, by replacing
the integral over A in (2.14) by

—/ V(ihy)da . (2.16)
A

We have to make more precise the meaning of the problem of studying
the two integrals (2.12) or (2.14).

The first is really a problem only in the limit A — oo, i.e., it is
an infrared problem because its difficulty is due to the singularity at
p = 0 of the integral in (2.13). It is usually formulated in terms of the
singularities in the S-dependence of the free energy

F(B) = — lim ——

Jim 08 Z(5) (2.17)

or in terms of the generating functional Sx(f),:

exp SX(f) =
_ %/ [P+ [ (LoB 202 =Mo(®)8 ™ 02)da] by 2.18)
O(f) = [ buf(x)de .
The equation (2.18) is usually written, with obvious symbols
SX(f) =1log (e*)) . (2.19)

The generating functional ST (f) is analytic in f and its Taylor coeffi-
cients

0 log (e¥/)) (2.20)

T 1‘1 “ .. :L',n/ g
S ) = Y 8 ) o

are called the truncated Schwinger functions.

One is interested in ST (z1,---) = limp 0o S¥ (71, - ) and more pre-
cisely in their behavior when their arguments are sent far apart. For 8
small, 8 < B, the behavior of ST (x1,z2), for instance, is well known to
be typically “the same as that” of! J(z; — z2), but for 8 = 3. it may

LAt high temperature and low density this is even a theorem in many cases; see,

for example, [Gr], [BGr], and references therein.
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change, signaling the (normal) critical point, to that of C'(z1 — x2) (i.e.,
from 1/|z1 — 22|7277, see (2.6), to 1/|x1 — 22|92+ which is slower
because v < 2, see (2.5)).

The statement “the same as that” of J is valid in the cases in which
J is eventually monotonic. In the case that J has a decay faster than
exponential, it means that the correlations decay exponentially. For
J decaying slower than exponential, but faster than |z|~¢, it literally
means asymptotic to J.

In contrast to the infrared problem (2.12), (2.13), the field theory
problem (2.14), (2.15) (or (2.16)) is nontrivial already for A finite. In fact
it is easy to see that (2.14) is not properly defined, if d > 1. The reason is
simply that ¢? is not well defined, hence (2.14) itself is not meaningful:
because if one chooses a field ¢ randomly with probability distribution
P(dy) given by (2.15), then with probability 1 it is ©2 = 9% = co. In
other words, 1* as well as f A Y% is not a P-measurable function, hence
it cannot be integrated by P (and its exponential either cannot be inte-
grated or has a zero integral depending on whether [, (=X — pv?) dx
is plus or minus infinity).

The proper definition of the (finite A) ultraviolet problem is therefore
the following. Let N be a cutoff parameter and replace (2.15) by

1 —27p?/pg =P /Py
e | e (221
™ p

and let Py be the Gaussian measure with propagator (2.21). Let Ay > 0,

=(<N)
Coy =

un real and define

few(f)e* fA(ANwiJF“Nwi)dzPN(dw)

Sy(f) = log (2.22)

)

J"e* fA(/\NibﬁJrHNw?p)diPN (dib)

which is now a well-defined integral (in fact, the regularity of C%N)
implies that v, is a C°° function of z with probability 1 with respect to

We keep A finite and try to see whether one can find Ay, un so that
the limit ST, as N — oo, of S%(f) exists. To avoid triviality one has to
require also that ST (f) shall not be a quadratic form in f. If Ay — 0
fast enough and puy — 0 fast enough then it is easy to prove that, in
fact,

N | —

fim_ S5(H) =5 [ £(e)Cu )iy =

N—o00

(f,CF) (2.23)
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obviously uninteresting and trivial, since the r.h.s. is the value of (2.22)
when Ay = uny =0.

More generally, field theory with an arbitrary V, see (2.16), can be
formulated by replacing V' by Vj, where Vy is allowed to vary with N
in some space of functions (e.g., the sixth-degree polynomials) of 1, or,
even more generally, in some space of function of ¢, and 0v¢,. Then one
studies the functions S%(f) defined by (2.23) with the integral in the
exponent replaced by

/ Vi () de (2.24)
A

and one asks similar questions.

The latter problems really are the problem of trying to find a probabil-
ity measure on the space of the fields v which is not Gaussian yet is local,
i.e., obtained by modifying the Gaussian measure P(dv) with propaga-
tor (2.15), by multiplying it by a function of the form exp — [V (¢,)dz.
As such, the problem can be further generalized, but we shall not dwell
on this (see [GR]). We shall discuss, in what follows, only the ultraviolet
problem with Vj restricted to being a fourth-order polynomial in v, and
second-order in Ov,.. This is what is called traditionally the ¢*-problem
and it will be considered for 1 < d < 4.
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titFermi Sphere and Bose CondensationChapter 3

Chapter 3
Other Functional Integrals: Fermi Sphere
and Bose Condensation

In the previous section we have considered two main examples of
problems associated with functional integrals. There are many others.
Here we mention two more problems: the theory of the ground state
of a Fermi liquid, and that of a Bose gas. For lack of space we shall
study only the very simplest cases: spinless fermions in one dimension
and spinless bosons in three dimensions.

3.1 The d =1 Fermi Liquid

This case is surprisingly rich in structure in spite of its absolute sim-
plicity if compared with the more interesting case of one-dimensional
spinning fermions or with the far more interesting d > 1 cases (see
[BG2]).

The problem is the following. Let

H:é(—%—u) +20) (@ - F)) (3.1)

i<j

be the Hamiltonian describing a system of N fermions in R?, enclosed,
as in chapter 2, in a periodic box A, interacting with a pair potential v
that is supposed to be C"°, and with short range.

Let 7,/1% be the creation and the annihilation operators for the fermions
and define, for 8 >¢; > 0,i=1,...,n, with t; # ¢; for ¢ # j:

Sgreon (T1t1, ... Entn) = (—1)™ lim lim - (3.2)

B—o00 A—oo

Tr (e—(ﬂ—tn(l))HwU”(l)e—(tn(l)—tn(z))HwU”(z) .. .wf"(")e—tn(n)H)

ZTr(1) ZTr(2) Tr(n)

Tr e—PH ’

where 0; = £1, 7 is the permutation of (1,...,n), such that ¢,y >
tr2) > ... > tr(n) and (—1)7 is the permutation parity. In particular,
consider

S(z) = S_,((Z1),(0,0)) if ©=(&t)cR7*L. (3.3)
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The functions (3.2) and (3.3) describe the properties of the ground state
of the above Fermi system (essentially by definition) in the grand canon-
ical ensemble with chemical potential u and when the mass of the par-
ticles is m. They are called the Schwinger functions of the ground state
of the system (3.1).

The case A = 0 is trivial and one finds that, if x> 0, S(z) = limg_,
limp 00 g(2), with

glz) =" (=1)™G(& +dila, t +n0B) ,
nEZ, no€Z
(3.4)

e

_ 1 / —ikx -
g(z) = = dkod®k
@) @m)H S —ikg + (k2 — p%)/2m 0

(k = (k. ko), z = (Z,m0) and pr = (2mp)'/?), which shows that the
free-system ground state has a one-particle distribution function S(x)

singular on the “Fermi sphere” ko = 0, |E| = pr . In fact, the occupa-
tion number of the momentum k is related to the Fourier transform of
—g(#,07) which, in the limit S — oo, is

ng = X(Fl < pr) = (aaZ) | (3.5)
the familiar result (Fermi distribution).

The importance of the function (3.4), the free propagator, was dis-
covered by Bloch and De Dominicis, who started a series of papers
culminating in a rather final perturbation theory of the Fermi surface
by Luttinger and Ward [BD], [LW].

The conclusion of the theory is that it is possible to express the inter-
acting S-functions in (3.2) as a functional integral with propagator g(x)
described by (3.4). In fact, one finds, if A = [féﬂ, %ﬁ] X [féL, %L] is
considered with periodic boundary conditions,

Soyeon (X1« oy xy) = lim lim -
) B—00 A—o0
[ P(dy) e W v vl vy s@oso @ idedy oy, (3.6)
. X1 i
[P(dp)exp [

The main feature? of (3.6) is that the ¢F are not elements of the usual al-
gebra of the real numbers, but they form, as 2 varies in R4*!, a basis for

L For a derivation of (3.4), see appendix 1.
2 Tor a discussion of the notion of Grassmann algebra and of Grassmannian inte-

gration, see appendix 2.
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a Grassmann algebra G. The latter consists in the linear combination of
monomials of the form f, ---4F . -4 two such combinations are
identified if one can be reduced to the other by assuming the identities

VIUy + g e =0,  Vay,o0 . (3.7)

The [ P(dy) - is a linear functional over G; thus it suffices to define
the P-integral of the most general monomial. The latter is defined by
the formula (Wick’s rule)

n

/ P(d) s, b b vt = S0 [0 - ve) s (38)

™ =1

the sum being over the n! permutations 7 of (1,...,n) and (—1)™ is the
permutation parity. The propagator g is as described in (3.4).

The derivation of (3.6) from (3.2), (3.8) is a matter of simple alge-
bra based on Trotter’s product formula (see [LW], [BG1]); it is checked
order by order of the A expansion of both sides of (3.6). If the various
contributions of the same order in A are collected together and summed,
the series resulting from this procedure are absolutely convergent (see
[GK1], [BGPS]), and one says that the integral in (3.6) is well defined
and given by the appropriate sum (the difficult problem is of course to
prove bounds uniform in A).

3.2 The d = 3 Bose Gas.

The Hamiltonian is the same as (3.1), acting, however, on symmetric
wave functions.

Let ¢ be the creation and annihilation operators for bosons, and
define the finite L positive §, Schwinger functions Sf{L (x1,...,2n)
by the ratio in the r.h.s. of (3.2), with y* — ©*.

The A = 0 case is, of course, trivial, and the functions S%* are given
by the Wick rule (3.8) with (—1)™ — 1,%* — T and g(z) replaced by

SPL(z) = §0(2,0) =
_ i ey VE>0) e APyt < 0)
d ik-Z —e(k)t =
L EE e e (1 )

— + =
_eBe(®) | 1 _ e—Bel) (3.9)

= pett (e PrY(t > 0) +9(t < 0)) + L™¢ Z(same as above) ,
k+£0
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where (k) = 2;—; — i, 9(z > 0) means 1 if x > 0 and 0 otherwise, and p
is defined by

pL?

_ 7—d8 Buy—1 _
p=L""%""(1—e")"", ﬂu—10g1+pLd,

(3.10)
and it will be called the condensate density (equal to the actual total
density S%%(0,07) in the free case).
One finds, if p > 0 is kept fixed,
e

1 —ikx
SPL () ——S(2) = S,(x) = p+ /dk: = . (3.11
( ) B,L— o0 ( ) P( ) p (27T)4 —’L/{/’O + k2/2m ( )

Note that p — 0~ as 8, L — oo: in fact, one cannot fix ;1 = 0 (because
one would divide by 0 in (3.9)), nor p < 0 (because this would imply
S(Z,t) = 0 for t < 0, i.e.zero density: the vacuum). The choice pu > 0
is not allowed; in fact, even if one took L such that E(E) = 0 for all
ks (thus avoiding a division by 0), one could not avoid generating an
unphysical negative density.

Following the same procedure used to deduce (3.6) from (3.2), (3.8),
it can be easily found that (3.2) can be written as

oqt ... p5ne” VO P(dyp)

Sov.on (X1 2n) = Ah_}n;o Te Vo Pldy) , (3.12)
where A = [—23, 18] x [-3L, $L]?, and P(dy) is a Gaussian integral,
such that

[ereipan =sse-w . [eepas -0, G
and,® if z = (20, %), ¥ = (0, ¥),
Vi(p) =X [ o(@—d(xo — yo)ps vz ¢y ¢y drdy . (3.14)

A

3 The term “Gaussian distribution” attributed to P(dyp) is justified because 4,0%

can be regarded as complex Gaussian random fields, defined in terms of two real,

independent, Gaussian random fields <I>glc, @i and two real Gaussian, scalar variables

£1,€2. One can set

pr =& +ig? + O (@' £i®?)
where OF = 1 and O~ = —9¢ — (2m) "' A. Then, if the covariance of &7 is p/2 and
the Fourier transform of the covariance of ®7 is [Ic(Q)Jr(122/2m)2]_17 the propagator for
the fields Lp;t is (3.11). Note that, in this representation, the fields ¢ and ¢~ are not

complex conjugate. The asymmetry of the above representation implies the existence
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This time the integrals in (3.12) are true functional integrals, convergent
if A(Z — 7) > 0 (so that Vi(p) > 0, because ¢, and ¢ are complex
conjugate).

Remarks

1. Note that, in the case of the Fermi gas, formula (3.6) can be written
2

2
Pr one sets u = Z& — p, then

in several ways; if, instead of setting p = 3£, o=

the Schwinger functions are given by

e VW P(di)
. . o1 On__ = \N"7T/
Soron (X1 x0) = AILH;O P fe_v(w)P(d’L/J) )

V() = A / o(@ — P)o(x0 — go)b YT YT drdy+ (3.15)
o / Wrys do

where P is the measure with propagator g(z), see (3.4).

In other words the chemical potential can be arbitrarily split into a
part, %, that is regarded as “part of the free system” and into a “part
of the interaction.” Hence pp is not intrinsically defined by (3.15).

2. The same comment can be made about the Bose gas: the chemical
potential can be written p = %log Lip(1 + Lip)~! — v, and (3.12)
becomes (3.15) with ¢» — ¢. This means that we can fix arbitrarily p
provided we compensate it with a value v such that u stays the same.
Hence p is not intrinsically defined by (3.15).

3. Nevertheless one can define uniquely the notions of Fermi momentum
and Bose condensate density in terms of properties of the Schwinger
functions. One notes that, in the Fermi gas with A = 0 and given pp,

the pair Schwinger function S(#,07) has asymptotic behavior that is
sinpr | 7|
17

momentum pp if S(Z,07) oscillates as |Z] — oo as sinpp|Z]. Of course

. Therefore, one says that an interacting Fermi gas has Fermi

of another representation with the OF operators exchanged; but no representation
is possible with T conjugate of ¢ ~. This makes the functional integral somewhat
unusual and it is perhaps better to regard it as a formal rule for the calculation of
the perturbation expansions; this causes no problems until one starts worrying about
the remainder estimates. We are not aware of any attempt to treat such question

with mathematical accuracy.



Critical Point and Field Theory 17

if one uses (3.15) with u = % + v, the function S(#,07) will neither
oscillate with scale pr nor with scale \/2my; but it will oscillate with
some scale pp(A, 1) (assuming that things are not too different in the
interacting and in the free cases, for small coupling at least).

This shows that a natural approach would be to fix a prioripr as the
scale of the oscillations of the interacting pair Schwinger function, and
to see if there is a value of the chemical potential p such that, writing
w= % — v, the (3.15) produces a S(#,07) oscillating exactly on scale
PF.

This means that one regards pr as a “physical constant” and u as a
“bare constant” to be fixed to generate a model whose physical Fermi
momentum is the prescribed one. One expects that v will turn out to
be v =v(pp,\) = O(}N), i.eu = % —v(pr,\).2A

One expects that the perturbation theory would be simpler at fixed
pr rather than at fixed u, because in this way the Schwinger functions
have the same singularities as the free ones, or at least some common sin-
gularities, so that they can be more naturally regarded as perturbations
of each other.

4. Likewise in the Bose gas one sees that the asymptotic behavior of the
free S(x) as © — oo is simply S(z) — p (see (3.11)). But again, if one
uses (3.15) with ¢ — ¢ and with P having a propagator (3.11) and v
fixed, we can expect, at best, that S(x)z=s9p + r(v,\). Therefore, we
expect that a less singular perturbation analysis will be necessary, if p
is fixed a priori(and called the condensate density), and v = v(p,A) in
(3.15) is determined so that S(x)z=so>p exactly. We see that the Bose
and Fermi gases are completely analogous in this respect.

5. Once the physical parameters pp or p are fixed in (3.15) by suitably
determining v, one can inquire whether the subleading corrections to the
asymptotic behavior are also in agreement with the (respective) free-gas
cases.

The subleading behaviors are

1 sin(ppz — arctgupt/x) j 23
S ermi, d= ~ - = ’ =
fermi, d=1(T) T (22 + (vpt)2)1 2 vF
T (3.16)

e
Stose, d=3 — P NW )

4 1f one really insists in fixing p rather than pg, then the last relation should be

regarded as an equation for pg, given u, A, and thus it would determine pp.
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so that, if one could prove that the above are the correct asymptotic
behaviors also in the interacting cases, for suitably chosen m = m(\, pr)
or m = m(A, p), it would be natural to use (3.16) as definitions of the
physical mass of the particles. Or, as in the cases of pr and p, one could
fix the physical mass m and use (3.15) with a free field with propagator
containing the physical value of the mass parameter m and add to the
Vi in (3.15) a term

CA 2

o [ S utvde, (3.17)
A 2m

with a(m,pp, A) such that the interacting Schwinger function has the

behavior (3.16). The Bose case is essentially identical, with ¢ — ¢.

6. Howewver it may happen that the subleading behaviors do not behave
as (3.16). For instance, in the Fermi gas case it turns out that the
asymptotic behavior is

S°()
(2 + (op)2) T2

(3.18)

if SY(z) denotes the free Schwinger function, and if 7 is a suitably defined
function n(\) = O(N?). This still defines the parameter vg, hence the
physical mass pr/vp. We discuss this point in chapter 11.

In the Bose case also one does not expect (3.16) to hold. We shall
discuss this point in chapters 13 and 14. The result will be essentially
the same: the physical mass can be fixed by adding to Vj in (3.15) a
term like (3.17) with ¢ — .

The existence of substantial corrections to the (3.16) (such as (3.18))
is usually called an anomaly to stress that the asymptotic behavior of
the Schwinger functions is not the free one.
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Chapter 4
Effective Potentials and Schwinger
Functions

The problems of Chapters 2 and 3 are studied by the renormalization
group approach via the theory of the effective potentials.

There are various objects that bear the name effective potential. Our
definition is one variant of the concept introduced in the basic paper of
Jona-Lasinio[J] (see also [CW], [Pol]).

Consider the functional integrals (2.12), (2.14), (3.6) and define

o~ Verr(#) = J%/ / P(dip)eV W+ | (4.1)

where N is a normalization constant, chosen so that Veg(0) = 0, and,
respectively,

V) = /A (LoB~20% + My(8)8~102) de
V() = /A (vt + uxe?) da | (4.2)
V) = / o(@ — PB(a® — yO W T vy dady + v / s ds

A A

and P(dy) denotes the Gaussian measure with propagator (2.13), (2.21)
or the Grassmannian Gaussian defined by (3.8), (3.4). The field ¢ is a
test function (i.e., a smooth, rapidly decreasing function on R?) in the
first two cases. In the third case ¢ is, instead, an element of a Grassmann
algebra obtained by enlarging the basic one, generated by the 1 field,
by adding to it new basic elements pF (which, therefore, anticommute
with each other as well as with the 1’s).

The case of the Bose condensation problem is very analogous to the
first two (see chapter 13).

The effective potential (4.1) is the object of main interest. It might
look somewhat unnatural; we have, in fact (see chapters 2, 3), stated
that what is really interesting is the family of functions ST (see (2.20)).
It is, however, easy to see that there is a very simple connection between
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the effective potential and the truncated Schwinger functions S7. In the
scalar cases one has

ST(F) = 3(CF. )~ Ver(CF) (4.3)

This means that the convolution of the effective potential with the free
propagator is the correction that has to be added to the free Schwinger
functions (given, trivially, by ST (f) = %(Cf, f); see (2.23)) to obtain
the ones in presence of interaction.

More explicitly (4.3) says, for n > 2,

ST(xlv RN zn) = */‘/eﬁ‘(yl to yn)cmlyl ce Cmnyndyl to dyn 5 (44)

if ST (xq ), and Vg (1 - - -) are the Taylor coefficients of ST (f), Veg (f)-

For n = 2 and if S (k) denotes the Fourier transform of ST (x1,z2)
in o — 1, and f/eff(k) denotes the analogous transform of Veg(x1, z2)
(assuming A — o0),

ST(k) = C(k) — C(k)*Veg (k) . (4.5)

(4.5) does not look like a double convolution, like (4.4), because we can
exploit the translation invariance. The case of the Bose condensation
problem is the same.

In the case of Fermi liquids there is a similar formula. On can define

ST((p) — log/P(d’L/J) €*V(¢)+I(¢;¢;+Wi¢;)dm (4.6)

and the connection between ST (xy ---x,) (where n is even and the first
n/2 z-variables are associated with ¢~ fields) and Veg(z1 - - - ) is still
(4.4), (4.5).

We just give a formal proof of (4.3), which could be made rigorous
(as long as A is kept finite). In fact, the basic reason for the validity of
(4.4),(4.5), i.e., of (4.3), is the important formal representation of P(d))
as

P(dy) =" const e300 TT du, - (4.7)
zeR4

Starting from (4.7), one sees that (redefining ¢ as ¢’ — ¢)
e—Vert(®) _ const / e HET D Vet T] di, =
- Const/ef%w*lw',w’)fé<C*1¢7¢>+<c*w,w’>67vw’> TTdv, = (4.8)

— ¢ 3(C o) +ST(C ) 7
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yielding (4.3).
The case of fermion liquids is treated similarly by using the analogue
of (4.7),
P(dy) “=" const e~ (07 wY) H dip, (4.9)

zeRIHL

where [, di, is formally defined as a Grassmannian integration rule in
which the g(x —y), in (3.8), is replaced by d(x —y). We use the notation

(7', ¥) = /9‘1(w — )y d  ad Yy (4.10)

The representations (4.7), (4.9) are extremely useful for heuristic pur-
poses. To turn the heuristic arguments into rigorous ones it is necessary,
for instance, to imagine (4.7), (4.9) as the expressions obtained by re-
placing R4t by a lattice with small but positive lattice spacing and
finite spatial extension, and then by considering the limit in which the
lattice becomes R¥*!. Or one can use the ideas introduced in appendix
2.
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Chapter 5
Multiscale Decomposition of Propagators
and Fields: Running Effective Potentials

All the model problems that we are considering have a common fea-
ture. When formulated as functional integrals, they give rise to propa-
gators with some kind of singularity. The singularity is at p = 0 in the
critical point theory of chapter 2, at p = oo in the ultraviolet problems
of field theory considered in chapter 2, and both at ky = 0, |E| = pp
(k =0) and at k = 0o in the Fermi liquid (Bose gas) case.

The Bose gas problem has some peculiarity that we shall discuss in
chapter 13; here we shall consider only the other three problems.

The first two problems are simpler because the singularity occurs just
in one point. The third problem has a singularity in one point (co)
plus a new type of singularity at the Fermi surface, which has codimen-
sion 2 (whatever d is). To be more precise, the ultraviolet problem in
its regularized version involves a non-singular propagator (2.21), which,
however, becomes singular at p = co when one considers, as one must,
the limit N — oo. The Fermi liquid problem has two problems built
in: an ultraviolet problem and an infrared one (and the singularity at
the Fermi surface manifests itself in a slowly oscillating decay, at large
distance, of the propagator).

Since the novelty of the third case rests on the singularity on the Fermi
surface we shall, from now on, simplify also this problem by replacing g
in (3.4) by:

1 —(k2+e(B)?)/p} p—ika
9(z) = P / — ="k (5.1)
(2m) —iko + (k)

where (k) = (k2 — p%)/2m, thus eliminating the singularity at oo, by
cutting off the k-values large compared to some prefixed scale pg, which
can be conveniently taken to be the inverse of the range of the interaction
potential.

Moreover, we shall neglect the boundary problems related to the finite
volume also in the Fermi case (see discussion in chapter 2); hence, we
shall take (5.1) as the full covariance.
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The singularities present in the propagators (2.13) (infrared singular
at p = 0), (2.22) (ultraviolet singular at p = o), and (5.1) (singular
on a surface of codimension 2 away from the origin) can be “resolved”
into scales by using a procedure well known in harmonic analysis (in the
theory of convergence of Fourier series (see [C], [F]), and, more generally,
of expansions in orthogonal functions, like the Walsh series (see [Go])).

One simply writes the identities for, respectively, (2.13), (2.21), and
(5.1):

0
1 _ _(9—
X)L St () 2
0

h=—o00
,2—2Np2/p[2) _ 7p2/p§ 1 N
e e _ _
! == Ay (27"p/p) 27" -
P Mo (5.2)
e—(k3+e(k)?)/p} o

S > oo (ik0+€(E))-

—iko+e(F) S,

4 =
/ e—a2*2h(k§+a(k)2)/pgda’
1

where the Ay_, are analytic functions of the square of their argument,
with domain containing a strip along the real axis, and are rapidly de-
caying at oo.!

The first two decompositions in (5.2) can be written as

0
Czy = Z é (2hp0('r - y)) 2(d72+7)h )
h=—o00
- (5.4)
6:ny = C’ (2hp0(x - y)) 2(d72)h )
h=1

where C is a C* function rapidly decreasing at oo and independent of
h. In the infrared case, p, ! can be interpreted as a lattice spacing, while
in the ultraviolet case py can be thought of as a physical mass.

L Brercise: Show that

04"//2

4
Azr(q) = / emod’ L2 (5.3)
1

if x(p) is chosen as after (2.13).
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The last of (5.2) cannot be written simply as (5.4), i.e., as the sum of
terms identical up to scaling. If d = 1, one can, however, see that ([BG1],
appendix A), choosing units so that the Fermi velocity pp/m = 1,

0
= > > et @Dk g (g (2 — y), &)
h=—oco Jd=%1 (55)

2(h) . . - 7
g (k&) =(iko + & - k)poAa(k) (1 + 0(2")) .
Do ! can be chosen as the range of the interaction to avoid the introduc-
tion of an extra-length scale.

As a final simplification of the model, we shall neglect the terms o(2"),
so that g™ becomes in fact h-independent and our fermion propagator
takes the form

0

gla—y) =Y e oI N okg (2hpy(z —y),d) |
g==*1 h=—o00 (5'6)

gk, @) =(iko + & - K)C(k) ,

and (5.4), (5.6) show manifest analogies. It is interesting to remark that
(5.6), i.e., the decomposition of the leading part (as one approaches the
Fermi surface or, in other terms, as h — —o0) of (3.4), corresponds to
the approximation

—zk(m y) L
Z / = e TP E0) g2 (5.7)

—iko+@ -k

ifd=1.

The above decompositions of the propagators can be used to rep-
resent the fields ¢, as sums of other fields, with the integrations over
the 1’s replaced by independent integrations over auxiliary fields. The
representation will be called a multiscale decomposition.

In the scalar cases we write, respectively,

0 0o
> el or =y ¢, (5.8)
h=—o00 h=1

where zbg(ch) are Gaussian fields with propagators

5hh’é (2hp0($ — y)) 2(d72+7)h . (59)
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So that the distribution of wg(vh) is the same as that of 1/13(50) suitably
rescaled, i.e.,
P EE g(d=2+mh/2(0) (5.10)

And we can write the functional integral for the effective potential as

e Ver(¥) — % / [T Play®) e (20 ™) - (1)
h

where h ranges between —oo and 0 in the infrared problems, and between
1 and N in the ultraviolet problems; V' is given by the first two of (4.2),
respectively.

Likewise, in the Fermi liquid case, equation (5.6) can be used, sup-
posing for simplicity that ppL/7 is integer, as follows. Let 1/13(5(2, w;;l),
... be a basis for a Grassmann algebra and introduce the integration
with the propagator

S5 Onn G (2"po(z — y), @) 2" . (5.12)

Then, if we define

0
w;ﬂ: _ Z Z eiipFQ-fwfoéh) , (513)

Wb=+1h=—00

we see that the effective potential can be written exactly as (5.11), with
NowW Py, 1/);? being interpreted as the basic fields of a Grassmann alge-
bras and with V given by the last of (4.2). They will be called the quasi
particle fields.

We can illustrate the interest of the multiscale decomposition by tak-
ing, for example, the ultraviolet case. The 1,’s have py’ ! as independence
scale in the sense that Cyy ~ 0 if |z — y|po > 1 so that we would like to
regard our fields v,’s as constant on square boxes of size py L This is,
however, clearly impossible, because as z’ tends to x, we have that Cy
diverges as 1/|z — 2'|972.

But in the case of the wc(ph)’s, the independence scale is 2"‘])61 (i.e.,
Cg(c];) ~ 0, if 2"py |z —y| > 1), and it is now possible to regard the w;h)’s
as almost constant on boxes of size 27 "p; !, because when 2’ tends to x
it is C’g(c};), ~ C(0)20d=2h e C’g(c};), becomes “essentially” constant when
x,x’ are in the same box of a lattice with lattice spacing 2’hp61.

Note that if one defines CJ(CZ), = 20d=2)h if ;- 2/ are in the same box

of a hierarchical sequence of lattices of size 2*hp5 1 and C’g(c};) is set
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equal to zero, if x, y belong to different boxes, one obtains what is
called the hierarchical model, leading to the Wilson recursion relation
(see [W3],[G2]).

The (5.11) leads naturally to the definition of effective potential on
scale h,

VP = / [T Pap® eV @™ (5.14)

h'>h

so that Veg(¢) = limp— oo V(h)(cp) in the infrared cases and Vg (p) =
limy 00 V(O (p) in the ultraviolet cases.

Hence the following recursion relation between the V™ holds, by
(5.10), (5.13), (5.14),

eV = [ pap ) e L (sas)

where 6 = (d — 2+ v)/2 in the scalar cases and § = 1/2 in the fermion
case. The quantity J is called the scaling dimension of the field.

The sequence V") as h varies in its range (ie. h =0,—-1,-2,...
in the infrared cases and h = 1,2,3,..., N in the ultraviolet cases) is
called the renormalization group flow. Its analysis becomes the primary
subject of investigation.

Sometimes the sequence V(") is called the running effective potentials
sequence (see [G2], [BG1]).
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Chapter 6

Renormalization Group:

Relevant and Irrelevant Components
of the Effective Potentials

If we introduce the dimensionless effective potential (see (5.15))

—(h
V" () = VI (20, ) (6.1)

the recursion relation (5.15) becomes
V) /P(dw)e_mh)(gfs%,ur@) 7 (6.2)

where P is the Gaussian measure describing the same distribution as
that of the field =) (or in the fermionic case ¢¥=¢9)).

In (6.2) we can try to forget the scale index h and the fact that the
initial choice of V has a special form, and regard it as a map R:

V'(p) = —log / P(d)eV @ Pam1 A0 = RV () . (6.3)

One should keep in mind that R is a noninvertible map, so at each
application of R we are losing information, but we expect that what is
kept is the essence of the problem, as will appear more clearly at the
end (see also the Introduction).

Note that, had we taken correctly into account the volume dependence
of the fields (see discussion in chapter 2), the measure P(dy) and the
map R would have a slight dependence on h, but the following analysis
would not change in an essential way.

In trying to assign to R a domain of definition, one supposes that
V(¢) has the form, in the scalar cases,

Vie)= > AVnyplmpn(zl...xn)@lel...(I)g:dzl...dxn. (6.4)
n,p1...Pn

The V, p,..p, are suitable kernels (smooth up to some delta function
factor) and @, are fields ¢, or 9;1¢, (in the latter case V;, should also
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contain the indices necessary to contract the gradient indices, omitted
in (6.4) for simplicity of notation).
In the Fermi liquid problem, the (6.4) takes the form

Vie) = Z/AVa(scl...:cn)@xl---@znei“ 2T gn .y, (6.5)

~ or Dyt

Wi ;0
(which could be the gradient, but which will turn out, below, to be
more conveniently chosen otherwise), the summation is over the labels

where @, = ‘sz D being a convenient differential operator

a = (n,wi,...,wn,01,...,0,), and the monomial in the ® contains as
many @t as ¢~ quasi-particle variables. The sum over the & indices
should be interpreted as an integral, if d > 1, but we shall consider in
the following only the case d = 1.

The integral in (6.4) has to be understood in the sense in which one
usually understands the Hamiltonians of infinite systems. In principle,
the integral in (6.4) has to be restricted to a finite region A, then one
evaluates (6.3) with such a modified V. One gets a V}{, which will be

written, if possible, as (6.4) with kernels V,;,({,\l),,,pn. Finally, the kernels
Vi pr..pn of V' will be the limits of the corresponding ones in V'@,

If one performs this step (i.e., forgetting the finiteness of A and 8 and
the related boundary conditions problems; see chapter 2), essentially
amounting at a not yet justified interchange of limits, it is then not
difficult to show that the above procedure leads to formal expressions
for the V! in power series of the V;, whenever the V,, verify certain
properties.

Such properties can be checked to hold for all the V’s that are ob-
tained by successive applications of R to the V’s that we have considered
in our ultraviolet and infrared models as well as the Fermi liquid model.
In the latter case, in fact, it can be shown that the V’s are defined by
convergent series (so that R is really well defined), if d = 1 (see be-
low and also [BG1], §15; [BGPS]). It is therefore possible to proceed by
developing the theory at least formally.

This is a somewhat technical aspect that should be ignored until
one really tries to perform a mathematically rigorous analysis of some
problem, a task that has to be delayed until the conceptual framework
which we are trying to set up is fully developed. In practice, in the cases
that can be treated rigorously, it turned out that the formal analysis
revealed itself as a very important guideline and the difficulties met in
elaborating the theory and related to the above boundary conditions
(i.e., to keep L finite) have been quite minor ones.
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The possibility of defining R, at least via formal expansions, has been
exploited very deeply, leading to the possibility of controlling impressive
resummations of the (equally divergent but often asymptotic) perturba-
tion series solving formally the problems posed in the previous sections.
A simple reinterpretation of the old renormalization theory in QFT has
been one important consequence of the possibility of defining R in a
precise, yet formal, sense ([FHRW]).

The (6.3) is a map and 1,R,R?,... is a family of maps forming a
semigroup that is usually called the remormalization group of our prob-
lems. In practice, one will always be interested only in sequences, called
renormalization group flow or trajectories, RIMV (with h — £oo de-
pending on the infrared or ultraviolet character of the problem), which
start with a very special V.

Nevertheless, one can try to build one’s intuition by imagining to
apply R also to other V’s and using concepts of the theory of dynamical
systems. One of the first actions taken, when trying to understand the
properties of the iterations of a map, is to analyze its fixed points and
to study its linearization around them.

The imprecise definition of the domain of R makes this problem par-
ticularly hard when one tries to go beyond formal considerations. In
these notes, however, we do not have this ambition and we proceed to
reproduce the classical analysis of Wilson.

For instance, to study the scalar field problem, one can begin by
remarking that V' = 0 is a trivial fixed point of the map R (see (6.3)).
The linearization DR of R around V = 0 is simply

DRV () = / PV (2 g + D) (6.6)

and the same formula holds in the case of the Fermi liquid, with a
different meaning of the symbols.

Eigenfunctions of DR can be easily found. Since P(dv) is a Gaussian
integral, we expect them to be a kind of generalization of the Hermite
polynomials. In fact, the eigenfunctions are related to the Wick mono-
mials which we denote : @, - - ¢z, . The latter are defined recursively
by

tl:=1, TPz =Py,
D Py e Pz, = Pyt Pag e P, L —
(6.7)

n
— E Corae; P P o Pajy Pajyr -+ Pan s
i=2
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where ¢, is a general Gaussian random field with mean 0 and propagator
Cyy. It is convenient to regard Wick monomials as defined also when
¢ is not random (i.e., it is an external field), by assigning to ¢ formally
propagator 0 (so that : g, ... 0z, = Puy - Pu, )

The equations (6.7) clearly extend the recursion relation for the Her-
mite polynomials and one can, for instance, check that

Lo = (20,,)"2 H, (% /(2cm)1/2) . (6.8)

The property that we need here is simply that f D Pz P,
P(dyp) = 0 if n # 0. This is an easy exercise based on (6.7) and on
the Wick rule for Gaussian integrals,

/cpxl...gaznp(dcp): I ¢ (6.9)

pairings p€&pairs

where a pairing is a choice of n/2 pairs p = (z,2') among x1,...,2,
with no point common to different pairs (hence n is even, or (6.9) is
interpreted as zero).

Another property of the Wick ordered polynomials is their multilin-
earity. If p, ¥ are independent Gaussian fields, then

f( Yz +0ry) (Y, + Pr,) 1=

= E PPy e Yoy, ey, "'(‘DIJ;,p : , (6.10)
X (w1, zn)
X=(2j) e,
/I —
X 7(3::14 m].;)

(p) denotes the
- 0ppm :, this shows immediately that

valid even if ¢ or v is an external field; then if f,,.

Tp+1
Tp+1

T,

. n
monomial : @1 -« gy Jp

(DR fa, ..z, () =270t 4n0) =0+ D) (npiatertnm),
o (6.11)
.jbflxr~2*1zm(@)v

with 6 = (d — 24 7)/2.

Similar definitions and properties hold in the Fermi liquid case. The
recursive definition (6.7) is replaced by a new formula in which a sign +
is inserted in the sum in (6.9) alternating with the parity of the permuta-
tion needed to bring the terms of each pair next to each other. Checking
this is left to the reader with the hint that everything follows from our
definition of Grassmanian integral that replaces (6.9) by (3.8) (interpret
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the terms involving pairings of ++ fields or of —— fields as vanishing
because the propagator between such fields has to be considered zero;
see (3.8)).

The (6.11) implies immediately that expressions such as

F(y) :/ dzy...de,Wa(x1,...,2m)-
(Riym (6.12)

R np 5 Mo+ N
Dy e Pan Oyl Dy

are eigenfunctions of DR if W3 is a homogeneous locally summable
function of degree . In fact the eigenvalues corresponding to them are
simply

p m

Ap =27 bp =B+ (=0n;+d)+ »_ (—(0+1)n;+d), (6.13)

i=1 i=p+1

which is usually read as saying that the dimension of the operator F is
the sum of the field dimension (—¢ for each ¢ and (—é — 1) for each dy)
plus the dimension of the volume elements (d each) plus the dimension
of the coefficient ().

One says that F'is relevant if 6 > 0, A\ > 1, and irrelevant otherwise.
F is called an operator, without strong philosophical implications.

It is easy to list all the relevant operators even in ¢, which are local,
i.e., which only involve fields evaluated at one point (hence in (6.12)
there is only one integration variable). We restrict ourselves only to
even monomials, as they are the only ones arising in our a priorieven
potentials.

They are the F’s, denoted respectively Fs, Fy, Fo, Fg, obtained by
integrating the following expressions:

Cp2 i Sp=2—1, cpli s dp=4—d—2v, (6.14)
(0pz)? = dp=—7, cpS = 6p=6—2d— 3y, .

whenever the r.h.s. are > 0; or more generally by integrating the : p2" :
when their 0p’s, given by dp = d — n(d — 2 + ), are nonnegative.

If we restrict d > 3 and v > 0, but (d,v) # (3,0), the relevant terms
are among the (6.14). If we let d vary continuously with d > 2 (the
noninteger values have no physical interest), we see that more and more
operators become relevant, and if d = 2, v = 0, all the Wick monomials
are relevant.
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The above list should be enlarged by adding : ¢,0p, :, with dp =
1—7,or,ifd =2 and v = 0, also : p2"(dp,)? :. But such expressions
will turn out never to arise in our theories, or to be reducible to others,
so we leave them out.

Much longer would be the list of the nonlocal relevant operators,
as in such cases one has the freedom of the choice of 8 and of the Wjp
functions.

The above remarks on the eigenfunctions of DR make it natural to
represent the effective potentials V in (6.4), (6.5) by expanding them in
Wick monomials rather then in ordinary monomials. Hence we imagine
to redefine V,, so that (6.4), (6.5) can be written, respectively,

V(p) = Z /Vn,p1~~~pn($17 oy ) P @B OP 4T
P1 P (6.15)
V(p) ZZ/Va(ﬂh, ey Ty) Dy Dy ePT 2 B g ,

where dZ = dx1 ... dx,.

We shall see that one of the main developments of the theory is that,
in all our flows R!"1V, the kernels V,,(z; ...) that can arise in (6.15) in
dimensionless form will have bounds of the form

Vflh) (Z1,...,2,)| < Cperd@r-Talpo (6.16)

where pg is the momentum scale used in the multiscale decomposition,
k > 0 is a numerical constant (depending only on the problem considered
but not on h, n), and C,, is a constant; d(x; ...z,) is the tree distance
of x1,...,x, = length of the shortest tree connecting =1, ..., x,.

The (6.16) will be a bound valid to all orders of a perturbation ex-
), when the theory can be worked out only perturbatively
(and the dependence of C, on the order k of perturbation will be rather
bad, typically proportional to k!).

pansion of V,gh

The (6.16) expresses the key fact that the effective potentials (dimen-
sionless) keep a fixed range, finite, uniformly in the scale parameters to
all orders of perturbation theory. Hence the myriad of relevant nonlocal
operators are not represented in the expansions (6.14).

In the following chapter, we will examine the implications of the above
analysis. We shall conclude this chapter by mentioning that in the case
of Fermi liquids a similar analysis can be performed and one finds that
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the only local operators that can arise in the theory’s effective potentials
are the following, if d = 1:

" :/ : 7/’;_+17/);_—17/};+11/}r_*1 vdw

2 :/ s Vas, | ¢! mlprd gy
(6.17)
F; :/&_}2' : w:wlD@z/);@ ;@G =@2)PrT gy ,

Fy :/ : w:wlatwng : e (C1=@2)PrT

Note that there is only one local term of fourth order in the field because
of the Fermi statistics and the fact that w = £1 and that our fermions
are spinless.

The operators (6.17), if the &’s are fixed so that &J; — Jdy = 0, are
eigenfunctions of DR with eigenvalues A = 2°F with

op, =0, dp, =1, Opy =0p, =0, (6.18)

with only one relevant operator.
The case of the Bose gas is similar and is discussed in chapters 13
and 14.
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Chapter 7
Asymptotic Freedom:
Upper Critical Dimension

The implications of the analysis of the previous section can be easily
appreciated in the ultraviolet problem or in the infrared problem in the
simple cases with v > 0, which we assume below (unless explicitly stated
that the case considered is v = 0).

Assume that the couplings (bare couplings) defining the initial V are
small. Then we want to see if the V(") stay consistently small as h
evolves to 0o (—oo in the infrared cases, 400 in the ultraviolet), at least
if one uses the linearized approximation for R, (6.6).

In this approximation we simply have to write the initial V' in dimen-
sionless form V' (see chapter 6), and express V as a superposition of the
eigenvectors of DR.

Taking into account that V has the form (4.2), and calling, as in
chapter 6, 1) the dimensionless field variables, we find in the scalar cases

V(@):/(X :Ei: +7 Ei :) dx (7.1)

(see (2.9), (2.12) and recall that : @2 : = o2 — 6C,. 02 +3C2,, : 92 1=
2 — Cyy), with

{ X = LoB~? {X = A2 (d=2N

\ 2
f= OCa + Mo(B)5~ |7 = (u + Ay CEVy2-m0v (72

the left relations pertaining to the infrared problem and the right to the
ultraviolet.

In the linearized flow, the effective potential on scale h can be written
as V(h) = DRV with the scale label h = 0,—-1,—-2,...,—00 in the
infrared case, while it is V" " = DR'V, h = N,N —1,...,0, in the
ultraviolet case. In fact V(h) have, for the appropriate values of h, still
the form (7.1) with X, 7z replaced by Ap, 71, verifying (see (6.14))

Ap1 =247, fp1 = 22771, - (7.3)
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Hence we see that our hypothesis that )\, and 7, stay small for all h’s
of interest has a different meaning in the two cases.

In the infrared problem the latter hypothesis leads to the conditions
7, = 0and 4—d—2v < 0. Expressing this in terms of the range exponent
of the spin potential J(z) ~ 1/|z|*, recalling (2.6) with vy =d + 2 — «,
we see that this means

a< gd (7.4)

(and our assumption 2 > v > 0 means d < a < d + 2); hence (7.4) is a
condition that the potential should have “very long range.” Note that
if d > 4, “very long range” is any power law potential (as4—d—2y <0
for v > 0).

Of course, in the linear approximation the p; grow exponentially, if
o = 1t # 0, and we have to expect that the condition 77 = 0 is modified
by the nonlinear terms into a condition like & = 7(\), i.e., that there
should be only one special choice of 7r for which it will be possible that
the effective potentials, in dimensionless form, stay uniformly bounded
and small.

And if 7 is so chosen (i.e., @ = 0 in the linear approximation, with
(7.4) verified), then Ap, — 0, pp, — 0 as h — —oo and we see that for such
value of 7t the correction to the ST(xl, x2), i.e., to the pair correlation
function, on large scales vanishes (Moo, fio, = 0) and the pair correlation
function decays as the free propagator, rather than like the potential,
signaling that we are at the critical point (see comment following (2.16)).
In the linear approximation, the (7.2), (2.9) and the condition & = 0 give
us even the value of . as the solution of

6L0ﬂ720mm + (7R0 + ﬂr>ﬂ71 =0 ; (75)

which has a solution if r < R%/24L,C.

The above conclusion is quite exciting, as it provides a scheme to
calculate the critical point whose existence and nature are sensitive to
the space dimension and to the range of the potential. We realize also
that we have found that the models considered have a trivial or free
or mean field critical point, if the interaction has long enough range
or if d > 4 (always taking v > 0, i.e., a polynomial decay of the pair
potential).

The cases with « —d — 2+ = 0 and v > 0 will be discussed later: note
that the property that Xh,ﬁh stay small for all h’s is not decidable to
first order because the expansion rate of A will be exactly 1 (marginality
of \).
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Leaving aside, for the moment, the cases d+2 —~ = 0 or v = 0, note
that the above discussion gives no information about the case i # fi(\)
(or B # B.). In fact T, is in this case growing so that, after a few
iterations of R, there cannot be any ground to proceed as if the higher
order corrections to the approximation R ~ DR were negligible.

Let us now look at the implications of the above analysis in the case
of the ultraviolet problem. In this case there is no ~v. However we
are interested in a different question. Namely, ), 77 are free (as such
are Ay, py) and we must show that they can be so chosen that after
N iterations of the renormalization map we built an effective potential
(small, of course, to be consistent with our linear approximation) that
is nontrivial.

In our approximation, this simply means that \g, o have to be finite
(small) and \g # 0 (to make sure that the effective potential V(°) is not
a quadratic form). Manifestly if d = 2,3 (i.e., d < 4), this is possible,
and in many ways. Namely, one just fixes g, fi, and determines \, 77 as

AN = A= N2 WDV Ty =T =72 2, (7.6)

which is perfectly acceptable, as this means that A, 77, are small for all
values of h =0,1,..., N and in fact very small for most h’s.

The evolution of the running coupling constants, Ap,, Iy, in the above
cases is thus such that one can find initial data for V that generate
a family of running coupling constants which approaches zero as their
scale labels h go to co (—oco in the infrared case or 400 in the ultraviolet
case). At the same time, they have nonzero values on scales of order 1
(|h] ~ 1), and the constants’ value relative to the nonquadratic relevant
operators is not zero (an important condition, as it excludes triviality).

One says that the above infrared problem under condition (7.4) and
the ultraviolet problem with d < 4 are asymptotically free.

More generally one says that a problem is asymptotically free if

1. one can find a way to go systematically beyond the linear approxima-
tion DR to R by successive approximations, and

2. the first approximation to R for which the nonquadratic relevant op-
erators evolve nontrivially starting from a suitably chosen small initial
V has the property that the corresponding dimensionless couplings
approach zero for large values of the scale labels, although they have
a nonzero (small) value at scales of order 1; at the same time the
other relevant couplings remain small and approach zero, or at least
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stay bounded and small over the whole range of scales.

Most cases of physical interest have, however, the feature that the
asymptotic freedom property does not hold or its validity cannot be
decided by simply looking at the linear approximation of R.

The reason for this is that there exist marginal operators that are not
quadratic in the fields and which, in the linear approximation, have
running couplings that stay constant (i.e., have dp = 0). We have
already met the most prominent examples:

1. the infrared problem with 0 < v <2 and 4 —d — 2y =0,
2. the infrared problem with v =0, d = 4, and
3. the ultraviolet problem with d = 4,

which are listed in order of increasing difficulty. Later we shall discuss
the Bose condensation problem.

Case 1 is asymptotically free to second order. Case 2 is also asymp-
totically free but only the running constants associated with the non-
quadratic relevant operators approach 0 as h — —oo. Case 3 is very
famous, as it is the simplest example of a nonasymptotically free model
whose asymptotic freedom cannot be decided in the linear approxima-
tion (as it is the case in the infrared problems with 4 —d —2v > 0 or in
the d > 4 ultraviolet problems).

4. The d = 1 (spinless) Fermi liquid problem is a fourth problem for
which the asymptotic freedom cannot be decided from the linear ap-
proximation (see (6.18)). And it is particularly interesting because
its asymptotic freedom cannot be decided in any finite order approx-
imation. As we shall discuss, eventually, it will turn out that it is not
asymptotically free.

5. The Bose condensation problem, which we discuss in chapter 15, rep-
resents a remarkable instance in which in some appropriate sense
asymptotic freedom holds.
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Chapter 8
Beyond the Linear Approximations: The
Beta Function and Perturbation Theory

The beta function is a powerful tool to investigate properties of im-
properly convergent series expansions and to turn perturbation theory in
statistical mechanics or quantum field theory into a (sometimes) useful
algorithm.

In fact, until recently it was not clear how to turn the enormous
amount of work performed in renormalization theory of quantum fields
into a constructive algorithm. This was similarly true for the theory of
perturbations in classical mechanics before the development of the KAM
theory out of the work of Kolmogorov (which, as already mentioned, is
also an ante litteram instance of an application of renormalization group
ideas).

The beta function arises when one tries to find the corrections to the
linear approximation to the renormalization map R. It is particularly
useful in the linearly undecidable cases listed at the end of chapter 7.

The idea is that the (dimensionless) potential on scale h, V() can
be written as

v = L™ 4 (1~ L)) (8.1)

where £ is a projection operator extracting out of V") its relevant com-
ponents. So L is a linear operator with often finite dimensional range,
coinciding with the linear span of the relevant operators (which, in the
four linearly undecidable cases of chapter 7, are finitely many).

At this point one can ask how is £ determined if one knows nothing.
In the early days of the renormalization group methods, it was often
stated that basically there is no way to tell a prioriwhich is the renor-
malization transformation to use: the good one is that which works! !

L' To no one’s surprise, loosely speaking one can say that the renormalization group
cannot be an easy way to solve a problem: finding a renormalization group transfor-
mation that solves a problem is always preceded (to our knowledge) by an understand-
ing of the basic features of the problem, at least at an intuitive or phenomenological

level.
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Thus the first thing one has to realize is that the formalism is ab-
solutely general, and one has as much freedom as one can imagine in
defining the operator £. Therefore it is important to understand the
ideas without really fixing L.

It turns out, however, that after a while one realizes that £ is always
the same: and the real difficulty is to find an “appropriate” functional
integral formulation of the problem, at least for the problems that can be
formulated as functional integrals.? The “old” ambiguity in the choice
of the renormalization transformation goes into that of finding the ap-
propriate functional integral formulation (this is really well illustrated
by the Bose condensation problem).

Hence we shall illustrate the general formalism with a special choice
of L, i.e., the one that will turn out to be the correct one (essentially
unique up to trivialities, as far as we know). But no real use is made of
the special form of £, unless when we discuss bounds (which can only
be found in a useful form if the choice of £ is the indicated one).

The reader should read what follows in this spirit. The fact that
the choice of L is correct is expressed by the bound (8.28) for the cases
discussed in this section. Its proof is a nontrivial (although not really
hard) task, essentially identical to a proof of renormalizability of a scalar
field theory: we shall not give the proof of (8.28) in the cases at hand.
The validity of (8.28) (i.e., the scale independence of the beta function)
to second order of the perturbation expansion is often considered by
most physicists as good enough for a formal theory.?

The operator £ has to be devised, if possible, so that the irrelevant
part of VM), (1 — L)V ™ can be expressed in terms of the values of
the coefficients @, of the relevant operators in £V ("), b/ > h; if this
is possible, the problem of the analysis of the sequence* R"V, n > 0

2 Not all the problems listed in the introduction are reducible to a functional in-
tegration, although in the future they might be formulated as such. For instance,
recently, and quite surprisingly, the problem of the determination of the invariant
tori in the KAM theory was formulated as a functional integral (see [G3]).

3 One should add that they are aware that this makes sense only if a scale indepen-
dent bound like (8.28) holds, and sometimes it is declared to be obviously true, “by
the renormalizability theorems.”

4 1t is perhaps worth stressing that in all cases n > 0. The transformation R~1
is never studied. The map R should always be regarded a noninvertible one in the
same sense in which the evolution governed by the heat equation is not invertible:

the forward evolution is very nice, while the backward evolution is, even when it
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becomes that of understanding the properties of the sequence v}, of the
running coupling constants.

To define £, in the scalar case, we imagine V(") expressed as in (6.4)
and define £ by linearity, prescribing its action on the Wick monomials.
Considering only the cases 4 —d — 2y > 0, v > 0, d > 3 in the infrared
problem and d = 3,4 in the ultraviolet, we define

4
Z : (pij : (8.2)
j=1

a. E : @11 (1012(10138014 =

I

1
b, L: 0y Puy = 5( : gail s (xe — 1) 0r, OQn,  +
l o 2, 2 .
+ 2(x2 21)° 02,070z, ¢ ) + (152)

if v = 0 and, more simply, (b) can be defined to be
1

b L:0e, 0y = = (92 (0 — D 0p, 00, 1) +
PP 5 (90, (@2 —21) 90,00, ) (83)
+ (14 2)
when v > 0,v < 1or
12
b”. L g Pn, = 5 Z : @ij : (8.4)
j=1
when v > 1.
Similarly in the case of Fermi liquids (and d = 1), we define
12
ot bt — ot bt b b L -
L: wzlﬁlwmzﬁzwxswswz4@4 T 5 Z : wijwlwmj@2¢1jﬁswmjw4 t
=1 (8.5)

c ot - R
E : wzlwlwmzajz T
R - . .ot - .
= 7/13510317/112@2 S (r2 — 1) "/’Ilngdz"/}IZQZ T

where Dg = (0%, 0z —iWAz/2pr) is a convenient differential operator; we
could use 9 = (0, 0z) instead of Dg, but the latter is more natural and

could be defined, in many ways singular (and of little interest for our purposes). The
fact that the same transformation is interesting for widely different problems, like
the infrared problem of the critical point and the ultraviolet problems of scalar field
theory, is certainly a unifying feature justifying the interest that the renormalization

group methods have elicited in theoretical physics.
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its use simplifies the calculations, as one can realize by trying to do some
of them. The Dg operator is a kind of covariant derivative in the sense
that its consistent use in the calculations keeps (more) manifest the basic
property that the quasi particles have been introduced as a technical
device to study effective potentials which only depend on particle fields;
this implies that the dependence on the w-variables is somewhat special
as it always has to be possible to perform the W-integrals to reexpress
the V(" as functions of particle fields.

We define £ to be zero on the monomials of degree higher than 4.

It is easy to see that, with the notation defined in the lines above
(6.14),

{ LV (¢) = My F1(9) + pnFa(9) + anFs3(¢) if v =0 (8.6)
LV (@) = M\ F1 () + punFo(9) ify>0, :

where no operator with : ¢,0¢, : appears, as such terms can be inte-
grated by parts (0.0p, = 2719¢?) and disappear; and in the Fermi
liquid case (d = 1),

LV = XN, Fy 4+ (vnFa + anFs + GuFy) (8.7)
o’
Here, we have used (6.7), (6.17).

In the scalar cases we see that £, as defined above, indeed projects
on the space of the relevant operators: with the exception of the case
d = 3,7 =0, and this is a real problem in the infrared case because the
sixth-order operators : ¢0 :, as soon as they are created by the nonlinear
terms, will remain forever and will give important contributions to the
further evolution of the effective potential. This is less serious in the
ultraviolet problem because there we have already seen that we have
to take Ay and N extremely small: this implies that the sixth-order
relevant terms generated are very small and do not contribute much to
the effective potentials.

It is, however, a very serious difficulty in the infrared problem: there-
fore we exclude the infrared case d = 3,7 = 0, which is clearly more
difficult than the others. We will come back to it (see chapter 12), and
we shall give up playing the game of trying to modify the definition
of L to fix the just-mentioned difficulty (the reader should try this as
an exercise). In fact, it will appear that such direction is not at all a
promising one.

In the Fermi liquid case we see that £ projects on operators con-
taining components on Fs, F3, Fy that are sums of eigenvectors of DR



42 Chapter 8

(corresponding to ¢y = dy in (6.17)) and of operators that are not eigen-
vectors of DR (corresponding to &y = —&a). It is convenient, however,
not to modify the definition of £ to impose that it strictly projects over
the relevant eigenvectors: in this way, in fact, one keeps more easily
track of a kind of gauge invariance property. The latter property is a
deep consequence of the fact that we know a priori that all our effec-
tive potentials can be expressed in terms of the particle fields, since the
original potential had this property. It also implies that the running
couplings are in fact independent of w,w’, as in (8.7).

The important point is that £ extracts out of V) the relevant part,
and the fact that it also extracts a piece of what we would like to consider
irrelevant does not affect the discussion. In general, one may expect to
be free, at least to some extent, to decide that some irrelevant operators
are treated as relevant and that this should not really affect the analysis.

Having defined the operators £, we come to the following problems:
1. Find an expansion of (1 — £)V®) in powers of @/, h' > h.

2. Find the relation between ¥, and ¥Uj_1.

If (1) can be solved, the whole problem will have been reduced to that
of studying the sequence of the running couplings ¥, .

Basically the only known method to study (1), (2) is perturbation
theory.

Let V be the initial dimensionless potential. We begin by decom-
posing it into relevant and irrelevant parts, and this is accomplished by
applying £ and 1 — L.

In the scalar cases, V = LV, obviously. This is not the case in the
Fermi liquid problem. In this case, in fact, we recall that

7= / o(@ — P)(zo — yo) : WYY+ dedy+
/ T d:c+/ = pFw

and we see that the quartic part of V' is nonlocal.

The (8.8) is slightly more general than the one considered so far (see
the third of (4.2) which had v = a = 0). The reason for this more
general starting point is that the two extra parameters can be roughly

(8.8)

interpreted as variations of the chemical potential (u — p + v) and of
the mass of the particles 1/m — (14 «)/m. Therefore, introducing two
such parameters allows us to think that they can be conveniently fixed so
that the long-range behavior (“physically observable”) of the S(z) func-
tion corresponds indeed to a singularity in k-space at |k| = pp, kg = 0
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describing particles of physical mass m (in a sense to be understood). In
others words, adding two parameters v, a has the purpose of permitting
us to fix a priorithe physical values pr and m of the Fermi momen-
tum and of the mass (foreseeing that they could change because of the
interaction).

The Wick ordering in (8.8) can be put in or taken out at will at
the price of suitably changing the quadratic term (possibly making it
nonlocal).

Using (5.13) we see that V, (8.8), becomes, in terms of the quasi-
particles fields,

3 /M(f — 0(z0 — o)€@ TP T+ (@G =G )p .
D1

.t ijlw;a,‘gw;rwzw;w4 s dx dy + Z / (l/ :w:&hw;&)z : + (89)

1@
o P, (@) Doy, 5 )OI Ay
thus, applying (8.5), we find, recalling (6.17) and after a short calcula-
tion,
LV =\ Fy + Z[V0F2 + oo F3 + (o Fy ,
~ (8.10)
Ao =2A[0(0) — 9(2pF)], Vo = U, ap = a, =0,
while
(1=L)V = > [M(@—7dxo— o) -
Ql"'ajél
. @1 =B3)prE+i(@2—Ga)pry | (8.11)

E w:alwz_@ (%tzs - w;ﬁg)wy_ﬁg Pt w:alwz_@w;as (%tzs - 1?;@3) :
The role of the initial irrelevant part (8.11) in the following analysis is
a minor one if one forgets about the gauge symmetry, i.e., the a priori-
obvious fact that V(" has to be expressible in terms of particles fields.
The latter is the reason we do not make here the further simplification
of simply discarding it.

To proceed, it is better to develop the formalism first in the scalar
cases where in V no irrelevant terms are present (calling “irrelevant”
also (1 — £)V, a name which will be justified by the coming analysis).?

5 Tt wil become clear that “irrelevant” does not at all mean negligible; in fact,
the physically interesting quantities are just expressed in terms of the truncated

Schwinger functions which are simply related to the irrelevant operators.
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X

P
be p random variables and denote by £ the integration over their (joint)

We set up a recursive scheme to evaluate R as follows. Let X1, ...

)

distribution. Then we introduce the truncated expectations ET (X1, ...

)

Xp), sometimes called cumulants or connected expectations, as

or X,
ET(Xy,...,X,) = =—————log& 2 =X
(X1, Xy) ey ... 0z, ° (e )

: (8.12)

E-;ZO

which certainly makes sense if e¢/X:l are E-integrable for all ¢ > 0; but

it is clear that (8.12) is a finite combination of products of expectations

(of products of some) of the X;’s; hence in fact (8.12) makes sense under

the much weaker hypothesis that | X;|? is E-integrable for all ¢ > 0.
Then, formally,

-3

% V@ fp1 4 ), V(@2 +)
(8.13)
where the number of arguments under the curly bracket are p.
Note that (8.13) is nothing else (see (8.12)) but the development of
the expression log £(e~*V (2~
and evaluated at ¢t = 1.

5992*1»*')) developed in a formal Taylor series

To proceed, it is more convenient to work with the dimensional effec-
tive potentials making them dimensionless only when the results have to
be expressed. Thus calling V' the dimensional potential corresponding
to V, we rewrite (8.13) as

—RV (¢ i

I% Vig+ )., —Vig+9) . (8.14)

To fix the ideas, let us investigate the ultraviolet problem. Then V =

V) RV = VIN-1D & = £y denotes the integration with respect to
Y™ and (8.14) is

VIN=D(p Z EL(=VMN(p41),..., -V (p+)

,va (g

(8.15)
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We iterate the above relation. This rather involved operation can be
visualized by using the following graphical representation:

7V(N) N S —
N (8.16)
o0 1 o0
_yWIN-1) —eT(_yWV) VY
;P! w ) ; N-1 N

where the number of terms under the curly bracket is p and the number
of endlines in the second graph is also p.
Thus (8.15) can be represented as

_yN-1) — e—e—ry + -—< + % +...=
N-1 N N-1 N-1 N (8.17)

so that, with the same notation,

(8.18)

_y(N=2) — o—o—o + +...
N-—2 N-1 N—2

N-1

and then using (8.17) and taking into account the multilinearity of the
ET (see (8.12)) we can write
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(8.19)

Therefore,

(8.20)

v = Z h o hetl

h+2

and we see that V(" can be represented in terms of the planar trees
with an arbitrary number of vertices arranged at points of abscissa
h,h+1,...,N at each of which there is a bifurcation into 1,2,3,...
branches; the branches go all the way up to the highest scale index. The
vertices symbolize truncated expectations of whatever symbolizes every
line emerging from the vertex (we read the tree from left to right). Thus,
for instance, the tree
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(8.21)

means

1 1
SR (FER VD, v e vy) L (8.22)

where VIV) = VIV (¢ 4 p(N=1) 1 4p(N)) and Ey, En_1 denote the inte-
grations with respect to the distributions of V) and (N =1,

Clearly the above procedure produces a power-series expansion of
V() in powers of the couplings @; it is the usual nonrenormalized
expansion of the effective potential V(" and, if we set, for h = —1,
VED (@) = —Veg(p), it gives the usual perturbation expansion of QFT,
with its usual problems, i.e., divergences as N — oo.

But of course our program is to build a different series, namely, a series
in the running couplings. The above algorithm has the great advantage
of being designed exactly to construct such expansion from the previous
one, essentially at no extra work.

The procedure is the following: construct V(N=1) asin (8.17). Apply
L to VIN=1 and (1—L) to each of the terms in (8.17) composing VN =1,
and denote

LYW=
N-1
o R
N-1 N N-1 (8'23)
R
+ +
N-1

Noting that the first term in (8.17) just represents the action of the
linearized renormalization map, hence the action of (1 — £) on it gives 0,
we can rewrite (8.17) as:
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R R
—yWN-1) = — + >—< + % +... (8.24)
N-1 N-1 N-1 N

where the first term represents £V ~1: hence it is determined by the

running coupling #y_; and the others add up to (1 — £)V V-1,
We now iterate the procedure; clearly the result is

where now the sum runs over trees of the same type considered before
but which no longer end up on the highest scale index. Furthermore,
the last branches now represent £V (%) if they are attached at scale k
and the label £ on the vertex nearest to the root in (8.25) indicates the
action of L. Also,

So that we see that (8.25) provide us with a recursive calculation of
LV giving @, in terms of LV LVIN) = V(N je. in terms
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of a power series in Uj11,...,0y. Also we see that (8.26) provides us
with a power series expansion of (1 — £)V") in powers of @11, ..., UN.

What have we gained? Basically it turns out that the expansion (8.26)
is much more regular than (8.20) in powers of ¥y alone. The basic fact is
that, if we assume that the running couplings are uniformly bounded by
some ¢ (for d = 4), then the sum of all the n-th order terms is bounded
by C,, = nlC"&" and the kernels V(x1,...,2,) can be bounded for all
h as claimed in (6.16), provided one allows for a wider interpretation of
the fields ® appearing in (6.4).

To understand the latter observation, we can go back to the only
explicit calculation of an irrelevant term done so far, namely (8.11). We
see in that case that (1 — £)V naturally involves the fields (the |y — x|~}
is added for convenience)

D;tm = (wja - w;ta) /ly —zl, (8.27)
which it is convenient not to split and to allow it to be one of the &,
fields in (6.4), interpreting of course the z as a pair (z,y) of points and
dz as dxdy.

A discussion of the details of the simple technical ideas involved in
deriving the bounds can be found in §16 and 17 of [G1]; most of the
key arguments are purely dimensional in nature and do not involve hard
analytical estimates.

In all the above cases (infrared, ultraviolet, or Fermi liquid) one meets
the same situation: the effective potential can be represented as in (6.4)
or (6.5) by extending the meaning of ® to cover a few (finitely many)
more possibilities among which (8.27) is an example (see [G1], [BG1].

We now turn to (8.25), which gives us a recursive construction of
the running constants vj,. The ultraviolet case with d = 3 is somewhat
different from the others because of the peculiarity already remarked; it
is, however, easier to the point that it is one of the few cases in which
the point of view that we are describing has been actually turned into
proof (see [G1], [Rm1], [Rm2]). Therefore, we leave it aside to turn to
the remaining more interesting cases (y > 0,d > 3,4 —d—2y > 0
infrared, or d = 4 ultraviolet, or d = 1 Fermi liquid). The first basic
result is a bound on the coefficients of the n-order term in the expansion
(8.25). In all the above cases one finds that, provided |0| < & for all
k’s, the sum of the absolute values of the n-th order terms in the series
(8.25) is bounded, for a suitable C, by

DC™ tnle™  forall k (8.28)
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where D, C are suitable constants (depending only on the model and on
the basic scale used in the multiscale analysis) but not on k. This is
called the n! bound, found in the remarkable work ([DCR]) on scalar ¢}
field theory (see also [G1], [BG1].

The formal perturbation series in vpy1,...,vo, defined in (8.25), is
called the beta functional Bp(vp41,...).

Furthermore, if 4 — d — 2y > 0,y > 0, infrared, or d = 4, ultraviolet,
and in the Fermi liquid case, one can also show, if k > h, that 7*) admit
a power series expansion, in terms of 7™ alone in the scalar cases and
in terms of 7 and 7 in the case of the Fermi liquid, with coefficients
again verifying bounds like (8.28) with an extra factor (k—h)™ appearing
(see [G1], §18-20; [BG1]). Note that the “extra factor” diverges as
k — h — oo, making it impossible, unless the bound is improved, to
make an expansion in terms of the bare constants.

This means that a formal power series links the running couplings 7"

and gh—1)

on neighboring scales; furthermore, the coefficients verify a
uniform bound like (8.28) and, finally, they can be shown to have an
order by order limit as h - —oo or N — +o00 (depending on whether
the problem is infrared or ultraviolet). One thus defines formal power

series B(¥), B’(7) such that
Uh—1 = B(0h) , Uy = Bl(ﬁh_l) , (8.29)

which links, up to corrections vanishing as h becomes large, the running
couplings on neighboring scales. The functions B and its inverse B’,
which are only formal power series, define the beta function.

If one could show that the series for B and B’ converge or at least
are asymptotically correct in describing the connection between v}, and
Up—1, then we would have a method to control the ¥}, by studying the
dynamical system

7 = B(7) . (8.30)

The models for which the B function exists as a well defined formal
power series are called renormalizable.

The existence of the beta function, as a well-defined formal series,
is the modern way to state the renormalizability of the model. We
want to emphasize again that this procedure resums a huge number of
Feynman graphs that are collected and summed to form the parameters
vp’s (such values are very hard to compute and our real aim is not
to really compute them). We will find that this can be possible if the
relation (8.29) between these parameters is at least an asymptotic series.
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Such information (or assumption) is sufficient in most cases to analyze
perturbatively the asymptotic freedom and the possible triviality of the
theory.

There are a few models for which the bound (8.28) can be improved
by removing the n!. For such models, the beta functional is actually
a holomorphic function of the parameters v, near the origin (i.e., for
|vp| < & for some & > 0 and all A < 0); in such cases one can really
apply the program of the theory as we are developing it.

An example is the Fermi liquid beta functional which is in fact conver-
gent at small |vj|. An ultraviolet model for which the beta functional
can be shown to exist and converge at small couplings is the d = 2
Gross-Neveu model [GK1]. The above convergence properties of the
Fermi liquid beta functional rest upon the close connection between the
Gross-Neveu model and the d = 1 Fermi liquid problem pointed out in
[BG1].
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Chapter 9
The Beta Function as a Dynamaical System:
Asymptotic Freedom of Marginal Theories

The use that one makes of the beta function is typically the following.

One forgets that the series defining it is only formal. One assumes
that it is an asymptotic series to a well-defined function and, if so, one
can argue that the sequence of running couplings behaves as prescribed
by the approximations to B obtained by a truncation BT of the beta
function series. If all such approximations predict a bounded flow fol-
lowing suitable initial data, we have an algorithm to compute the v}, in
the given approximation for B and, therefore, all the effective potentials
as power series of the running couplings; such power series are free of
divergences at any order.

This of course does not mean that the effective potentials are not
singular in terms of the couplings #® on scale h = 0 (usually called
the physical couplings). It only says that we can hope that the effective
potentials are analytic or C'*° as functions of all the running coupling
7™ but it may well be that the structure of the dynamical system
connecting the #")’s on neighboring scales is such that the couplings
7" as functions of #®) have singularities.

In other words, the above scheme, when the running couplings remain
bounded uniformly, makes manifest that the effective potentials singu-
larities as functions of the physical couplings are rather simple because
they are due to singularities of the running couplings as functions of the
physical ones, i.e., with respect to one among them (say 7(%)).

To go beyond such results, one needs to understand precisely the
convergence or analyticity properties of the beta function, which most
of the time is an open and very difficult problem. But the progress
achieved in understanding perturbation theory is in any case a major
one.

We now apply the above program to the d = 4 ultraviolet problem
and to the 4 —d — 2y =0, v > 0, d > 3 infrared problem as well as to
the Fermi liquid using as BT the simplest truncation, namely that to
second order.

The calculation is elementary; one does not need the general tree
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formalism, which is necessary only to study the problem of the structure
of the high orders.
The result is the following, for B:

N =X— BN + B Au
I 92— 42 7 2 g . (9.1)
Wo=2""Tp A+ BN+ B A+ B > 0,4—d -2y =0,

with 8, > 0, and (see [G2], §20)

N =X— BN+ B8\,
MI =2M+5A2+B/M2+B/IAM+B”I)\CY, (9-2)
O/ = +ﬂ”A2 +/8N//1/2 +ﬂ””ﬂa

for d = 4 ultraviolet and d = 4, v = 0 infrared, with 8 > 0; while for
the Fermi liquid (d = 1),

N =\, v =2, ¢ =C+ N, o =a+pN,  (9.3)

with 8’ > 0.

In the case (9.1) it is then easy to check, by using general methods of
stability theory, that, given )¢ is small enough, one can find jg = O(A\3)
such that A\j, = 0, up, — 0 as h — —oo essentially as

Ao

Np o — 2
T Bk

i ~ O(R}) . (0.4)

The case (9.2), infrared, can also be treated. In this case we want
to take ap = 0 (as no gradient term is present at the beginning in the
infrared problem). One easily finds that g = O()\3) can be found so
that (9.2) generates a flow verifying (9.4) as well as

—00 A 2
ah — o = O(A2) = 5//};0 (%) 9.5)

(and we see that a., cannot be expected to be analytic at Ay = 0). So
we conclude that, in the second-order approximation, the critical point
exists and is a mean field critical point if v > 0 (in the sense that the
pair correlation behaves at large distance exactly as the free propagator).
While the d = 4, v = 0 critical point is a mean field model with, however,
a wave function correction, i.e., at large distance the leading decay of
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the pair correlation is not equal to the free covariance but, rather, it is
proportional to it with a constant of proportionality (1 + as) ™t < 1.

The application of (9.2) to the d = 4 ultraviolet problem shows, of
course, that it is not asymptotically free; one has to use (9.2) to evaluate
A from X (i.e., the inverse of the beta function) as we want to start from
Ao, Mo, g and construct Apn, up, ap for large h. But no matter how
small we start with Ao, (9.2) will make Ay grow to O(1) at some finite
h so that we are sure that we get out of a small neighborhood of the
origin where the truncation approximation used for B is not justified.
Similarly, one could try to start by taking a small ™). However, in
this case the v®), h < N, would have to be constructed by using (9.2)
and this can be seen to imply that Ag will be O(Any /(1 + BNAy)) — 0,
N — o0.

The latter remark is at the origin of the well-known triviality conjec-
ture of the quartic scalar model of QFT in d = 4. The status of this
conjecture can be considerably improved ([Fr]), but the problem is wide
open (see [GR]).

Coming to the Fermi liquid problem, we want to fix Ay small and
show that vy and ag can be fixed as functions of A\g so that taking
¢o = 0 (as prescribed by the physical interpretation of the model), it
is A\, = 0, v, — 0 (the latter to preserve the location of the Fermi
surface), ap, — (n — 0, ap, (n — (oo as h — co. In this case we would
have that the function S(x) becomes at large distance proportional to
(1 + ¢so) tg(x) and we have a normal Fermi surface at pr describing
particles of mass m.

But it is clear that (9.3) is insufficient to draw such a conclusion.
The second-order approximation does not allow us to decide whether Ay,
grows or decreases. However, the fact that no A? term is present means
that, even if we go to higher order and eventually find that A\, — 0, the
convergence to zero will not be very fast, so that ), )\,21 =400 (e.g., if
the recursion was N = A — 3\3, then \;, ~ O(1/y/—h)). In particular,
the relations for ¢, o suggest that since >_ A2 = oo it would happen that
« and ¢ grow out of the domain where the truncation of B can be hoped
to have a meaning.
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This is a new situation very close to the one that one would meet in
treating the infrared problem in d = 3, v = 0 (which we have carefully
avoided considering, so far (see chapter 12)). It is clear that in this case
there seems to be a serious conceptual problem and perturbation theory
does not seem possible in a consistent way. A new idea is necessary and
in fact it was developed in the early days of renormalization group. We
analyze it in the next chapters.
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Chapter 10
Anomalous Dimension

The outcome of the discussion at the end of the last chapter, sug-
gesting that «p — 0o, can be interpreted as evidence that in the cases
considered the scaling hypothesis is not correct and that at the critical
point the asymptotic behavior of the pair Schwinger function is neither
that of the potential nor that of the free propagator (corresponding to
the trivial fixed point, V =0, of R).

We can extend the renormalization group methods so far followed to a
more general approach which, when it works properly, would imply that
the critical behavior of the pair Schwinger function is different from that
of the free propagator.

We take as an example the d = 3, v = 0 infrared problem, historically
the first to be treated in this way ([WF]). But what we say applies word
by word also to the theory of the Fermi surface, although we shall see
that the results are quite different.

We start by setting Z; = 1 and by writing the effective potential
integral (4.1) as

1
e Vo) — 2o [ P @)V ARG 1o

where Pg;) is the Gaussian measure with propagator with Fourier trans-

form Zy 'T(p)p~2 with
Th(p) = e "p/p0)” (10.2)
Then the field ¥ can be represented as a sum of two independent fields,
Y=+ (10.3)

where the propagators for the two fields are, in order,

1 To(p) —T'-1(p) 1 Iq(p)

1
_— 50 —
§ow) Zy p? ’ Zy p*

7 (10.4)

where the propagators are described symbolically by their Fourier trans-
forms.
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Therefore we can write
e~ Vet (VZop)

~ _ RO 70 (<0)
= [ PO@E) P g e VA )

_ / PED (@g(<0)e~V O VAW D 1)

and V(=1 is defined by the same formulas describing V(=) in the previ-
ous sections, as the Po(dz/;o) integration is the same integral considered
there.

Let £3V = aF3 be the projection of V onto the direction F3(1)) =
f dx : 1, (—0%)1, : obtained by applying the localization operator £ in
(8.2) and by selecting the part proportional to F5. We can define

L3V Y (Zo ) =a_1Fs(v/ Zo )
7 =Zo+26 12 (10.6)

VOV Zw) =VEDZ ) + 61 Fs (V2o 0)

where V(=1 is defined by the last relation, and it should not be confused
with the V(=1 introduced in the previous sections (which coincides, at
least in this first integration, with the above V(1)

Using (10.6) and setting Dy = Z_1 — Zy, =g, we can write the
exponential in (10.5), e~ et (VZ0 @) ag

c /e,v(—l)( /7 _1 (¢(<0)+9@0))e*%20(¢(<0)1p2F:i¢(<0)).

e~ Zod-1 (= 400, p? W<V H00]) g, (<0) — (10.7)

:ce—%(Dwo,pW/ dp(<0) ¢~ 3 (T 14Dy (<0 97 p(<0),

. e*Do(ibKO)yPZSDO)e*V(A) (\/Z_*IWKO)JHPO])

:ce*%(DosoofDS(ZonJrDo)*lsoo,pQ wo)/dw o= 3((ZoTZ14+D0) P .0)

o=V (V71 (00— Do(ZoT"1+D0) " o))

)

where the Gaussian integral over 1)(<% has been formally written as an
integral over di)(<9 times the exponential of the appropriate quadratic
form, and ¢ denotes the different (formal) normalizations.
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Setting
_ ZoI'T B 1
P T T Dy T 1 Doz T, 103)
1 1 1 T s(p) 1 '
g( 1)(p)+ A

ZoT ™} + Do Z Zoy p*’

the Gaussian integral in the last step of (10.7) can also be thought of as
an integral over two independent fields adding up to ¥ = 1/;(_1) +qp(<=1)
with propagators given by the last two terms in the second of equations
(10.8). Hence,

e~ ett (VZ0 o) _
= c/e—v<0>(\/Z_o(1/3<0)+w(<0>+<,ao)) P(O)(dl/](o))Péfl)(dwKO)) _
0

— ¢ e~ 3Do(e—1.%00), (10.9)
e ) ) D gt
which can be easily iterated to yield

1 -1 2
e Vet (o) — 72 Zj:h Dj+1(<ﬂj,p ‘Pj+1).

: i (10.10)
[ ) i 400 D ),
with Dj = Zj—l - Zj, and
0 1
Ph = H P %o
- 1+( = —1)1“‘_
e Z i) (10.11)
1 1 1 1
Lz = _ E
9" (p) = - — ,
Zn (Zh+1rh1(l?) + Dhy1 ZhFhll(P)> p?
and
V(2 =
— (1= L) log [ PO @0y VIV )
= (1- L)V (VZpi ) (10.12)

Zn = Zpy1 + 2anZn41 if L3V () = anF3(y) -
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One can check that, if h < —1,

Zh

p*3" (p) = (Ta(p) ~Ta-1(p)) +Tn(p) (1 -Ta(p)) T+ 2,5(p)

, (10.13)

if zp, = (Z), — Zh+1)Z,;:1. Therefore, if zj, is asymptotically constant,
say if 2z, = 227 — 1 4 O(2") for some 7 (i.e., if Z, ~ 2727")  the fields
(") have essentially the same distribution as the fields

26h _

— , 10.14

\/Z_h 1/}2h~ ( )
where § = % and 1 has propagator § calculated from (10.13), with
h = 0 and z, replaced by 227 — 1.

It is therefore convenient to introduce the dimensionless anomalous

effective potential on scale h (see (6.1)) by

VW (@) = VI (2% ) (10.15)

so that the recursion relation becomes

(h—1)

Ve (W) =

_ — ) — s (10.16)
— (1= L2} log [ P(D) exp -V (@4 [ 200y )
and the integral over ¢ is a Gaussian integral with propagator (10.13)
with I', (p) replaced by I'g(p), and I',+1 by I'1. The equation (10.16) has
to be complemented by the definition of Zj; namely, Z,_1 = Zp 420,72
with &y, Z/Zy—1 being the coefficient of F3 in L',gf/ if V is the argument
of the logarithm in (10.16).
If Zf “— can be regarded as essentially proportional to 2727, the rela-
tion (10.16) becomes (essentially) the scale-independent map,

/

V(@) = —(1— L3) log / P(d7) exp—V (@ +2 9p-r.)
= an ,

(10.17)

where 6* = 6 + 1 and the 1) Gaussian integration is with propagator

9(p): .
9(p) = P(FO(I’) -T'_1(p)+
221 _ 1

14 (227 = 1)To(p)

(10.18)
+To(p)(1 —To(p))
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Of course, the value of 7 is not a prioriknown and therefore one should
still use the map (10.16) with the accompanying definition of Z, in order
to obtain the sequence of V(7).

By the methods of the previous sections one establishes the existence
of a beta functional with the running couplings v;, = ()\516), )\24) 1h) be-
ing related to the coefficients )\26), Qh)\gl), 220y, of Fs(v/Zn ),
Fy(v/Zp ) and Fa(v/Zy 1)), i.e., of the relevant and marginal operators:
note that by the construction no operator F3 will ever appear. Further-
more, the beta functional will depend on the ratios Z,/Z,_1, ¢ > h,
which in turn are determined recursively (i.e., in some sense the se-
quence of missing running couplings has been replaced by the sequence
Zn/Zh-1).

One finds a relation such as

Z
Vh—1 = Mpvp, +Bh(vh,vh+1,...,vo; ;—:1,) ,
10.19)
Z Z (
1= h (1+Ah(vhavh-‘rl;'"avo;%a"')) )
h—1 h

where the Ay, Bj, are formal power series in their arguments v;, and M},
is a diagonal matrix with diagonal elements > 1 if Z,/Z;_; > 1. More
precisely the diagonal elements are, respectively,

Zn )3 6—2d Zn \? a-d Zn \?%,2
L) 96-2d (—) 9i-d (—) 92 10.20
(Zh—l Zh—l Zh—l ( )

with d = 3, in the present case.

One can prove that if
Zh ‘
< 10.21
7| <¢ (10.21)

for some & > 0, and for all h < 0, then the coefficients of the expansions
in the v’s verify bounds such as

|Ci| < 20l7ilo=bs(0) |71 D (10.22)
if i = {ni,...,nu} and Cz = (coeff. of the monomial v}’ vp%, ...
vg‘h‘), and s(7) = k — h if ng41 = npy2 = ... = n) = 0 but ng > 0;

the a, b, D are positive constants dependent on & but independent of h.

The term 2% shows that the beta functional has short memory as it
means that Ay, By, depend only very slightly on the running couplings
of order k large compared to h.
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Likewise, the dimensionless effective potentials are expressed as
V(h)(w) = Z/V(h)(m, s T Hawgg ; (10.23)
i=1

with ; < 6 (6 being the maximal degree of the relevant and marginal
operators) nonnegative integers and p; < 2; and the kernels V() admit
an expansion in the running constants vp41,...,v9 with coefficients de-
pending on the ratios Z,/Z,_1 with ¢ > h; and if the latter are bounded
as in (10.21), they verify the bounds similar to (10.22); with the nota-
tions of (10.22) the bounds are, for x > 0 suitable,

V8 (@1, )| < 2717127055712 ) gmrl(rm)

n

. (10.24)

with d(z1, ..., %, ) being the length of the shortest graph connecting the
points x1, ..., Tpm,.
The (10.23), (10.24) are a convenient way of expressing the V™ and

its qualitative properties. However, the proof of (10.24) leads to an
)

of somewhat different and more involved form, im-
plying the (10.23), quite naturally associated with the theory’s Feynman
graphs. Such a “more natural” expression is briefly summarized in ap-

—(h
expression of V(

pendix 4.
The bound (10.24) and the equation (10.23) make it manifest that the

functional derivative of V' have kernels verifying the same bounds, e.g.,

if we write
w(h) m
oV —
— () _ Z/vi’”(xl,...,xm)ﬂampgi , (10.25)
r i=1
the kernels V;h) verify
V) < 2lflg=bs(®) 712 p e=rd@ar o) (10.26)

Note that this bound is not a trivial consequence of (10.24), since the
functional derivative of dp, with respect to ¢, is the derivative of the
delta function §(z —y), and, therefore, a bound on the functional deriva-

tives of V(h) involves a bound on the smoothness properties of the kernels
in (10.23) (see [BGPS]).
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This shows that if one can find an initial V(9 so that (10.21) holds

and |vp| < € for some &, &, k > 0 independent on h < 0, then a perturba-

—(h
tion theory in terms of the running couplings for V( )

can be formally
constructed.

Alternatively, one can look for a nontrivial fixed point of the anoma-
lous renormalization transformation, i.e., for a pair v, 7 and for a suitable

matrix M,,, such that

v= My + hlim Bp(v,v,..,v;2721.2720 ) = Myv+ B(v,n) ,
——00
1=2"2(1+ lim Ap(v,v,.,0;2727,27%1 ) = (10.27)
h——o0

=271(1+ A(v,n))

which, at least if A, B are supposed to admit an asymptotic expansion
in powers of v,n, can be studied by series expansion. We discuss this
point in some detail in chapter 12.

If a solution v*,n* to (10.27) can be found, then one can consider the
effective potential V* defined by setting all v; equal to v* and all the
ratios Zy,/Zp—1 equal to 2727" in the series defining the kernels for the
V("5 for h — —oco. It is very remarkable that V* will, by construction,
be such that

Ry VI=V* (10.28)

i.e., it is a (formal) fixed point for the anomalous renormalization trans-
formation.

If the V* is an unstable fixed point, with a one-dimensional instability
(i.e., if the linearization of the anomalous R, transformation around
V* has only one eigenvector with eigenvalue > 1), then by changing
the inverse temperature 3 we can hope that the curve described by V(©)
crosses the stable manifold of V* for some value §.. At such temperature,
the asymptotic behavior of the pair Schwinger function will be described
by V* rather than by the trivial fixed point V' = 0 (as in the cases with
d > 4, or even d = 4 and v = 0, where the trivial fixed point has a
one-dimensional instability).

It is not difficult to give heuristic arguments showing that the asymp-
totic behavior of the pair Schwinger function will be anomalous, in
the circumstances considered in the last comment, in the sense that
at 8 = B, the behavior will be ~ |z — y|~(?=2+27") instead of the trivial
~ |z —y|~(4=2) (see [BG1], [BCM]).
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To obtain a more precise statement it is necessary to find an expres-
sion of the Schwinger functions in terms of the anomalous effective poten-
tials. That the problem is somewhat tricky can be immediately realized
from (10.1), (10.10) and from the general relation (4.3), which would
in fact lead to expressing the generating functional for the Schwinger

functions ST, () as something like

wnt
ST .(p) = lim (10.29)
h——o0
—1
F‘Z
%[(—322%@) - ZDJ»H(%, 725 ‘Pj+1)} - VW(/Z, Zz;z ©n) ,
j=h

where ¢ = g and ¢;, j < 0, is defined by (10.11).

But the equation (10.29) does not immediately make sense at h = —oco
because, for instance, the series is manifestly divergent. However, a
simple heuristic argument suggests that to study the S% . the h in (10.29)
should not be sent to —oo but rather it should be fixed so that 2%pg is
the smallest momentum scale in the Fourier transform of ¢ (i.e., a value
below which the Fourier transform of ¢ is essentially zero), which can be
interpreted as an infrared cutoff. Hence, one expects that, if p ~ 2ﬁp0,
the Fourier transform Sy(p) of the pair Schwinger function behaves as

1|1 < Djp 1

. - . 10.30
P\ 2o i ZiZi | Znp? (10:50)

In fact, if A > h, the first of (10.11) implies that p; ~ ¢/Z;; it follows
that, if Z, ~ 2727 Sg(p) ~ p~ (=20 implying that Sa(z — y) ~
|z — y|~(@=2+2) for |2 — y| — oo.

It is, however, not easy to make the latter statement more precise and
it is more convenient to find an expression for the Schwinger functions
which depends on the V(") and which involves
no divergent pieces. This can be achieved under the sole assumption
that the dimensionless potentials verify the bounds (10.24), (10.26) (see
[BGPS)).

The conclusion is that under the hypothesis that the latter bounds
hold and that Zj, ~ 272" the pair Schwinger function S(x — y) can be
shown to have the asymptotic behavior

generating functional S¥ ,,

0

SE—y)= >, Zihﬁ(h)(zfy) (1 + O(max [vn]?)) . (10.31)

h=—o00
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provided pp5—=—0. The (10.31) is easily seen to imply that S behaves
at oo as |z — y|~(@=2+21) (see [BGPS| for a detailed analysis). The
up, — 0 as h — —oo is the natural condition that can be imposed to
determine the initial V(9 i.e., the critical temperature.

Therefore, it is natural to try to see if there is another nontrivial
fixed point of the map R,. We do not examine here the evidence for the
existence of such a fixed point. We point out that just the possibility
of performing the above analysis and of discovering the possible mecha-
nism for the development of an anomalous dimension in the long-range
behavior at the critical point has been an important success of the renor-
malization group methods of analysis [WF] and, even if one regards the
analysis as purely heuristic, it has to be stressed that the possibility of
nonclassical critical indices (i.e., of nonzero anomaly 1) is probably the
most important achievement of the renormalization group.

The analysis can be repeated in the case of Fermi liquids. One has,
however, to decide which of the two gradient terms one should elimi-
nate at every step from the effective potential: for instance, one can
decide to eliminate the appropriate part of (Fy (or equivalently that of
aF3), because now « # ¢ and one has here an arbitrary choice. Elimi-
nating (Fy and calling now Jy, the coefficient of F3, the final result for
the pair Schwinger function is similar to (10.31), and it has the same
interpretation

1

(o + i@ - T) (a2 + 22)7

Sz —y,d) = 1+ O(m};ax lonl?)) ,  (10.32)

if vy, 0, — 0; so we see that vy, d;, — 0 are the natural conditions to
determine v, ag in terms of Ag.

In the physics literature, I'y,(p) is often replaced by the characteristic
function x(|2"p| < po) and the formal analysis becomes clearer in some
respects (and obscure in others). An example of such analysis can be
found in chapter 15.

We conclude this chapter by a rather simple remark: it is clear that
the formal power series in vy, ...,vy can be rewritten, by formal series
manipulations, in the form

- VA
Vp—1 =Mpop + Bh(’l)h, ;:1) s
10.33
Zp, 5 Zh1 ( )

1=
Zh-1

(1+ A(va, 7 )
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and it is interesting to note that the bounds (10.22) together with the
fact that the diagonal matrix elements of My, are > 1, if Z,/Zp_1 > 1,
imply that the coefficients of B, A in the v;, can be bounded by

|annls [bhn| < DC™nL (10.34)

with D, C computable in terms of a,b, D in (10.22).

This is done by first eliminating the ratios Z,/Z,_1 obtaining a recur-
sion relation for the vy, having the form vy,_1 = Myvp, + Bh(vh, ce,U0)s
with the B, given by formal power series verifying the same bounds
as the By and, subsequently, by expressing vj41 in terms of vy, and

Vh+t2, - - -, Vg by inverting
-1 -1 5
Uh+1 :Mthlvh _Mh+1Bh(Uh+17-'-aUO) , (1035)
and then vp49 in terms of vy, VUn43, Vn44, ... and so on until all the vj,

j > h are eliminated.

One can show that the formal functions By, (v, w), Ay (v, w) thus ob-
tained have a limit as h — —oo order by order in v and for each w. The
formal limits A(v,w),B(v,w) define the scaling beta function, and the
formal functions Ay, B, define the beta function.

It should be noted, however, that the beta functional is a better-
defined object, as one can see that in some simple cases the series in the
many variables vy, defining it are convergent if, for a small enough £ > 0,
|vp| < & for all h < 0. But in the same cases the beta functions defining
formal series are very probably not convergent.

This raises a very interesting problem: Does there exist a family of
functions Bh, Ay, such that the running couplings can be defined by the
dynamical system described by (10.33) starting from suitably restricted
initial v9? And admitting an asymptotic series at the origin given by
the formal power series defined above?

In most works on the renormalization group such an assumption is
tacitly or explicitly made, although there seems to be no general non-
perturbative definition of the beta functions (in the models that we are
considering). This is not very visible, usually, because the use that
is made of the beta function is to regard as a good approximation to it
the second-order truncation of the formal series defining them, which, by
the way, coincides with the second order truncation of the corresponding
beta functionals. Nevertheless, this constitutes one of the outstanding
problems of the theory — a problem for which there seems to be not
only no solution in sight, but not even ideas toward obtaining a solution.
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Chapter 11
The Ferma Liquid and the Luttinger Model

We have seen that the beta function for this model, discussed in chap-
ter 9, seems inconsistent with the normal scaling, i.e., with an asymptotic
behavior of the interacting propagator equal or proportional to that of
the free propagator.

Note that this is true in spite of the fact that the beta functional is
given by a convergent series for small couplings. Thus this shows that
it is possible that the beta functional exists not only formally but as a
convergent power series in the running couplings, but, nevertheless, it
does not help in solving the problem because it generates a flow leading
away from the neighborhood of the origin where the functional makes
sense.

We attribute the above accident to the fact that the scaling is anoma-
lous, i.e., that the pair Schwinger function behaves at co differently from
the free one. Hence we can try to apply the scheme devised in the pre-
vious section to discuss the possibility of an anomalous scaling.

The effective potentials now have a different definition, and basically
at every application of R one extracts a part of the newly created effec-
tive potential and puts it in the Grassmannian integration, as described
in deriving the recursion relation (10.10).

We choose to extract the part with the [ : ¢ 1 9, ei(@—&")-Zpr

)
operator (we could also choose [ : ¢, & Dy, e 1 =2)Tpry e
we try to define the renormalization transformation so that ¢, = 0 (in
the example of chapter 10 we imposed aj, = 0). From the point of view
of the theory of the beta functional, one has to do essentially the same
analysis and the above is a minor modification.
One finds that, calling &, the coefficient of F3 and vy, = (Ap, Op, fn),

the beta functional can be written as the recurrence relation,
Vp—1 = Avp + B(vn) + Br(Vn, Un — Unt1, Uh — Vp2, - -, Uh — o) , (11.1)

with A linear and diagonal, and B, B; analytic in their arguments in
a polydisk of radius 9. The latter is a remarkable property that is a
consequence of the fermionic nature of the model and can be proved
by using the same ideas that lead to the theory of the two-dimensional
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Gross—Neveu model ([GK1]). The ratios Z,/Z;, j > h that one would
expect to appear in the r.h.s. have been eliminated by using the defini-
tion of Zy_1/Zp, that comes from the relation analogous to the second
of (10.19).

Furthermore, B; are functions with short memory; this means that

functions D?(fk,fk.ﬂrl, ..., Z_1,%p) exist such that for some b,d > 0,
-1
Bj(fjafj-‘rla s 7f—1;fo) = ZDf(fjafkﬁ-la s af—lafo) )
Py (11.2)
D[ < 27 t=0b ) (sup |&w)d, k=5
>

The exponential decay of the D-functions has the practical consequence
that the dynamical system without memory defined by the map, v’ =
Av+ B(v), and the one in (11.1) behave essentially in the same way near
Vp = 0.

The important part of (11.1) is the one that does not tend to zero
because h — —oo, when the x; have a limit; i.e., it is the one obtained
by setting B; = 0.

The dynamical system v’ = Av+ B(v) has properties depending crit-
ically on the function G(X,0) = B(A,4,0).

For instance, if we look for a nontrivial fixed point v = v+ B(v) with
v = (A,0,0), we see that one exists if G(),d) = 0 has a solution.

Assuming AM3G(\,0) = BAP + B'APTL + .| for some p > 0 we find,
by a slightly more detailed analysis of the structure of the functions B,
that there are trajectories in which dp,,v, — 0 as h — —o0.

On such trajectories A\, — 0 for h — —oo, if 6)\871 < 0 but very
slowly (like 1/|h|"/®=1D). The last of (10.19), neglecting terms that
tend to zero as O(2") for h — —oo, in the present case becomes

Z
1 =_2h
Z

[1 FA2BY A, At - do)+
h—1

+60 A2 B* (A, O Vh, - - -, Mo, 0o, o)+ (11.3)
+/\%V12133(/\h,5h,1/h,---,/\0750,1/0)} :

with B1(0,0,...,0) # 0. And in the latter case, still neglecting for
consistency the terms tending to zero for h — —oo, yields

log Zp oc 3 [W| 7207070 o |pt2em D (11.4)
h'>h
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hence Z, does not have the form 27" for some 7 > 0.

This is the remark that provides us a key to the proof that G = 0.
To study the latter conjecture we can try to look for a model, possibly
totally different from our Fermi liquid, for which

1. one can describe it by a renormalization group method;

2. the beta functional of the model has the same form as (11.2) with
possibly different D functions;

3. G()) is the same for both models;

4. one knows that the model has n(A\o) = A2 + O(\?).

In [BG1] a simple proof is presented showing that the Luttinger model
meets the requirements of (1), (2), (3). It is also known from the exact
solution of the Luttinger model ([L]) by Mattis and Lieb ([ML], [LM])
that the propagator decays at oo faster than the free propagator by a
factor o |z — y| 7R n(\o) = A2B + ... .

In [BGPS] it is shown that the converse, G(X,d) # 0, is incompat-
ible with the known asymptotic behavior of the exact solution of the
Luttinger model. Therefore it follows that G(A,d) must be zero.

The n # 0 intuitively corresponds to a singularity at the Fermi surface
of the Fourier transform of the propagator that is weaker than the usual
jump but is described by a vertical slope such as ||E| —pr|*,
n=pB8N+....

If G(\,0) = 0, the analysis of the flow (11.1) is easy, and we see that
one can always fix dg and vy (i.e., ap and 1p) so that ap, v, — 0 and
Ah = Ao ([BGPS)).

In this case the heuristic arguments leading to (10.32) can be made
rigorous and the (11.3) provides us with an asymptotic limit for 227 =
limp, s oo Zn_1/Zp and 1 = O(A\2 ), thus determining an “anomalous”
asymptotic behavior of the pair Schwinger function.

More generally, given Ag and «p, one can fix vy = vy(Ag, dg) so that
the pair Schwinger function behaves asymptotically as in (10.32), with
a coefficient 5(Ag, ag) # 1 in front of i - Z.

The above properties can also be qualitatively stated as follows: the
spinless, d = 1, Fermi liquid is well described by the Luttinger model, as
far as the interacting propagator is concerned, and it corroborates the
pioneering work of Tomonaga ([T]).

We finally remark that the fact that vy, — v_o and Z,_1/Z) — 22"
can be interpreted as saying that the recursion relation for the dimen-
sionless anomalous effective potential introduced in (10.15) and corre-
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sponding to the sequence of the running couplings vy =v_o,", evaluated
at scale h — —oo is a fixed point for the anomalous recursion relation
(10.17).

Hence the asymptotic behavior of the renormalization group flow is
controlled by a two-dimensional continuum of nontrivial fixed points
parameterized by &g, Ao 2, and determined by the exact solutions of the
Luttinger model (because the leading part of the beta function for the
Luttinger model and that for the class of models considered coincide).

1 Recall that once the sequence of the running couplings vy is given and they are
sufficiently small, one can reconstruct the full effective potential by a convergent

series expansion in the sequence.
2 But the do plays a somewhat trivial role and disappears if one decides to fix the

Fermi velocity at 1, hence sometimes one says that there is a “line of fixed points.”
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Chapter 12
The Generic Critical Point for d=3, v=0:
The e-Expansion

The Fermi liquid model (with d = 1) is a rather special example
of anomalous scaling (as the beta function vanishes). A more classical
but somewhat more complicated example is provided by the statistical
mechanics of three-dimensional spin systems: this is the d = 3,7 = 0
case of chapter 2, for which we have not yet reached any conclusions.

In this case the relevant operators are all the four operators in (6.14),
and we thus have four running couplings, which we denote pj ( for
s %), ap (for @ (0p)? 1), )\24) (for : p* :) and )\26) (for : ¢5 1) @), =
AL A s ).

We can easily compute the beta function to second order as (writing
only a selected few of the second order terms)

AO = AO A0 _ a2
AW oWy

Ph—1 = 4pp + ...,

ap_1 = ap + 577)\(6)2 +...,

(12.1)

where 3,8/, 37 > 0 and no a3 terms appear in the last recursion, as well
as no terms that are linear in ay, besides the one involving ap, iy,

We are interested, when studying the ¢* model of chapter 2, to start
with (see (7.2))

AN =0, AV =Los?,

) 1 (12.2)
ap=0, po =6LoB "Chy + (—Rof™ +7) .

We see that, already in the linear approximation, we cannot keep )\24)
bounded because it is now amplified by a factor 2 in each iteration.

If we had )\86) > 0 and )\(()4) as a free parameter we could think of
fixing )\84), 1o as functions of )\86) so that the running couplings had a
bounded flow. To first order we would have to take )\(()4) =upu=0. To
second order (or higher) we would have to take )\84), to as functions of

)\86) so that the running couplings stay bounded.
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Thus we see that a general ¢5-model, i.e., a model with high temper-
ature distribution (see chapter 2) defined by

po() = (Low® + Low® + Rop?)py @,

with Lo > 0, will have a bounded flow for @, only if, given Lo, we fix Lo
conveniently so that, by further choosing also the inverse temperature (3
conveniently, the two parameters )\84) (Lo, B), to(Lo, B8) have the correct
value in terms of L.

In other words, we see that, if d = 3 and v = 0, one does not expect to
see a normal or trivial critical behavior with two-point functions decaying
proportionally to |z — y|™!, i.e., proportionally to the free propagator
— wunless the model has one more free parameter to adjust besides the
temperature, and the parameter should be such that, by changing it, one
affects the ratio Ly /Lo of the nonquadratic terms in the a priorihigh-
temperature distribution.

Clearly we do not have this freedom in the model of chapter 2, as
Lo = 0 there; and there is no reason, therefore, to expect normal critical
behavior in the model of chapter 2 or, more generally, in generic spin
models with a prioridistribution with no free parameters.

In a pure p*-model with no free parameter Lo, what we see is that
(12.1) implies that )\(f% # 0 and, then, at best stays bounded. This
implies, however, divergences in the recursive construction of «y, even
if )\24), pr, behaved well (which they do not, by (12.1), either). In other
words, we find ourselves in a situation in which, in the previous sections,
we introduced the anomalous dimension.

The interpretation is that aj, (and )\24)) grow because what is really
happening is that the effective potential becomes of longer and longer
range because we are looking at it on a wrong scale, and, eventually, we
cannot any longer follow it by perturbation methods.

The introduction of the more flexible anomalous scaling procedure to
define the effective potentials solves the problem of the evolution of ay,
which disappears from the scene being replaced by the evolution of the
Zp,. But this does not solve the problem of the divergence of )\24), which
is left, as in E12.1), a relevant operator (at least if we want to think that
Up = ()\516), )\h4), up) are small, to apply perturbation theory).

In other words, it is not possible to keep the running couplings flow
bounded by simply allowing for an anomalous dimension, at least if one
keeps hoping to treat the problem perturbatively, i.e., to use effective
potentials and couplings determined by a perturbatively defined beta
functional.
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The only hope one has in order to have a bounded flow that can be
studied by perturbation theory is that the anomalous flow, which can
be easily evaluated to second order (in terms of suitable, numerically

computable, constants 3,3, 57,...) as
6 Zp 6)  2,(6)2 2\ (4)2
N = (=P = BN = AN )
h—1
4 Zn, 4
Ny =20 + )
h—1
(12.3)
h
1=4 e
[th—1 (Zh_l)(uh+ )
Z,

has a fixed point with Zj,/Z,_1 = 27" and @ = (A\(®), X 1) such that

A(6) — 9=3n ()\(6) — A2 _ gra®2 ) ,
AW =272\ 4 )
0= 427"(;; +B7AO2 ) ,
1=27"1+p"\O2 4 ),

(12.4)

or W = B(w), with 7 also defined by (12.4).

And, furthermore, the fixed point w happens to be small enough
to think it reasonable that B(w) evaluated to second order is a good
approximation to B(w) itself (assumed existent; which is not obvious
because of the remarks at the end of chapter 10). The latter property
depends on the relative size of 3,3, 3", i.e., on the numerical value of
37/, 8"/ B that should be small.

In this way we would have the possibility of thinking that, if the scal-
ing parameter 7 is appropriate, the running couplings evolve by staying
small, so that the critical point is described by a pair Schwinger function
decaying differently from the free propagator (by the heuristic arguments
of chapter 10), i.e., not proportionally to |z —y|~! (but as |z —y|~17").

The dimensionless effective potentials, computed with the correct
scaling (determined by the solutions n,v of (12.4)), can be regarded
as a short-range potential that stays small on all scales, converging to a
nonzero limit as h — —o0.

Of course one could try to look for a nontrivial fixed point directly
for the normal scaling recursion (12.1). But in this case the linear terms
in (12.1) for A(®) and for a drop out of the fixed point equation, and the
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equation will necessarily involve the third-order terms, and one would
have even more doubts about the use of the perturbation theory leading
to (12.1) itself.

The only known attempt to a more detailed analysis of the problem
is the following ([WF]). The coefficients 3, 3, 3, ... of the beta function
are expressed as integrals involving products of propagators depending
on the space dimension d. If the d dependence is taken into account, the
(12.1) or (12.4) takes a more general form. For instance, (12.4) becomes
(again writing only a few selected second order terms)

_ Z _ _
)\26_)1 _ 96 2d(ﬁ)3(>\gﬁ) . ﬂ(d)Agm B ﬂ(d)’AEfﬂ T ) :

_da, Zn
MY, =2 L0y

P (12.5)
h

Hh—1 = 4(Zh 1)(Mh+---) ;

Z,

1= (S22 (1 + B AN + By A + ..

Zp—1

and (12.1) is similarly changed.

The coefficients 3-(d) turn out to depend on d in a way that admits
an analytic interpolation between d = 3 and d = 4. Of course there
is a considerable ambiguity in determining the interpolation; even the
linear terms are really determined for integer d, and to say that they
are as in (12.5) is only one possibility (in some sense quite natural but,
nevertheless, arbitrary).

One chooses one particular interpolation (reasonable or natural) and
then one can regard (12.5) as a one-parameter family of recursion rela-
tions. A similar procedure could be followed starting from (12.1) (and
one would find (12.5) with other coefficients and Z,/Z,_1 = 1, plus an
equation for ay, replacing the last of (12.1)).

One finds, unless one chooses the analytic interpolation of the 5-’s in a
strange way, that for d = 4 — ¢ the anomalous equations (12.5) do admit
a nontrivial fixed point (A = O(e),\® = O(e?) = p, Zn/Zn_1 =
27 1 = O(g?)), which can be computed as a formal power series in &
([WF]). The first nontrivial term in such expansion can be evaluated at
e = 1 and it is still somewhat small at € = 1. So that one is led to
conjecture that the full anomalous recursion @' = B(w) has a nontrivial
fixed point if d = 3, with  computed as above to first nontrivial order
in e (but e = 1!).
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If one tried to do the same analysis with normal scaling, one would
not be able to find a nontrivial solution even for & small, because the
second-order equations for a or A(*) do not contain a2, and this implies
that a nontrivial solution would have O(1) values for the couplings even
for £ small; hence one cannot really consider that, in such situations,
the beta function is given with good approximation by a power series
expansion in the couplings truncated to second order or to a finite order.

We thus see that if d = 3,7 = 0 we expect, for generic a priorispin
distribution, a critical point with anomalous dimension.

Unfortunately, the above analysis rests on a somewhat too conjectural
basis and it would be desirable to have a stronger evidence for such a
nontrivial anomalous fixed point.

For this reason, starting with Wilson ([W1], [W2], [W3], [W4], models
that are simpler than the one of chapter 2 have been introduced and
investigated ([G1], §22; [G2]; [Rml]). These are models so simplified
that the beta function can be given a well-defined meaning even beyond
perturbation theory. They can therefore be used to test the above ideas
and methods: for instance, the existence of a nontrivial fixed point was
found, numerically, by Wilson ([W2], [W3]), in one such model.

Only recently has it become possible to establish rigorously the ex-
istence of a nontrivial fixed point for some of the so-called hierarchical
models in dimension d = 3 (see [KW1], [KW2]) — a remarkable achieve-
ment of the new techniques developed to construct computer-assisted
proofs.

We can say that, to a large extent, the renormalization group only
rarely can be carried to a high level of mathematical rigor: with some re-
markable exceptions (see [G1] for a list of references). It does, however,
provide a beautiful and rich general scheme to set problems in perspec-
tive, gaining some deep insights that go well beyond the ones provided
by the previously known theoretical approaches.
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Chapter 13
Bose condensation: Reformulation

This problem will be studied at an heuristic level, i.e., in a way similar
to the theory of the critical point in d = 4 — ¢ dimensions (see chapters
9 and 10). One should not forget that the latter problem, considered by
many one of the major successes of the renormalization group approach,
is still awaiting a rigorous formulation, not only for € = 1, but also for
any € > 0. Therefore, we think that a formal theory is nevertheless
an interesting way to attack the Bose condensation problem in d = 3
dimensions. This will be, in fact, the best illustration of the methods we
try to illustrate about the renormalization group, as it embodies all the
ideas discussed in the various cases met so far. The analysis that follows
is due to [B], and we follow his treatment with some minor changes.

What follows could also be regarded as a test of the usual claim that
the zero temperature Bose gas has a linear dispersion relation for small
momenta. This property is considered typical of superfluid behavior
and was first verified by Bogoliubov ([Bo]) in an approximate exactly
soluble model, the so-called Bogoliubov model. After that, the superfluid
behavior hypothesis received strong support from rough perturbative
arguments (see, for example, [ADG], where it is possible to find relevant
references). More recently, more convincing arguments were presented
in the papers of [NN] and [PS].

The problem is formulated as a functional integration in chapter 3.
The functional integral is

J gt o e V22 P(dyp)

T eV P(dy) ’ (13.1)
with A = [—33,18] x [-1L, 1 L]3,
Va(p) =A/v(f =)o —o°) (o o7 ) (e o,) da dy+
(13.2)

—|—1//<p;r<p;dx,
A

and P(dy) is the Gaussian measure with propagator (¢7p7) = 0 and

1 e*ikx
Sl =S(x)=p+ /dk ~ : 13.3
(pzpy) = S@) = p+ G TR YT, (13.3)
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As explained in chapter 3, the problem is to fix p > 0 and to show that
one can fix v = v(A, p) so that the interacting pair Schwinger function
converges to p as x — oo. This is interpreted (see chapter 3) by saying
that the Schwinger functions thus obtained describe a Bose condensed
state with condensate density p equal to the off-diagonal long-range
order parameter.

We also, and mainly, want to understand the behavior of S(z) — p,
and in particular we would like to check the prediction (following from
superfluid behavior hypothesis) that for large x the function S(x) — p
vanishes at 0o as some inverse power of v?22 + 72, where v is the sound
velocity (see [ADG]). Note that, in the Bogoliubov model, v? = v% =
2m="\o(0)p, if 9(0) = [ v(¥)d>7.

We begin by supposing that the problem has an ultraviolet cutoff on
the scale py of the range of the potential. This means that we consider
the functional integral (13.1) with a field ¢ with propagator (g ¢§) = 0
and

e—ik(z—y)to(k)

1
— Ty —

g<o(@ —y) = {pz py) = +—/dk > :

<o(z —y) = {vz9y) =p ke T 72 j2m

(2m)*
where to(k) is a smooth ultraviolet cutoff on scale pg, which we choose to
be a regularization of the characteristic function of the set { f(k) = (k2 +

E—zi) < (%)2} It will be a function to(k) = 0if f(k) > 1and t(k) =1

2m 2m
if f(k) <1/7.
The assumed presence of the ultraviolet cutoff on the scale of the

(13.4)

interaction potential is reasonable only if ppy 3 « 1, ie., only if there
is, in mean, less than one particle in a cube with the side equal to the
range of the potential (which we call py!).

If such a situation is realized, the interaction potential can be replaced
by the simpler

Vi) = X0 (0) / (pdey)? de + V/ ooy do . (13.5)

A A

Therefore we shall study the functional integral
e~ VAT @) P(dy) | (13.6)

with P(dy) being the Gaussian measure with propagator (13.4).
The form of the propagator (13.4) shows that the field pF can be
represented as
0y =&+, (13.7)
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where £, 1) are independent, with propagators ({7¢7) = 0, (p5¢§) = 0,
(7 ) given by the integral in (13.4) and ((7¢7) = p.

If one defines W (=) (¢) = —+ log [ e=V2E+¥) P(dy)), we see that the
computation of (£7€7) in the presence of interaction will lead (if we set
€t =€ £i&) to the integral

de, d¢ ey e
p:/ 217Tp2(§§+§§)e (€+6D)/p o~ (W=(©-W)IAl (13.8)

where W is a normalization constant, and the equality to p of the above
integral is just the requirement that the condensate density should be p.
Therefore, equality (13.8) can hold if and only if the function W (¢),
which is a function of the product £T¢~, by symmetry considerations,
reaches its minimum at £¢~ = p. And in this case £T¢~ will be a sure
random variable, provided the minimum is nondegenerate. The only
rigorous general result in this direction is provided by the work in [Gi].

Hence v, i.e., the chemical potential, is simply determined by im-
posing the condition 0,/W>(p) = 0; and we expect that if v is so
fixed, then the Schwinger functions will be computable by simply setting
&t = ¢ = /p in the functional integral e~V»(¥) P(dy) with

V()
— 20(0) /A (60 )% i + 2X0(0) /7 /A s W +uT) dot

+ (4N (0)p + v) /A by do + A@(O)p/A((w;)2 +(¥5)?) da +
+ [Al(vp + X(0)p?) (13.9)

where (71¢7) = 0, (1, ) is given by the integral in (13.4); this model
is called the Bogoliubov approzimation. One has to show that, if v is suit-
ably fixed, then — log [ exp —V),(¢)) P(dy) has a derivative with respect
to p at fixed v vanishing (and, in fact, corresponding to a minimum).

The well-known analysis of Hughenoltz and Pines ([HP]), based on
formal perturbation theory, shows that this condition for v is formally
equivalent to the following one

51 (0) = £44(0) (13.10)

where X, 5, (k) is the Fourier transform of the sum of all one-particle
irreducible graphs (connected graphs that cannot become disconnected
by cutting one leg) with two external lines 17!, 1y?; see [ADG].
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The Bogoliubov model is obtained by neglecting in (13.9) the quar-
tic and cubic terms. It is easy to see that, in this approximation, the
condition (13.10) should be 2A9(0)p + v = 0.

Therefore the functional integral (13.6) should be written as

eV W) py(dip) (13.11)

where Pg(dv) is the Gaussian measure obtained by including the quad-
ratic terms in (13.9) into the free measure

P(di) = P(dp)e O w7+ de (13.12)

and v is replaced by —2X9(0)p + v, where ¥ is the correction to the
chemical potential due to the quartic and cubic interaction terms, so
that

VO () = Xo(0) /A (W )? de+
(13.13)

L 200(0)v/7 /A ST (F ) e+ 00 /A s de |

and the parameter 1° has to be determined, as above, so that condition
(13.10) is satisfied.

It is convenient, before proceeding, to change the basic fields and to
perform a rescaling (amounting at fixing p = 1); we set

1 _ _
==t EeT), et = [P0 X)),
P ) (13.14)
" m
e =M(0)p—-,
( )pp%
so that V(9 () becomes a function of y
2
(0) :Mi/ V4 9 —)2 ()2 14 g
VO = 5(3 [ (00" =200 P00 + 0+
+eVE (0 - () dot (13.15)
A
WY 2m 2 .5
=5 () - ()P da)
37 ] () = 0% do)

and the propagator of the fields x* in the distribution (13.12) is

X' xg?) =972 (x —y) , (13.16)
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which, in the limit as A — oo, is easily computed

0102 — 1 —ikx -1

where the matrix Go(k), which we call the propagator matriz of (13.12),
is defined by

o 2

E L 4eZhpo(k) ik ) | (13.18)
where the first row and column correspond to ¢ = + and the second row
and column correspond to o = —, so that Go(k)44 is the first element
of the matrix. In appendix 5 we discuss the derivation of (13.18) in a
form that will be repeatedly used in the following.

The 9 fields Schwinger functions in the Bogoliubov model are, there-
fore, immediately deduced from (13.17). The main feature of the ap-
proximation is that, if it is assumed, it follows that the singularity at
k = 0 of the propagator is determined by the determinant of the ma-
trix Go(k) (because the propagator is just the inverse of Gy). And it is

pg K

clear that the determinant vanishes as k% + de5 %5, so that the speed

of sound c(k) on scales |k| < po is, if € is defined as in (13.14),

k) =ev2, v = ol (13.19)

instead of %?0, which would be the free field result.

Checking the wvalidity of the superfluid behavior hypothesis means,
mainly, to check that the anomalous (with respect to the free case) be-
havior (13.19) remains valid when the potential V®) in (18.11), (13.13)
s not set equal to 0, possibly with a different value of C(E)

In the next chapter we start the check by constructing an algorithm
to evaluate recursively the integral (13.11), defining effective potentials
V(") on scales v"po, where 7 is a scaling parameter.

In passing from V*+1) to V(") we shall see that the effective potential
retains, essentially, the same form (13.13) with new coefficients that
approach 0 as h — —oo provided the Gaussian integral Pg is replaced by
a new Gaussian integral which, besides having a cutoff function ¢ (k) =
to(y~"k) (i.e., a lower ultraviolet cutoff), also has a new sound speed cy,,
i.e., a new ratio between the coefficients of k2 and k2 in the propagator
th(k)Gr(k)™! (that is, in det G (k)).
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Hence, there is superfluid behavior, if ¢;, has a finite limit as h — —o0.

In particular, the analysis will imply that the pair Schwinger function
S(x) tends to p as * — oo, i.e., the existence of long-range order and,
therefore, an important part of the usual picture of the Bose condensa-
tion.

Our analysis will be performed “to leading order” in the running cou-
plings; we shall show also that the results do not change if the analysis
is pushed to an arbitrarily high order in the running couplings, as long
as it is finite. The leading order turns out to coincide with the “one-loop
approximation” in the beta function and in the running couplings. Go-
ing beyond all orders of perturbation theory requires a nonperturbative
treatment of the “large fields”, which is hard in this case because the
fields are complex valued.
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Chapter 14
Bose Condensation: Effective Potentials

We begin by defining the running couplings: once their flow, i.e.,
their scale dependence, is controlled, one can straightforwardly control
the Schwinger functions by proceeding as in chapter 10.

Given V() as in (13.15) we set

x=xE" +xO (14.1)

where x(©) and x(==Y have propagators

957 (k) =To(k)Gy ' (K)oros 9273 (k) = t-1(k)Gg " (K)oron -
To(k) =to(k) — to(vk), t1(k) = to(vk) ,

(14.2)
which decompose the propagator g<o in (13.17) if the matrix Go(k) is
defined as in (13.18). And v > 1 is a scaling parameter.

The integral for the “partition function” can, therefore, be written

I= / eV XETHX) Py O Pe _y (dy (ST (14.3)
After the integration over x(°) equation (14.3) becomes

I= /e*“’”<X(§’”>P§,1(dx<ﬁfl>) , (14.4)

where (=1 has propagator g<—1 and X has propagator go.

Since we suspect an anomalous behavior, we look at the quadratic
part of V(=1: as in chapter 10, before splitting x (=) into y(~D 4y (<-2)
and iterating the integrations, we shall split off the quadratic terms
in V(=1 the marginal ones, and include them in the P measure, thus
changing it to a measure that we can denote P<_1(dy) with a new
propagator matrix t_1(k)"'G=1(k). Once G_; is determined we shall
split its inverse (c.f.r. chapter 10) as T_;(k)GZ1(k) + t_o(k)G1(k),
with T_1(k) = t_1(k) — t_2(k) and t_o(k) = t_1(vk). We generate in
this way a decomposition of the field y(==1) = (-1 4 (=2 This will
allow us to define V(=2 and to proceed recursively.
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Calling V(=1 the part of V(1 without the marginal quadratic op-
erators, we establish the chain of identities

I = /e—V(O)(X(Sfl)+x(0))PO(dX(0))P<_1(dx(§—1)) _
_ /e,(/un(X<571>)]~3§_1(dx(§71)) -
_ /efv<h><x<§h>>p§h(dx<§h>) -

- /eivw)(X(Shilux(h))Ph(dx(h))Pghq(dX(Shfl)) :

(14.5)

If the quadratic part of V() (X(Sh)) that is marginal is described by a
matrix Azgl(k), i.e., if the marginal quadratic part of V(5" has the
form (xg = (2m)~2 [ dk exp(ickz)x]),

> / AL (k)X X oy Ak (14.6)

o,0' =%+

then given Gp41(k), the propagator matrix Gp(k) will, naturally, be
defined by

%th(k)_lGhH(k) b A = %th(kz)‘lGh(k) . (14.7)

Therefore the “only task” in order to define completely the recursive
algorithm for the computation of the partition function integral I via
(14.5) is the identification of the relevant and marginal operators in
V().

Without repeating the heuristic analysis leading to the identification
of the relevant and marginal terms, we simply define the relevant and
marginal operators by a localization operator £, as in all the previously
treated cases. The reason this is a natural definition (and, up to trivial-
ities, the only possible one) should be clear to the reader who followed
us in the preceding chapters. The reason it is interesting is that it leads
to an understanding of superfluid behavior.

It will turn out that the appropriate representation of the fields
x(EME in terms of dimensionless fields (if one wanted to proceed as in
chapter 6) is
X

Xo =7V Xong  Xa =7 (14.8)
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where the different scaling of x* and x~ is a new essential feature of

the problem we are discussing. Accepting the above scaling, it is clear
that the marginal operators are

Fyo =/A(x;)4 dz, Fo = /A(x;f(xi)dw,

Foz Z/(X;r)2 dx
A

2m _
Din == (3 [ (Guy)?da (14.9)
Po A
_ _ 2m B
Dy :7p02/(8fX:c )2 dl‘, Dy = - 2 X;raCEon dz .
A Py Ja

We did not include in the list the operator — [, dex;dzx; = (1/A) >,
xgil;:'x;, since it is identically zero; in fact, the fields x{ are even func-
tions of k.1

Let us now consider the relevant operators. As usual, the operators
[y dzx; Ox; and [, dx(x; )?0x, are absent, since they are integrals of
total derivatives and the fields satisfy periodic boundary conditions. The
operator

Fao — / (x5 )de (14.10)

is the only relevant operator left. In fact the operators of degree 1, which
would also be relevant, vanish because the fields ¥*, hence the x*, have
zero average.? Also, the operators [dzx}x; and [dz(x; ), which
would also be relevant, are absent, as a consequence of the particular
structure of the potential (13.9), which implies that the local monomials
of order 2 and 3 in the fields 9* must appear in the following combina-

1 Here periodic boundary conditions are important; as noted in chapter 2 this,
however, implies a discussion somewhat more detailed, which we skip (as already
done in the previous cases).

2 This holds essentially by construction; note, however, that the construction is
possible because the free Bose gas has condensation for d = 3. This would also
be possible if d = 2 because our reference measure is the Bogoliubov distribution
rather than the free Bose gas, and the Bogoliubov propagator has a singularity like
k2 +€v(2)122 rather than k2 + (k2 /2m)2. But it would definitely be impossible if d = 1.
This makes us think, in principle, of adapting the methods discussed here to the

d = 2 case. But the work remains to be done.
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tions

3/2
W)+ (W5 )° =2 555 (0a)* + 3¢ (7))

3/2
ey (07 +45) = 25575 (03 - 60 (14.11)
s = L0 - e
W)+ ()7 =250 + (0)) -

Therefore the localization operator £ that we introduce is identical with
the first of (8.2) for the monomials of degree 4 in x~, and it is similarly
defined for all the other monomials, giving rise to local marginal opera-
tors, while for the monomial x; x, it will be defined by (8.3).3 Finally,
we have to consider the localization of the monomial ij; , which has
dimension 1; its local part is obtained by a first-order Taylor expansion
of the field x, and, as explained before, the term of order zero should
not give any contribution.

Therefore, the result of the application of the localization operator to
V) (x) will be, necessarily,

B 2
LV (x) = 28 (M Fuo + pnFor = 72" vn Fao+ (14.12)

+ 2z, Foa + 2(p Dy + 2apDgs + 2d,Dy)

The running couplings Ay, pip, vy, and the renormalization constants zy,
Ch, an, dp are defined by (14.12); the factors 2 are introduced only for
consistency with the definitions used in [B]. The dimension fixing factor
% is introduced to keep track of the dimensions of the various quantities
(its physical dimension is that of an action density, in space time; recall
also that* we set, once and for all, h = 1).

Comparing (14.12) with (13.15), we see that V(%) contains some ir-
relevant operators as well as a few relevant or marginal ones; the latter
appear with coefficients

0
v’ 2m
Ao = fo=—eV2, vo=—"5, 2=,

g
4’ 2 p? (14.13)

OéOZC():dO:O.

3 Note that this is the obvious extension to the present case of the ideas used to
discuss the previous cases; we feel that repeating the heuristic motivation is useless
here.

4 Unfortunately.
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It follows from (14.12) that, in general, the matrix Ay) of the quadratic
marginal operators, c.f.r. (14.6), will be

A _ 22’}12}’—% idhko . (14 14)
W 7P\ cidko —222R3G, — 200k ) '
0

Therefore the recursive scheme to evaluate the integral I can be sum-
marized as follows.
Suppose that it has been proved that

= /e_V(h’)(X(Sh’71)+x(h’))Ph, (X(h/))PSh/_l(dX(Sh/_l)) (14.15)

holds for A’ =0, —1,...,h + 1, with suitably chosen V(") and with the
Gaussian integrals having propagators

TG, tw (k)G

) (14.16)
th(k) =to(y ™ k),  Tw(k)=tn (k) —tw_1(k)

and with Gy (k) given by

k> | 2pd .
Sy + _Zh’ ’Lkth/
Gu(k)y=p|*™ ™ o k2 - . (14.17)
—ikoEn = (45 + Ptte 4 2uk)

Then performing the integration over y"+1) we write

RCINEN /e_v(h+1)(X(Sh)+x(h+l))Ph+1(dx(h)) , (14.18)

and defining V" (y) = VM (y) — LV (y), if £,V is the part of
LV (") containing the three marginal terms of degree 2, we see that

I = /€_V(h)(X(§h71)+X(h))Ph(x(h))ﬁgh_l(dx(gh_l)) (14.19)

if the propagator matrix G )(k) is defined by (14.17), (14.14), with

Zh(k) = Zthl(k) + th(k)zh y

By(k) = Bht1(k) + ta(k)Cn , (14.20)
Ah(k‘) = Ah_;,_l(k) + th(k:)ah ,

Eh(k) = Eh+1(k) + ch(k)dh s
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with Zo = Eto(/{?), EO = 1, and AO = BO = 0.
From now on we shall use a sharp cutoff function to(k), equal to 1 if

k% + 2&;’;2’2—; < (2&:’;)2 and equal to 0 otherwise. We shall see that some-
times one also needs the derivatives of t5(k); they will be treated as the
appropriate delta functions. It seems a well-known fact that the delta
functions thus introduced, which sometimes even appear raised to some
power, never give divergent contributions: whenever they try, the diver-
gent contributions are several and they cancel exactly. We have checked
that this is the case in our problem too (see appendix 6). This will sim-
plify the calculations considerably as the functions Z,(k), Ap(k), Bp (k)
become constants Zj, Ay, By, for k in the region where ¢}, does not van-
ish.

The square of the sound speed c; on scale v"pg, if vy can be so
chosen that the running couplings A, pin, vn5——=0, is simply given

by the ratio of the coefficients of k2 and k2 in the scale h propagator
singularity, i.e., in the determinant det G'(s(k). This is

2
420 L 7, (1444 1444
0}21 — _2m 22m n( n) = vgzhjih . (14.21)
Eh + 16BrZy Eh + 16Br 2

It was already noted that ¢ = v if vo = 2 and € = Zy = \i(0)p
2mpy 2,

In chapter 15 we write the recursion relation between (An, fin, Va, An,
By, Ey, Zp,) at different values of h and show that, if the free parameter
vy is suitably fixed, then Ap, wpn, vn, Zn, En approach 0 (asymptotic
freedom) at the same rate 1/|h|, while

Angm=0 A Bp5—5B-« , (14.22)

with A_o = O(e) and B_o, = (165)71(1 + O(y/2)), so that the speed
of sound has a well defined limit as h — —oo, given by

o =v5(1+0W\e)) . (14.23)
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Chapter 15
The Beta Function
for the Bose Condensation

The renormalization group flow has been defined recursively and sum-
marized in the discussion between (14.15) and (14.20).

It is possible to see that the condition (13.10), which determines
the chemical potential given p, is satisfied if vp,5———>0. We shall
check that the flow is asymptotically free, with the running couplings
Any by Vn——20, if 1 1s suitably tuned, and the renormalization con-
stants Zh,Ehm() at the same rate, while Ah,maconst (so
that the speed of sound tends to a finite limit).

The analysis would be totally inconclusive without the following extra
property, which is a deep identity of the type of the Ward identities, and
which plays for the Bose gas the same role as the vanishing of the beta
function plays in the d = 1 Fermi gas. This identity (see [B]) is

1

thfﬁﬂh#*’}ﬂhl/h, h<0, (15.1)
while for h =0 it is Zp = —%.1

In fact, if such relation did not hold, the renormalization group flow
would have been very unstable and the results would depend on very
tiny details on the initial data, on which no assumptions could be made
as we perform only approximate calculations (neglecting high-order cor-
rections). On the other hand, the a priorivalidity of (15.1) will stabilize
the results, which turn out to be no longer dependent on the initial data
for the flow, and they remain the same no matter how many perturba-
tive orders for the beta function we take (once the full leading order is
accurately computed).

The identity (15.1) holds for the model that we are studying, (13.5),
or even for the nonlocal model (13.2) (which could also be studied with
the techniques we are presenting and would lead exactly to the same
qualitative results). It is an identity for any choice of Ag and vy, and it

I Because in the expression for V(9 we left out an operator proportional to the
marginal operator Gz with coefficient vg, which is a choice that we modified on the

following scales h < 0 so that V(") contains no marginal operators at all.
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holds as an identity valid to all orders of the formal expansion of both
sides in powers of Ay, .

We reproduce here the proof of (15.1), from [B]. Note that the con-
stants An, th, Zn, An, Br, Ep can be defined in another equivalent way
by the following steps.

1. We first integrate in a single step the fluctuations up to scale h + 1,
without any free measure renormalization and by using the original rep-
resentation (13.5) (or, if one dislikes the local model, (13.2)) of the po-
tential. This simply means that we write the propagator (13.4), with-
out the constant term, as g<p(x) + gsn(x), where g<p(z) and gsn(x)
are defined respectively by replacing to(k) in (13.4) by to(y~"k) and
(to(k) — to(y~"k)). The result of the integration defines an effective
potential Uy, () such that

/P(dQO)S*VA(@) :/p(Sh)(dcp)(;Uh(s@)7 (15.2)

where P(=M(dip) has propagator g<p(z).
The potential U}, can be written in the general form

Un(p) = Z/dfdgwh,s(fa DO P Py Py (15.3)
s=1

where & = (z1,...,25), ¥= (Y1,-.-,Ys)-

2. We insert the representation (13.7) of »* in (15.3) collecting the
operators containing the monomials ([T;L, ¥ )(IT}2, ¥y,), with 2 <
r1 + ro < 4, and we localize them, by a Taylor expansion of the fields
pushed to order 0, if vy + 2 > 2, and to order 2, if r| + ry = 2.

Looking for instance at the operators that do not contain any field
derivatives, we see that they must have the form

e [ty e (15.4)

with

(15.5)



Bose Beta Function 89

3. We insert the representation (13.14) in (15.5) and we collect the

terms proportional to Fyg, Fb1, Foo, and Fps. Their coefficients are
2 ~ ~

written 222 times Ap, @, —v*", and Zj, respectively. And (15.5)

implies immediately that

[e%s} 4
pory 1 s r s
AL = — Wh.s -1 ,

2m h 4; hosP ;)( ) (7’) (4T)

2 oo

p0p~ 1 T S

— :——E s(s — D)Wy sp° 15.6
2m:uh \/5 ya ( ) h,sP ( )
2 o0
boP 5 1 T s 1
— 7y = — -1 pl=—— .

om 2 = 5 ;:2 s(s = 1)Wh,sp Nl

The full coefficient of Fog = [(x})?du is, therefore, Zj, +v" i, if h < 0.
Furthermore, it is clear that A\u, fin, on, Zn + v2", are identical to
the corresponding constants Ap, pn, Vn, Zn defined previously. Hence,

1 1
Zy = _EMO’ Zp = —Eﬂh +7*"u, iR <0, (15.7)

is proved.

We are now ready to study the flow of the running couplings and
renormalization constants ry, = (An, v, Zn, An, Bh, Ep); the py is elim-
inated from the scene by (15.7).

As we repeatedly anticipated, we shall study the problem only to the
leading nonlinear order. At first it is not really clear what this means.
Note that in fact we have two small parameters: ¢ = Af}(ﬁ) p2mpy 2 and
A itself.

We would like to take ¢ fixed and A small. But this is not possible
without violating the assumptions that made possible approximating
(13.2) with the local interaction (13.5), i.e., ppy® < 1.2 This forces us
to take p fixed, and the only small parameter is A (or € equivalently, see
(14.13)).

The strategy will be the following. Considering € as a parameter
independent on A\, we show that the first hg integrations, with hy defined
by

~2ho Ay (15.8)

2 Dropping such an assumption would force us to study a nontrivial ultraviolet
problem, hence there is not much to gain in doing so, if one is interested in studying

the simplest case of Bose condensation.
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can be performed producing an effective potential V(") with running
couplings Ap, vp, pp, (hence Zp,) still of order e and

Anl <2Xo, |vnl <2Xo, |Zn] <29, (15.9)

1 1 1
|Ap| <=, V"Bul <, |Br-11< <. (15.10)

2 2 2
This is done by a straightforward use of perturbation expansions in the
bare constant \g = £/4 (see (14.13)). The results are uniform in &
because the term in ¢ in the determinant of G gy(k) (see (13.18)), i..,
455’;%, is small compared to (%)2 + k3, as long as % > 45%%, ie.,

as long as we are on scale h > hyg.

Note that hg is the scale below which the Bogoliubov model propa-
gators become symmetric in spacetime, i.e., its dependence on kg and k
is essentially via k2 + evZk>.

In order to understand, assuming (15.10), that the running couplings
An, vp, stay small all the way down to the scale hg, where the propagators
start scaling “correctly,” one notes that for h > hy one can easily check
that the rescaled propagators, i.e., those for the dimensionless fields X"
in (14.8), are bounded by

G717 ()] < 72 lrte2h f (a0 7 (15.11)

where f is a rapidly decaying function.

This means that in this first bunch of integrations the power counting
is somewhat different, i.e., there are substantial corrections with respect
to the asymptotic power counting, which we shall discuss further on.

Consider a graph contributing to the flow equation for A, or pp (i.e.,
Zp, by (15.7)) (the case of v, is analogous and in some sense easier, as
vy is a relevant operator and we have the freedom of choice of 1y to
enforce smallness of vp,), and denote n, the number of external lines of
type x7, ny the number of A-vertices, and n,, the number of p-vertices.

To estimate the contribution of the graph, we see that the bound
(15.11) implies that each internal half-line of type x? gives a contribution
,yfha/2 (
(nx +n, — 1) integrations that one has to perform to evaluate the local
h (on top of

on top of the “normal power counting”), while each one of the

part of the graph gives a contribution proportional to ~~
the “normal power counting”).

Hence, up to a constant, the graph (which with a normal power count-
ing would, by construction, be a scale independent constant times the
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appropriate power of the couplings) can be bounded by

IAn|™ |‘uh|”u7h[%(4nk+2"u*”7)*%(”u*’%)*(nﬂr"u*l)] —

15.12
P s el o2

If we denote Ny, the number of independent loops of the graph (equal
to the number of propagators 1 (4nx 4 3n, —n4 —n_) minus the “mini-
mum number of propagators” necessary to form a connected graph, i.e.,
nx+n,—1), Np =nx+ 3n, — 3(ny +n_)+1, and if we use the (15.7),
ie., Zp = f%ml (neglecting for simplicity the very small v2"1;,), we
can write the bound (15.12) in the form

|)\h|n>\ (Z}2L772h)nu/2,yh(NL+n+) < |)\h|n>\Zl7;u/2/7h(NL+n+) ’ (15.13)

having used (15.9) as well.

The contributions of the irrelevant terms are easily seen to be smaller
by at least a power of 4" (because one should recall that (15.11) holds
for the propagators already “normally scaled”).

The contributions from the graphs containing n, v, vertices are smal-
ler by a factor €™, if |v,| = O(e) (which can be imposed, if (15.9) stays
true). In fact, each v} vertex can appear only as an insertion in an
internal g—~ propagator; hence it produces an increase of two in the
number of internal half-lines of type x~ and an increase of one in the
number of integrations. But this does not change the power of 4" in
(15.12), so that each v, vertex changes the bound (15.13) only by a
factor ¢ < y2h.

Note that the contribution of a graph to the beta function is obtained
by calculating its value at zero momentum of the external lines. There-
fore no graph with Ny = 0 can contribute, because the single scale
propagator vanishes at zero momentum. Furthermore, we know that
Ao =75 = %, so that the variations of Z,, from (15.13), are bounded by
a series with sum of order O(A) if Ap, < 2Ag (see Remark below). This
is proved, formally, by induction because (15.13) implies that the dom-
inant contributions arise from the one-loop graphs; hence one expects
that there is a constant ¢ such that

An_1 = Al < eX2y”
(15.14)
\Zno1 — 2| = | < Xy 2y

1
E|Mh—1 -

which implies [\,| < 2X\g and Zj, < 27y = 2y2ho < 242k for h > hy, if
Ao is small enough.
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Therefore, if the relations (15.10) hold for h > hy, the relations (15.9)
follow.

The discussion still requires the analysis of the relations (15.10). For
this purpose note that all the graphs contributing to Bn_; and Ap_1
are graphs with n_ = 2,ny = 0: their contribution has the form
[ dzziWe(z) and [ dzd?We(z), respectively. Hence, by (15.13) (and
(15.11)) we see that the bound on the variation Aj_; — Ay is O(A\gY"),

while that of By_; — By, has to be multiplied by the extra factor y~2"
(because (z°)2 is scaled in (15.11) by 72"). Hence,
|Br_1 — Bp| < choy ", |Ap_1 — Ap| < choy™ . (15.15)
In a similar way one can prove that
|En—1 — Ep| = 2|dpn| < choy" . (15.16)

The relations (15.10) easily follow, if Ag is small enough.

Remark. To repeat once more: the above is just a consistency check on
the expansions in powers of A\j,,v,. In order to make it into a rigorous
proof one cannot just use the perturbative series as we expect them not
to be convergent but only asymptotic. As in chapter 8 one can only hope
to prove an n! bound on the sum of all graphs with n vertices.

All that the above preliminary discussion shows is that (to no one’s
surprise) it is sufficient to study the running couplings flow in the region
h < hqg. The latter is the region where, if, for some constants c, ¢y

1
— <1444, <e, Zn < E? +16BnZ, < 1 Zy, ,
9 = h=6 o COh =B hoh = C1h (15.17)

0< Zp <27y = 2¢,

the rescaled propagators g, ~ (x) and g;"’(ac) are essentially independent
of h, i.e., they can be bounded by a rapidly decaying function f(z),
uniformly in Ay, Bh, Zp, Ep, verifying (15.17) (see appendix 6). On the
contrary, the propagator g, ' (z) can be bounded by f(z)/Zp.

The previous properties of the rescaled propagators and the identity
(15.1) imply that, in the bound of a generic graph contributing to the
beta function, two u;, vertices are essentially equivalent to one \;, vertex.
A further simple analysis allows us to prove that, if we want to keep in
each flow equation only the leading terms, then we have to consider only
one loop graphs without 1}, vertices.
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There are very “few” graphs with one loop; therefore the calculation
is straightforward, but quite long. Here we report the result, while the
details are exposed in appendix 6. Neglecting terms of order 42" (which
essentially come from the corrections to the scaling of the propagators,
which become quickly scale independent), and the contributions from the
graphs with more than one loop, one finds after using (15.7) to eliminate
pn, from the row result (see appendix 6) and after setting ¢, = 47,

2
An—1 = An — 3682 nCjr (A — %) ;
1
Ch—1=Cn — Zﬁzh(ﬁ ;
1
Ey—1=Ep — Zﬁz,hQ?{Eh ; (15.18)

Ah*l = Ah )
1
Byp_1= By + 1—652,h4;21E}21 ;

Vh—1 =7 (v + B1n(6Cu AR — i(}%)) ;

where
52}1271%7 i Bin = ke o
T8y /adb, p T 8w (Vanby +an) p (15.19)
an = Cu(1 +44p), by = (Ej +4CnBn)

and the terms in v?"1;, coming from the application of (15.7) to eliminate
pn have been dropped, as we plan to impose that v —=—0, so that
they are at least of order O(v2").

It is very easy to analyze this flow, under the conditions (15.17),
implying that B2 is of order (; 2 In fact, this observation is sufficient
to prove that ¢;, = O(1/|h|) for h — —oco. But this property has to be
true also for Fj, since, by (15.18),

Enr—En _ Ch1 = Gn

15.20
Ey, Ch ( )
It is now very easy to check that

3 The notation should not mislead the reader into confusing the present (3 with

the renormalization constant in (14.12).
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while Aj, stays constant (indeed a small constant, roughly equal to its
value on scale hy).
Finally, if we define

¢ — Py logy
1672py/B_ oo (1 +4A_)3

(15.22)

we see that the first two equations in (15.18) can be written, for h —
—00, in the form

An 1\?
An—1 =An — 36¢0Cj, (C_h - ﬂ) ; (15.23)

Gt =G = 3G

(where the fact that the first equation sums to a perfect square should
come from some a priorireason that we have not been able to discover).
The discussion of the above equations is elementary and, starting
from initial data (o = 4e, A\g = {p/16 (or any others close to them), the
result is that, if vy is chosen so that vy, is bounded uniformly in A, then,
asymptotically,
-1 1
= C|h| , AR = ZZh’ vy = O()\h) , (15.24)
if ¢ is a suitable constant (¢ independent).

Note that these results are consistent with (15.17), which can then
be proved inductively, together with (15.24).

At this point it is very easy to check that all the neglected terms
in the beta function are at least of order 1/|h|?. Hence they cannot
change in a substantial way the asymptotic properties of the flow (up to
convergence problems; see the remark above); only the values of A_,
B_w, and ¢ depend on them, and A_., has to be a small number (of
order €). Note that this last observation is important, in order to be
sure that the first condition in (15.17) is preserved, since we do not have
a control on the sign of A_ .

The main consequence of the previous discussion is that, for £k — 0
(that is for h — —o0), the model is Gaussian (asymptotic freedom) and
the pair Schwinger function of the fields ¥)* behaves as

oD 1
16mpB_ce k2 + 2 k2

S (k) = —8__(k) = =S4+ (k) . (15.25)
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where the sound speed c_, is given by

14+4A_ )2
L (163—)0 — 21+ 0(7) (15.26)

where v% = v is the square sound speed in the Bogoliubov model. In
fact, the bound (15.15) implies that Ay, is of order ¢, and By, is of order
Ve, (15.16) implies that 1 — E},, is of order £ and (15.14) implies that
Zn, = €[1 + O(y/€)]; moreover, by (15.20), for h < hg,

Z
Zp ~ E’“’ Ep, = eEp[1 + O(Ve)] (15.27)
ho
and, by (15.18),
Bu_1 - B E 1
holZ Oh o 2 14 0(V9)], (15.28)

En1—E, 162,  16¢
implying that B_., is of order 1/¢, since F_o, = 0, so that

B — %65[1 +OWA) . (15.29)
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A Brief Historical Note

At the request of the series editor, Prof. Arthur Wightman, we pro-
vide here a very personal attempt at some historical considerations on
the development of the renormalization group ideas. We do not feel
particularly qualified to do history seriously because our knowledge of
the literature is very partial. Therefore, what follows really represents
the history of our cultural evolution through the subject. The papers
and works that we quote are the ones that we met in the course of
our active research, either in trying to solve some of the problems in
which we have been involved or in attending related conferences and
schools. Among the latter we mention the Cargese summer school 1973,
the Roma conference on mathematical physics of spring 1977, and the
Les Houches summer school 1984. And since our background is in math-
ematical physics it is inevitable that we give our sketch a mathematical
physics perspective.

Many years ago (1948), the discovery of renormalizability of QED
gave rise to the first form of the renormalization group, as a (semi)group
of covariance of the Schwinger functions of a field theory with respect to
the renormalization procedures used to construct them (i.e., their formal
perturbation expansion).

This approach led to an understanding of how the perturbation the-
ory could be improved by resumming some classes of contributions to
the value of a Schwinger function, associated with families of Feynman
graphs (e.g., one-loop chains).

The first to realize, to our knowledge, that the renormalization group
ideas could be applied to statistical mechanics and in particular to the
analysis of critical behavior were Di Castro and Jona-Lasinio [DJ]; their
paper, however, did not attempt any concrete calculation (because they
“contented” themselves with indicating that, under suitable assump-
tions, the scaling laws of the critical point of a ferromagnet would be a
consequence of renormalizability of ¢? scalar field theories). The work
went largely unnoticed (see [W5]). Sometimes the paper was even iron-
ically commented upon.

At about the same time, an independent and fresh approach to the
problem was developed by Wilson. His work on the hierarchical model
(the so-called Wilson recursion relation), with its simplicity and clar-
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ity, opened up new horizons to many, and led to the success of the
e-expansion devised by Wilson and Fisher and intensively applied to
many problems, particularly by the French schools ([IZ]). Many others
were convinced that this was the right approach to the critical point
theory and to the renormalization theory in QFT.

The novel notion of asymptotic freedom was the really new informa-
tion beyond the work of Dyson, Feynman, and Schwinger; its spectacular
application to QFT in the frame of noncommutative gauge theories was
one of its major successes ([Ho]).

Some predictions were quite striking, for instance the prediction of
the values of the critical exponents in d > 4 ferromagnets, though they
were met with skepticism in the mathematical physics community.

By 1973 the subject began to attract the attention of mathematical
physicists with the work of [BS1] on Dyson’s hierarchical model (a model
for which the Wilson recursion relations are exact). A few years later
came the rederivation of the ultraviolet stability in scalar QFT by the
Roma school, which dealt for the first time with the problem of treating
the remainders of perturbation theory (the large field problem) in QFT
by literally computing the effective potentials that were so widely used
in the formal treatments of QFT and controlling their sizes. In the
hierarchical case the ideas were essentially the same as the ones in [BS1],
[BS2]. They were carried over to the nonhierarchical QFT (in d = 3
space time dimensions) ([Rm2]).

Not only did this establish a connection with all the works on QFT
that were done until that time in constructive field theory by Nelson,
Glimm-Jaffe, and Guerra ([N], [GJ], [Gu]), but it permitted us to realize
that the ideas and methods in the two fields were deeply similar. The
Wilson approach to QFT was thus quite clearly related, on a technical
level, to the corpus of results on QFT emanating from the classical for-
mulation of the Garding-Wightman axioms ([WG]), which had attained
their highest levels only in the previous years, in parallel to the develop-
ment of the Wilson theory, with the works of Glimm, Jaffe and Spencer,
Feldman and Osterwalder, and Magnen and Seneor ([GJS], [FO], [MS])
and that would still produce important results (De Calan and Rivasseau,
[DCRY)).

The work on Anderson’s localization provided independent evidence
that the new ideas were suited to the analysis of many other problems.

The number of results obtained in mathematical physics by “renor-
malization group methods” quickly became very large. The summer
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school of Les Houches gives a good cross section of the status at the
time. Besides the new renormalization theory approaches that stemmed
out of Hepp’s work ([H]) in [GN1], [GN2], [G1], there were also the
important results of Gawedski and Kupiainen on ¢} infrared (critical
point of ferromagnets) ([GK3]).

Other branches of physics profited as well, as in the theory of break-
down of invariant tori in classical mechanics by McKay and by Shenker
and Kadanoff ([McK], [SK]).

The fundamental work of Russo ([Ru]) on the d = 2 Ising model
and its subsequent (independent) developments by Aizenman [Ail] and
Higuchi [Hi] gave rise to developments that led Aizenman [Ai2] to con-
firm the renormalization group predictions about the critical point be-
havior of ferromagnets in d > 4. The triviality conjecture about ¢} also
became much better understood (Frohlich [Fr] and Aizenman [Ai2]),
although today it is essentially still as open (and challenging) as it was
left after the just-mentioned works.

The present status of the field is not very satisfactory: there are
quite a few papers whose claims have not been checked by anyone but
the authors themselves. Some of them are quite important.

It is unclear why we are in such a situation. Basically this might
be because the papers have become very technical, and, except in a
few cases, the results are “of little physical interest” because they are
allegedly well understood by physicists. Therefore no one appears to be
interested in devoting the huge amount of time necessary to the checking
of the results.

This means that often the same results are repeated, with the authors
apparently not even noticing that what they are doing was already done
elsewhere. This situation is not all bad, as the more a result is indepen-
dently derived, the more reliable it becomes and the less likely it is to
be forgotten.

This also means that another mechanism might be operating: people
do not like results that cannot be tested quickly for correctness. Neither
do they like results that can be obtained quickly from results they did
not test themselves. This leads necessarily to the attempt on the part
of the authors to write self-contained papers that become longer and
longer and, therefore, more and more unreliable.

There seems to be no way out of this in the foreseeable future; we
hope that the new generations will consider the renormalization group
approaches as natural as we find the Feynman graphs in perturbation
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expansions today, so that papers can finally be written without going
back to the origins each time.

But it is necessary also that scientists give up the aristocratic view
that good science is “simple”: there are matters that might be intrinsi-
cally involved and difficult and require long analysis. We may have just
exhausted the “simple” problems in classical and quantum physics, at
least the ones that our generation is willing to consider simple. And we
should adapt to the new knowledge that has been created.

Of course the authors bear the responsibility of making their work
accessible, and they should make all possible efforts to try to simplify
their work, thus helping both themselves and others in the necessary
checks.
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Bibliographical Notes
Chapter 1

Other problems treated with the renormalization group are the theory
of the Kosterlitz-Thouless transition by Fréhlich and Spencer ([FS]), the
theory of the dipole gas ([GK4]), and the Kondo effect ([W6]). A general
unified exposition of the methods and of the physical ideas is in [P].

Chapter 3

The extensions of the Fermi liquid ground state to dimensions higher
than 1 are formally quite easy. The extension of the notion of field
and the related functional integral is discussed in [BG1], [BG2]. An
alternative approach is in [FT1], [FT2]. However, at this moment (1994)
the results still seem to be quite incomplete. The definition of “complete
result” that we use is a result that can be formulated without referring
to technical problems generated by the formalism, hence, that which
can be explained by referring only to the system under study (i.e., as a
property of the Hamiltonian). Recently, a number of interesting papers
and ideas have appeared that allow us to formulate a rather precise set
of conjectures ([Po2], [Sh], [We], [FMRT1], [FMRT2]) for Fermi liquids;
a related paper is [BG2]. Such results, which cannot yet be considered
as mathematically rigorous, develop a picture of the superconductivity
phenomenon in Fermi liquids in dimension d = 2, 3 by relating it to the
properties of an N component system of interacting fermions in the limit
N — o0o. The lack of mathematical completeness is not the reason we do
not treat such cases here. In fact, we have already explained that this
book is not meant at all to be a mathematical treatise. In this book we
prefer to discuss another problem at a comparable level of development,
namely the theory of the d = 3 Bose gas, because it is relatively newer
and more controversial, or at least as controversial (and we control it
better from a technical point of view). On the other extreme are recent
works on the one-dimensional (spinning) Fermi liquids on a periodic
potential in d = 1, which we do not discuss for lack of space and because
they were completed after the present book was essentially laid down
(long ago, in fact), but which complete considerably the picture that
stems out of the treatment of the spinless fermions in d = 1 presented
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here ([BM]).

The book by Rivasseau ([R]) is a presentation of similar problems
with more attention given to the mathematical aspects. It also develops
in detail the point of view on the renormalization group developed by
the French school.

Chapter 6

The key to the development of the notions of relevant, marginal, and
irrelevant operators are the works of Wilson on the hierarchical model.
They were then developed to mathematical theories on Dyson’s hierar-
chical model by Bleher and Sinai ([BS1] [BS2]), and summarized and
extended in the book by Collet and Eckmann ([CE]). The application
of Wilson’s ideas to quantum field theory appeared shortly afterwards
and in [G2], [Rm1], and [Rm?2], where the basic ideas on how to control
the “large fields” problem (i.e., on how to obtain remainder estimates
on the perturbation theory expansions) are developed.

Chapter 7

The notion of asymptotic freedom, due to Wilson, is perhaps the key
notion that was missing in the original renormalization theory of Dyson,
Feynman, and Schwinger. It allows us to put a finer distinction between
theories that are renormalizable.

Chapter 8

The beta function essentially appears in the work by Wilson and
Fisher ([WF]). It was developed to become a very widely used tool by
many (see [IZ] for an early summary). The formalism developed here is
the so-called tree formalism: it goes back to Hepp ([H]). The interpre-
tation in terms of beta function presented here is due to Gallavotti and
Nicolo ([GN1], [GN2]). Rather different uses of the same ideas have been
made in the theory of the critical point in ferromagnets by Aizenman
([Ai2]). The triviality conjecture of ¢} discussed by Frohlich ([Fr]) and
Aizenman ([Ai2]) also rests on similar ideas or initiates related ideas.

Chapter 10

The anomalous dimension arose in the work of Wilson and Fisher
([WF]). The work of Felder ([Fe]) and then Gawedski and Kupiainen
([GK2]) began to introduce the theme in the mathematical physics lit-
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erature. In the latter papers, however, the anomalous dimension is pre-
scribed a priori, not determined, as in [WF], “dynamically.” The discus-
sion here is only about the dynamical anomalous dimension; it follows
a scheme that was explained to one of us (GG) by Felder in the case of
a scale decomposition with sharp cutoffs separating the various scales.
Felder’s point of view is not published; the present exposition is quite
faithful if performed in the sharp cutoff case (such a cutoff is in fact very
convenient for calculations once one understands that the discontinuities
in the cutoff functions do not produce divergencies in the calculation, as
discussed for instance in chapter 15; see also [P].

The dynamical anomalous dimension appears, with an attempt at
deriving it on mathematically rigorous grounds (in a case in which it is
actually present), in the thesis of Da Veiga ([DaV]) and in [BGPS]. The
treatment in the latter paper is at the basis of the exposition presented
here.

Chapter 11

The Luttinger model was, in fact, solved exactly by Lieb and Mattis
(IML]). The theory of the spinless d = 1 Fermi liquid was basically
explained by Tomonaga ([T]). The use of the properties of an exactly
soluble model to infer properties of the beta function for a nonsoluble
one is an idea developed in [BG1], [BGM], and brought to completion
in [BGPS]. It has been proposed to be useful in the theory of d = 2
Fermi liquids by Anderson ([Al] [A2]; see also [G3]). The idea has
not yet developed into a mathematical theory. The first theory of the
d = 1 Fermi liquid, including spinning fermions, is due to Sélyom ([So]);
the works of [BGPS], [BM] are, essentially, a mathematically rigorous
version of it.

Chapter 12

This chapter represents our version of the ¢ expansion of [WF| and
[WK]. It is based on the version of the anomalous dimension theory in
chapter 10. A more classical version can be found in [P].

Chapter 13

The theory of the Bose gas is in a quite primitive stage. There do not
seem to be treatments based on the renormalization group — at least no
noncontroversial treatments. Here we propose one more due to one of us
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([B]). The standard ideas can be found in ([ADG]). We do not discuss
the d = 1 exactly soluble cases, treated by Lieb and Liniger ([LL]), who
initiated a wide research on the theme, culminating in the papers by
Vaidya and Tracy ([VT]), and by Jimbo, Miwa, Mori, Sato ([JMMS]).
There are few mathematically rigorous results: among them the papers
by Ginibre ([Gi]) and by Kennedy, Lieb and Shastri ([KLS]) are cer-
tainly prominent. The theory of Bogoliubov ([Bo]) is well accepted as
a first approximation. It seems unlikely that it is basically wrong: our
logarithmic corrections to it are, in some sense, minor variations.
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Appendiz 1
The Free Fermion Propagator

In the free case the pair correlation function (see (3.2)) can be written

Wz gy >t
7< ;{M/’i& t< t' )

where [t —t'| < 3, (A) = Tr (Ae PH)/Tr(e=PH), H is the second quan-
tization version of the operator (3.1) with A = 0:

,ﬂf—@t—ﬂ)z{ (A1.1)

_ 1 iz ek
;‘jtt = etHw%te tH _ = Z e:i:zk ze:ts(k)tak% =
k

1 B (A1.2)
_ +ik-& +
=Tl
i
and
. k2 _ p2
k) = £ A13
() = ! (A13)
One notes that (aki[takf/ t‘> =0 unless k = k. Supposing 8 >t > t' >
0, it is S
S (Ble” PO gT e (-t g et H | )
(ag’takf/’t) = k k (A1.4)

Sope P ’

where |E) denotes a generic eigenvector |E) = |k1,. .., kn) of the oper-
ator H consisting of n occupied momentum levels k1, ..., k,. Then one
immediately finds

e—(t—te(k)
(> at )= —rt, t—t'>0. (Al1.5)
k.t kit 1 4+ e—Be(k)

Likewise, if t < ¢/

o (BH(—t))e(F)

= t—t)>0. Al.6
e e B G R (AL.6)
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Hence S(«f_; 7) in (Al.1) is given by

1 _ikE e—‘"E(E) e—(,@-i—'r)a(lg)
—— B 0 - _ . < 0 - =_ P} A1.7
I z};e (X(T> )1+e—ﬂa<k> X(r < )1+e_ﬂ8(k)) (AL7)

where the sum runs over the &’s such that e~iFL = 1, x(-) denotes the
characteristic function of the event described in the y argument and
7| < 5.

The expression in parentheses can be written as

1 e—tkoT 1 e*iko(ﬁJrT)
= — == - Al.8
5Z—i/€0+5 52 —iko+¢ ( )
ko k[}
where the sum is over the kg’s such that e~ 08 = 1.

In fact, if 7 > 0, the first expression of (A1.8) can be written as

dz efiz'r
— . Al.
jé 21 (—iz +e)(1 +e"P2) 7 (AL9)

where the contour runs just below the real axis from —oo to +o0o and
comes back just above it from +o0o to —oo, picking up the residues at
the poles where e=*##* = —1. On the other hand, if 3 > 7 > 0, the
above two contours can be made to recede to oo and the integral is
minus the residue at z = —ie (because the contour below the real axis
is deformed to a clockwise circle around —ie); hence the value of (A1.9)
is e (1 + e~ F) 7L,

If 7 < 0 we repeat the same argument by using the second expression
in (A1.8), and that 8 > 8+ 7 > 0. We find that for 7 < 0 the value of
(A1.8) is —e~=(B+7)(1 4 e=Fe) L,

Finally we can compute the density,

= 0 + 1 T 4
p=-S(Z,07)= <7/}5,07/’6,0> =74 Ze m , (A1.10)
E
and we see that, if L — oo, 8 — oo, it is
1 - o
= Ak e Ty (e(k) <0 Al.11
p= g | EFEED <o), (AL1)

which defines the Fermi sphere in the free case.
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Appendiz 2
Grassmannian Integration

Consider the algebra generated by the identity and by a family of
pairwise anticommuting operators €7, A7, where the labels o are +1
and the k’s are k = (ko, k) € RI*!, verifying

ethof — 1 e” L — 41 (A2.1)

and pairwise anticommuting is required also for the pairs consisting of
identical operators. The ¢, A operators will be called Grassmannian
variables.

It is most convenient to think of the A, € as concrete objects by using a
representation on a Hilbert space h. The best Hilbert space is probably
a countable tensor product of two-dimensional spaces C?: h = ®‘]?’;102
based on the vector |) (“vacuum”) which is an infinite tensor product

of vectors (1) . Then we order (absolutely arbitrarily) the variable

labels, by replacing each of them with an integer label j = 1,2,... and
set the j—th, Grassmannian variable, to be

[H Uf]a;f , (A2.2)

1<

where 0%, 0 are the usual Pauli matrices.

Hence the Grassmannian variables can be regarded as a set of cre-
ation operators (just creation and no annihilation) on a Fock space (the
vacuum being the vector |2) used to define the tensor product).

The A, e variables are norm 1 operators on h. They will be used to
define the euclidean field with ultraviolet cutoff on scale v~V and infrared
cutoff on scale v~ 47, and the external field ¢ as

ok (e—k2'y*2U o e—k2w72R)1/2

k VBL —iko + e(k)

o
k >

(42.3)
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where z = (Z,t), k* = k3 + e(lg)2 and U, —R are large positive numbers,
while v is an arbitrary scale parameter (which we take to be v = 2, to
fix the ideas).

The above operators will be generically denoted ®F and sometimes
the fields with cutoffs at U and R will be denoted z/J[zU’R]U, when the
cutoff dependence has to be made explicit. They are bounded operators
on h, because the A’s have norm 1.

We call Gy the algebra generated by the A, e operators and G its
norm closure in the norm of the Hilbert space h. The cutoff fields, of
course, are elements of G. It is also convenient to define the norm closed
algebra G generated by the operators in G together with their adjoints.
In mathematical terms, one sees that GisaC* algebra.

Consider the elements O of G that can be written as

0= Z/On(xl, ... ,yn)Dzl@L . Dy, @, dxy...dy, , (A2.4)

where the O,,(...) are the “kernels of O,” antisymmetric in the permu-
tations of the x’s or y’s, and ®* are Grassmannian field operators, and
Dy, ... Dy, are differentiation operations of order bounded by some ny,
for all n. Furthermore, the O,, should be measures (i.e., § functions are
allowed) and

0(®)]. = Zz”/|0n(:c1, e yldTrdy, < 00 V2> 0. (A2.5)

Using that G is a C* algebra generated by creation and annihilation
operators, it is not difficult to see that an element of G admits at most
one representation like (A2.4), (A2.5). Note also that the operators A, e
themselves admit a representation like (A2.4), (A2.5).

Definition: Let O(%),¢) be an operator in G admitting the repre-
sentation (A2.4), (A2.5). Then O will be called integrable. Let O be
written, with dr = dx1 ...dx,, dy = dy; ... dy,, etc.:

O, ) = Z /dmdydudv-

m* nt

'O(xlv"'7xn*ayla'"ayn+au17"'7um*av15"'avm+)' (A26)

. (iﬁlbmw;) (i:[lpyi ) (:ﬁl%%) (:f:[leigo;Z) .
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The integral of O(v, ) with respect to v will be defined as

Q(p) = Z /d:cdy du dv -

m* n-—=nt

CO(X1y ey Ty YLy e ey Yy Uly o e vy Ugy— s ULy« oy Uyt ) (A2.7)

n m- mt
(H DMD%) det g!®Ul (2; — yj)l ( II Duiso;) (H Dviw;) ;
i=1 i=1 i=1

where n is the common value of n* and n~, and g""Vl(xz — y) is the

propagator
gz —y) =
L Z g =27V (kg +e(k)?) _ o—272F(ki+e(k)?) . (A2.8)
BL < —iko + e(k)

Remarks

1. This is well defined because the representation (A2.6) is unique,
and the convergence is assured by the assumption (A2.5) and by the
Hadamard inequality (see [GK1]):

Dy ... Dy, det [g[R’U] (s, yj)} | <Bpy (A2.9)

2. The definition above is consistent with an alternative definition
that defines the Grassmannian integral by linearity from the following
propagator

/P(de,;A;, = e
/P(d;/;)AgA,; =0, (A2.10)

[ Pavaza; o,

while the integrals of monomials of higher order are given by the “Wick
rule” with propagator (A2.10). This means that the integral of an ar-
bitrary monomial in the AT and A~ is obtained by considering the
pairings of the monomial factors into pairs with nonzero propagator,
and then summing the product of the propagators corresponding to the
pairs times a sign + equal to the parity of the permutation necessary
to bring the elements of the considered pairs next to each other. The ¢
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fields (and the constants) act as constants in the definition of integral.
In fact, it is not difficult to see that the determinants in (A2.9) arise
precisely from the summations of the pairings.

3. An obvious extension is the multiple Grassmannian integrals of
independent Grassmannian variables: suppose that instead of just one
we have many A variables, labeled by an extra label . Calling 1®@
the corresponding fields with cutoffs [U,, Ra], we can consider operators
O(pleal, ... yled o) and define the partial integrations as in remark (2)
with the propagator

/P(dw)AEca]iAEjH = 6&0/6k,k’ ’
/ P(dp) Al Al — ¢ | (A2.11)
/ P(dyp)Al=ale= =0

The integration can be denoted [ P(dyM))... P(dy!?).

And, with reference to remark (3) one can prove the following theo-
rem.
Theorem: Let o1 2 . 4l be a family of independent Grass-
mannian fields. Then the integrals of operators depending only on the
sum o = P+ P 4 4 ld verify

J TP oy v -

q
= /P(dw[lh (/Hp(d¢[il) oY WJ)) _ (A2.12)
=2 i
- [ Pa) o).
where v is a Grassmannian variable with propagator
gz —y) = ¢"x). (42.13)

The above (A2.12) statement can be called Fubini’s theorem and the
(A2.13) makes the above Grassmannian integrations very close to the
gaussian integrations of functionals of random fields. The important
difference is that no positive definiteness is required on the propagators
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g, The latter is not surprising because the above Hadamard inequality
(A2.9) solves all the convergence problems that one has to worry about
in the theory of gaussian integrals.

An example of the above analysis is statement (3.6). One checks that
the operator V. = X [, ¥y ¢ d(zo — yo) v(T — §)dzdy has the
form (A2.4), (A2.5) and that e~V (¥)g1 . g as well as e~V (¥+%) also
have the same form. Hence it makes sense to evaluate

P(dy)e”Vygt .. ygn
Sal...an (501, ce ,SCn)U,R,A,ﬁ = f fP(d’(/}>67V -

(A2.14)

or

/ P(dyp)e”VW+e) (A2.15)

It follows from the above definitions and the Hadamard inequality that
the numerator and denominator in (A2.14) and (A2.15) are entire func-
tions of the variable A. Assuming ¥(k) > 0, it can be proved that the
analyticity domain in A is, uniformly in U, R, 8 for fixed A, the right
half plane in general, and the full plane if d = 1 or the full half plane
plus a disk around the origin if d = 2. In fact, if d = 1 the Hamiltonian
is stable for all X’s, while if d = 2 it is stable only if A is small or if
Rl A>0.

It can be proved that the analyticity property is uniform in U, R, 3 if
z is small enough and A is prefixed and that the limit as U — oo, R —
—00, 8 — 00 coincides with the limit as 8 — oo of the ratio of traces in
(3.2) (which in fact is equal to the limit as U — oo, R — —o00 of Sy,r.5,a
in (A2.14)). Hence statement (3.6) follows.
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Appendiz 3
Trees and Feynman Graphs

We consider the definition of the effective potential (10.1) and make
the change of coordinates (=9 + oy = 1), getting

e~ it (VZ0 0) C/Péo)(d,l/)(SO))ef\/(o)(\/Z_oib(SO)Jr«Po) _

0
— ¢~ 3(%0. %005 "D p0) .. (A3.1)
/ P (dy)e= V" (VFo ) o0 2Ty P e0)

where ¢ denotes the different (formal) normalizations. Hence,
1 _ —
Vert(00) = 5 Z0(¢0. I'g 'pPe0) — = (ZoTy PP 0) (A3.2)
where ¢=%(¢y), defined by

159 (p0) _ / Pém(dw)e_wm(\/ziw)ﬂw,%) (A3.3)
o b

is the generating functional of the Schwinger functions. In particular
the two-point Schwinger function can be calculated by
§52¢(<0)
SEN (g —y) = g (p) _ (A3.4)
5(pz5§0y =0
We first remark that the evaluation of the anomalous effective poten-
tials admit a graphical representation very similar to the one discussed

in chapter 8 for the normal effective potential.
We represent —V (9 (\/Zg 1)) as

- (A3.5)

and we note that £3V(%) = 0 because no term proportional to F3(v/Zo 1)
is present in the potential (7.1).
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Then we compute —VD ag

——o—— + >—< + v—< +...;(A3.6)
—1 0 -1 0 -1 0

this differs from V(=1 of chapter 10 because each term, in general, will
have a nonzero projection on F3(¢) = [(8¢5)? dz. The vertex labeled
0 represents integration with respect to a field with propagator ZLU g9,

We apply to each term the operation (1—L3), collecting all the contri-
butions to F5 (obtained by applying L3 to each term) into a functional
G_1Z0F3(1), and for later use we denote the coefficient of F3 in L3V
as [£L3V]. And we discard all such terms, which leave (as only trace of
their coming to attention) the definition of Z_4

Z 1 =Zo+20_1Z0 = Zo + 2[LsV YV (V Zo )] . (A3.7)

The part obtained by applying (1—L3) will naturally represent a function
of \/Zy1; however, we want to think of it as a function of \/Z_1 1. this
means that we imagine the n field kernels defining V(=1 (\/Z_; %) to

be given by those of (1 — £3)V (=1 (4) multiplied by ,/ ZZ:’I

The latter operation can be conveniently described in terms of an

operator Oy which acts on a field monomial of degree n as

Ontbay - Vu, = () 72= ) Wy -+ Vu, (A3.8)

with h = 0 (the more general case h < 0 will appear later).
The function V(=Y (,/Z_1 1) is then split into its relevant part and
its irrelevant part by the usual localization procedure,

VED(Z_19) = VD (Z o y) + (1 - L)V (VZ 1 y) (A3.9)

and
EV(_I) :/\(6) /7 6,(/}6 d 2/\(4) / 4 4
-1 -1 z AT + -1 Z-1 ’l/)xdz+
+2 [ VES v s,

(43.10)

with no term proportional to F3 = [(d;)* dz, by our construction.
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We represent the splitting in (A3.9) graphically as

3 %
— + + +...,(A3.11)
—1 -1 0 -1 0

with

~— ——o— + +..., (A3-12)

where the tilde over R, L is to remind us that we are following the
anomalous integration procedure. The difference with respect to chapter
8, i.e., normal procedure, is “very slight”: namely, the localization is
L(1 — L3) for the local part and the remainder is (1 — £), instead of
the normal £ and (1 — £); furthermore the truncated expectations are
evaluated with the propagator ZLO 39 rather than ¢(® (which, however,
coincide accidentally as Zy = 1), and finally the n field kernels are altered
by applying the operator Oy and are evaluated at /Z_1 1.

Hence the relevant and irrelevant parts of V(=1 (1) and the definition
of Z_1 are simply

‘/T(e;l)( V Z*l "/)) = Ooﬁ (1 — ,63)‘7(*1)(\/2701/)) ,
Vi '(VZ10) = 00 (1 = L)VEV (V20 0) (43.13)
1= ZZ—1(1+2[£3V“><¢Z’0¢1)}) .

The iteration of the above calculation leads to the representation

VIO Z0 ) = VI (V20 ) + Vi (V2 w) (43.14)

and
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(A3.15)

where the tree vertices on scale k represent truncated expectations eval-
uated with the propagator ZL,@ G®): also,

It is now possible to describe the operations to be performed in the ac-
tual computations of the effective potential in terms of Feynman graphs.

The first step is to represent a tree as a hierarchy of boxes: each
vertex v (including the trivial vertices and the endpoints) is represented
by a box and all the s, > 1 tree vertices vy,...,vs, following it are
represented as boxes drawn inside it, etc.

— O (A3.17)
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Each tree vertex carries in our constructions a scale label correspond-
ing to the scale of the propagator to be used in the evaluation of the
truncated expectation that it represents. If p is such label, then, in the
tree representation, it will be attached to the corresponding box.

Inside the innermost boxes one draws the “graph elements” repre-
senting the relevant terms of the theory. In the ¢* case in d = 3 one

% >< I

Such graph elements represent, respectively,

has

VZpy XD, j=06,4,2, (A3.19)

if p is the scale label of the considered box.

Then we form a graph by joining together some of the lines of the
graph elements; the pairs of lines thus joined form an inner line and the
ones that are not paired with others are called external lines. Further-
more,

1. Only n lines are regarded as external. And all the internal lines are
drawn in such a way to be entirely contained at least in one of the
boxes.

2. Each inner line is assigned a scale identical to the scale of the smallest
box enclosing it.

3. Each box must contain a connected graph formed by its inner lines.

4. Each box must contain at least one inner line that is not contained
in smaller boxes, if the corresponding tree vertex is not trivial, that
is s, is greater than 1.
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To each such graph (obviously called a Feynman graph) G,

(A3.20)

we associate a kernel,

VG<:”1""’zm) : (43.21)

Vly.eooyUm

which is defined by first multiplying the following factors:

a. A factor 2(4—05)kv )\Ei) for each graph element of type j attached to a
point in a box v with scale label &, (with 6 = (d —2)/2 =1/2).

b. A factor (Zy, Zx,/Z?)'/? for each inner line of scale k joining two
space vertices z,y of scales k1, k2, the scale of a space vertex being
the one of the innermost box containing it.

c. A factor (Zy/Z,)"/? for each external line emerging from a space
vertex of scale k.

d. A factor §®) (x — y) for each inner line of scale k joining the vertices
x, Y.

The contribution to the effective potential from the selected graph is
then obtained by integrating over all the positions of the space vertices
the just-built kernel times a product of fields 5,, one per each external
line emerging from the vertex x;. Such contribution will have the form

P
G %1,---5T v
/V (1/1,-.. V;:) szé (A3.22)

if we assume that the points out of which the external lines emerge are
the first q.

However, the above simple rule has to be modified if the graph has
q = 2,4,6 external lines or even if its subgraphs associated with the
inner boxes present 2,4, 6 external lines.
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In the last cases a second operation has to be performed: it describes
graphically the operations of subtraction that are implicit in the £, 1—L,
L3 operations. One looks at the boxes, called remormalization bozes
below, containing subgraphs with 2,4, 6 lines (inner or external) going
out of them.

The simplest situation arises when the boxes with the above prop-
erty are disjoint (nonoverlapping). In such case, consider one of the
renormalization boxes. Associated with it there will be a product:

’

Jd a
c@ &) =" (@ —ai) [ e (A3.23)

i=1 j=a'+1
where ¥ = (1,...,2,) are the vertices inside the box and &' = (21, ...,

:I:;,) are the points where the ¢’ inner lines that are external to the box
end. Then the factor (A3.23) appearing in (A3.21) has to be replaced

in (A3.21) by

AC(Z, %) =C(%, %) — Taylor expansion in ¥ — 7 of C(Z,7")

to order 2 if ¢ = 2 or to order 0 otherwise, (A3.24)

where 77 is the g-ple (z1,1,...,21).

The equation (A3.24) is not obviously generalizable to the case when
the renormalization box contains other renormalization boxes; this un-
pleasant problem was lurking in the literature until it was solved by
Hepp ([H]), and it is still lurking because the latter paper is not as well
known as it deserves to be.

The description, following the work of Gallavotti and Nicol6 (see
[G1]), is somewhat technical. One needs a table of the results of the
localization operator

L :9011"'()0z6:::9021:

4
R +[Z @3 (2 — 1131)6(,0:“} (A3.25)
=2

1
‘C C P Pyt = Py (SDZ1 + I:((EQ - xl)a(pm1] + §($2 - x1)262@z1) Ty

where the terms in square brackets can be omitted as the above expres-
sions always appear multiplied by a kernel, symmetric function of the
field arguments; after integration the terms in square brackets are for-
mally integrals of exact derivatives and give zero “after integration by
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parts.” Here there is, in fact, a further problem to worry about because
the last statement is strictly correct only if one is considering a finite
box with periodic boundary conditions: in this case, however, (z; — x;)
does not really make sense, being nonperiodic, and it should be replaced
by (#j)a — (zi)a = Lsin L7 ((z;)a — (%;)a), if L is the side size of the
periodic box. We, however, ignore this boundary condition problem,
contenting ourselves at having hinted at its solution (see [G1], chapter
18).

The operation 1 — £ can be conveniently described in terms of the
following fields

Dayyoy = Yy — Yay s
51211 = 1/112 - 1/111 - (:C? - 1'1)81/}11 ’

1
Tmzzl = 1/112 - 1/111 - (:C? - 1'1)81/}11 - 5(:62 - xl)QaQ"/}ﬂcl ’
§131211 = (1'3 - 1'2)(81/}12 - a"/’ml) .

(A3.26)

Then one can show inductively that 1A

irr

> / dz du ds dt dt (A3.27)

will admit a representation,

g>0
a b c f f
Vil o, (un,uy), o (s1,80), - (t,th), .. (8,88, .
&, .. oy, .. 01, .. T1, .. 71,

b c t t

VZ " [T W08 T](Pura)® T[S TTTue)™ T]Srrn)™

where a,b, ¢, f, f are the number of terms under the curly brackets and
x,u,s,t,t are points in R?, and &, o, 0, 7, 7 are integers < 4, and

m=a+2b+2c+2f +3f,
p=) ai+2) 0i+3) m+2) T,
nzzgi—’—zai—’—zai"'ZTi, nl:zfi; (A328)

d

d—2
g:fdm0+d+p+Tn+§n/,

mo < m being the number of different space vertices appearing in the
different fields.

The sum in (A3.27) runs over g > 0 and over various choices of the
various labels. The kernels V' that can appear in the sum are describable



Trees and Feynman graphs 119

by the same Feynman graphs introduced above (see (A3.20)) with a few
more labels attached.

More precisely, given a graph G of the type considered above, one
looks at the innermost renormalization boxes and puts labels on their
outcoming lines which have the interpretation that the fields they rep-
resent are no longer ¢ fields but could also be D,S,T,S fields with
arguments from the z’s that are among the points out of which the
external lines emerge.

The precise rule for attaching the labels is simply that one imagines
applying the R operation to the product of fields represented by the
renormalization box and the graph that it contains: such operation pro-
duces a linear combination of products of fields of the type in (A3.26);
the labels affixed to the lines determine which term is actually selected.

The operation is repeated for the renormalization boxes containing
renormalization boxes, the novelty being that now the lines that come
out of a renormalization box may contain some nonlocal fields of type
(A3.26) (produced by the action of R on the lines of some inner box).
One just checks that the action of R can still be represented via the
fields in (A3.26) and does not produce further nonlocal fields (in fact,
for the innermost renormalization boxes one does not need all the fields
in (A3.26)).

After finishing the “decoration” of the graph with all the labels (one
can see that each graph cannot generate more than 4% labeled graphs),
one evaluates the value of the graph by the rule of replacing each inner
line by a propagator; but some of the inner lines may represent the new
nonlocal fields, and the propagator corresponding to them has to be the
propagator between the fields corresponding to the two lines that are
contracted to form the inner line (such a propagator is just the integral
of the product of the fields with respect to the measure ZkPgZ)(dz/J)).

In the end the total effective potential can be represented as a linear
combination of not more than about 6°"n!? terms, each corresponding
to a decorated graph evaluated as described.

If the construction of the effective potential is performed according to
the above rules, it is quite simple to check that the bound (10.24) holds.
For more details, see the analogous calculation described in [G1] for the
d = 4 (normal scaling) theory: note that in the latter case % is an
irrelevant term so that the bounds improve (as the number of Feynman
graphs of order n grows as n!? rather than n!®> and n!? is replaced by
n!).
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Appendiz 4
Schwinger Functions and Anomalous Dimension

We compute Veff(ﬁFo(p)cpo) or, better, ¢(<% (), which, by (4.3)
and (A3.2), (A3.3), is the generating functional of the truncated Schwin-
ger functions,

1=V 00) — / PR (dyp)eV WAook ent) (A1)

To compute the pair Schwinger function we evaluate the integral by
using the procedure of chapter 10.

We have to evaluate only the part of ¢(=%) that is quadratic in ¢. We
represent the argument of the exponential in (A4.1) inside the integral

0 0

and we suppose inductively that, fixing Qo = 1, Gy = 0, the successive
integrals over the various scales modify the exponent in the the integrand
exponential into a functional representable as

where the first term symbolizes the (anomalous) effective potential con-
structed in chapter 10, the second and the third terms represent (for
suitable convolution operators Qy,, Gp,), respectively,

A4.3)

/dm 0z (Qn*1)y (A4.4)

and the functional
dx @ G “ A4.5
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and, finally, the last term represents the contribution of all the connected
graphs with two ¢ fields produced by the successive integrations.

Then, integrating as usual with the method of chapters 8 and 10, we
can express the result of the integral over the momentum shell of scale
h graphically as

We see that the sum of the graphs in the first term of the second line is

(7(h—1
L., sV (h=1)

— A4.
and the sum of the graphs in the last term is
5‘7(}171)
. A4.
Gh * 50 (A4.8)

So that, writing V"= (V/Z, ¢) = V=D (\/Zh 1 9) + §2n-1 25 F3 (),

we see that

0
Zn,
Qh—lZQh_Zh—127wj*Qja Qo=1,

j=h "

. (44.9)

1 . N
Gh—l = Z 79(']) * Q]a wh(k) = ng(h) (k) )
j=h "7

and we see that the second-order term can be simply evaluated by a
graphical rule almost identical to the one elaborated in chapter 10 and
appendix 3, but with the following modifications (see fig. (A4.10)):
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Uzy
b

k h 0 +1

(A4.10)

1. There are n + 2 endpoints, n > 0, and two of them, denoted v,
and v, in the figure, represent the following function

/dw Do [Qh *p(SM) 4+ Gy, * % (V<h>(\/27w))] , (A4.11)

where the following recursive relations for the convolution operators Qp,
G}, hold:

0
Z

Qn-1=Qn— 2h-1Zp[-0*)Gh_1 = Qn — 2h—1 Z %wj *Qj
j=h "7

0

Gho1=Gr+3"Qp= Z
i=h

1

7 g9 % Qy , (A4.12)

wy (k) = k2 g™ (k) .

2. The two special endpoints of item (1) belong to the vertical line
with frequency index h 4+ 1 and are attached at the same tree vertex vy,
bearing a frequency label h. This implies that h is the scale at which
the lines ¢, and ¢, become connected by graph lines.

3. There are no external lines in the root of the tree.

4. There are no R* labels associated with the tree vertices v belonging
to the line ! joining the root to vgy.

It can be checked, by the same techniques of [BGPS], that (" (x)
satisfies a bound such as

1§ % Qp(z)] < Cyte= "1zl (A4.13)
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for some x > 0, provided the zj verify |z;| < Ce? for all h, with ¢ small
enough (i.e., by the bounds of chapter 5, provided the running couplings
rp, verify |ry| < e for € small enough).

Hence, for the purpose of establishing bounds in z space, we could
replace Qp by 1. It is possible to prove that a similar property is valid
in k space, the key property being the consequence of the recursive
definition of Qp,

Qn(k) = |1+ bu(v"k) log (e + (lW 2| -
bo (A4.14)

—h
) (1+(k'7—)2)052 ’
Po
where C' > 0 is a constant and by (k) is analytic in a strip of imaginary
width pok (for some k > 0) around the real axis (in the two k variables)
and is bounded there by a constant B (h independent), provided the zp
verify |z,| < €2 for all h with e small enough (i.e., by the discussion of
chapter 10 we expect that ¢ is of the order of maxy, [vs|?).

The latter (A4.14) shows that, for the purpose of establishing bounds
(both in z space and in k space), we could replace in (6.14) Qp, by 1 and
Gn by g1 =305 70",

The (A4.13), or (A4.14), implies (see [BGPS]) that

Theorem
The pair Schwinger function can be written in the form
0
1
Simt(z —y) = Y Z—hg(’”(x —y) (1+0(e)) , (A4.15)
h=—o00

where € is supposed to be small enough and to be a bound on the running
couplings on all scales; and

1§ (x — y)| < Byte Flevl (A4.16)

B > 0,k being suitable constants, independent on €. The O(g) is a
function, which is a formal power series in the running couplings and
with coefficients that are bounded by n!? to order n, independently on

x—y.

An immediate corollary of the theorem is that the pair Schwinger
function decays for | — y| — oo to all orders of perturbation expansion
in the running couplings, as |x — y|~1727, with 1 defined by
Zh/Z}H_lm)QQn.
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Appendiz 5
Propagators for the Bose Gas

Let P®)(dq)) be the formal complex Gaussian measure with covariance

= 14/dke*“”t(7k)ﬂ2, (A5.1)
(27T) —iko + Qk—m

where & = (zg, %), k = (ko, k) and t(k) is a positive cutoff function.
We consider the fields & = ﬁ(w;‘ + 7)) = (2m) 72 [ dketFe i
Their propagator has the form

’

o0\ _ L e—ikm -1 ,
(D) = g7 [ € HBG (R (45.2)

where the matrix G, which we call the propagator matrix, is
k2 .
o k
Gp<27n ’;) (45.3)
Therefore the formal Gaussian measure,

PO (dip)e ™ Doar [ XarBoaXT ok (45.4)

has a propagator matrix G’ = G + 2pAt(k). In particular, if A is asso-
ciated with the quadratic form

3

/dx[Qa(XI)Q —2 Z bi(9ixz)? — 2ex Boxz ] (A5.5)
i=0

with a, by, b = by = bs = bs, ¢ not negative real numbers, that is,

_ 2a ickg
A= <—ick:0 —2(bok? + bk:2)) ’ (45.6)

then it is

&y ( E 4 gat(k) iko[1 + 2ct (k)] ) R

—iko[l 4 2ct(k)] — L — 4(bk3 + DE?)t(K)



Propagators for Bose Gas 125

And the ¥ field propagators with respect to the measure Péz) (dip) with
propagator matrix G’ can be immediately checked to be

[ Pl = s [ake e, 3)

iko[1 + 2ct(k)] + k2 + 2d* (k)t(k)

: . . 3 t(k)
1+ 2ct(k)]2kZ + k4 + Ad+ (k) E2t(k) + 16a(3°0_ bik?)t(k)2

and
[ PSaurel = [ Py -

1 —ik(z—y)
_ ik(z—y). 5.9
Eat / dk e (5.9)

t(k) )

—2d~ (k)t(k)
[1 4 2¢t(k)]2k3 + k4 + 4d*+(k)k2t(k) + 16a(X0_, bik2)t(k)?

where d* (k) = a + (bokZ + bk?). Note that (5.9) can be derived also by
performing a Bogoliubov transformation.
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Appendiz 6
The Beta Function for the Bose Gas

In this appendix we want to prove (15.18). We first note that all the
terms in the r.h.s. of (15.18) are obtained by applying the localization
operator to

1 1 1
Vit=En(Vi) = 560 (Vi) + 560 (Vi) = & (VD . (46.1)
where &, and EhT denote, respectively, the expectation and the truncated

expectation with respect to the measure describing the fluctuations on
scale h, whose propagator is given by

<71+62 o102
FBFTRTIhgToz () (A46.2)
where
ovoas 1 e~ Ty (k) pi 2 (k)
0 = e | o e

2
Di (k) = bu(k)kE + an (k) LR+

—

k4 k2k2

+’72 [4 (1+4Ah( )) + 4By (k ) 1, (A6.4)
O
an(k) = 42y, (k) + 16 Zy (k) Ap (k)
b (k) = En(k)? + 1625 (k) Ba (k) . (46.5)
P, (k) =)~ (k) = —ikoEn(k) ,
() = g+ 4B R 25+ Au(h) 5]
B () = = 4z, 25 (46.6)

Some other remarks are important.
1. In order to calculate the beta function one has to evaluate some
Feynman graphs at zero momentum of the external lines. Therefore,
only terms without internal lines or terms with at least one loop can
contribute, since-the single scale propagator vanishes at zero momentum.
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2. The previous remark also implies that, in the graphs with only one
loop, all internal lines must carry the same momentum. Hence, if we
suitably choose the cutoff function to(k), the internal lines of the loop
may only have propagators of scale h or h + 1; in fact, at least one
propagator must be of scale h and the supports of the Fourier transforms
of the propagators of scale h and h’ > h are disjoint if ' > h + 1. This
implies that the trees (see chapter 8 for the definitions) that one has
to consider in evaluating the contribution of such graphs are the trees
with only one vertex of scale h and at most three endpoints, and the
trees with one vertex on scale h and one nontrivial vertex on scale h+1,
corresponding to some irrelevant contribution.
3. In the calculation of the graphs with only one loop, the subgraph
associated with the tree vertex of scale h 4+ 1 has no loop. Therefore, in
this tree vertex the R operation coincides with the identity.
4. Since we are interested only in the leading orders, we can neglect in
the rescaled propagators (A6.3) the terms proportional to 42" and the
dependence on k of Zy, Ap, B, and Ej, (see (14.20)). For the same
reason we can approximate Zpy1, Apt1, Bre1 and Epyq by Zy, Ap,
By, and Ej, in the expression of gy’ (x). Finally, we can neglect the
difference between Ap41, pp+1 and Ap, pp in the endpoints of the trees
involving a tree vertex on scale h + 1.

The previous remarks imply that the leading terms in the beta func-
tion can be obtained by the following steps.

1. Evaluate the graphs with one loop and propagator given by the sum
of the single-scale propagators of scale h and h + 1, approximated as
explained in remark (4), that is,

ABFzlortolhgns () (46.7)

where, if Dy, (k) denotes the determinant of the propagator matrix G ),
see (14.7),

o109 ) = L e—iszl(k>ﬁglaz(k>
@) = [ AR (e

Here Dy (k) and py'°? denote the expressions (A6.4) and (A6.6), modified
as explained in remark (4) above, that is,

2
Di(k) = bpk? + ah%’k? , (A6.9)
an = 475 (1 + 443), by = E} +16Z,By, , (A6.10)
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P, (k) = —4qoZn, P, (k) = b~ (—k) = —ikoEp |
-, 2
16ZhBhk2 + athU—O p2
pr T (k) = 0 4 =10 A6.11
Dy, ( ) 4q02h ) q0 m ) ( )
and
T1(k) = To(k) + To(y~ k) = to(y~ k) — to(vk) - (A6.12)

2. Evaluate the same graphs with propagator of scale h + 1, again
approximated as in remark (4). This propagator is obtained from (A6.8)
by substituting T4 (k) with

To(k) = To(y " k) = to(y k) — to(k) . (A6.13)
We shall denote g;lh‘” the corresponding rescaled propagator.

3. Subtract the values found in (2) from the values found in (1) and add
the trivial graphs without any internal line.

4. Approximate in the result the cutoff function ty(k) by the character-
istic function of the set {kZ + k2 < 1}. Note that this approximation
is everywhere equivalent to calculating the graphs with all propagators
on the single scale h, except in the case of the beta function for Bj_1,
Ap_1, and Ej_1, which involve derivatives with respect to the loop mo-
mentum. Hence, except in this case, we have to calculate the graphs by
using the propagator obtained from (A6.8) by substituting 73 (k) with
To(k); we shall denote gy'“* this rescaled propagator.

The trivial graphs give the linear terms in the r.h.s. of (15.18), except
the term linear in \j, appearing in the equation for v,_;. This term is
obtained by contracting two x~ fields in the A, vertex; one gets

4 2
—(5) 2N 4902481 Fo (A6.14)

2/)2m

where Fy is defined as in (14.10) and
dk To(k) 1—y2 2(2)3

= = - . A6.15
o= | Grm )~ e ) 09
The quadratic terms in the equations for )\, and pu; are associated

with the graphs drawn in fig. (A6.16), where the heavy lines represent
the x~ fields and the dotted ones represent x .
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Note that the coefficients in front of the different graphs, here and in
the following figures, indicate how many times the graph appears, if one
expands the powers of the potential in the r.h.s. of (A6.1) in terms of
the different monomials of the field, whose sum gives the potential, and
consider the different possibilities of connecting different point vertices,
giving rise to the same graph. In order to get the right contribution to
the beta function, one has to consider also the coefficients of the expec-
tations in (A6.1) and the combinatorial factors that count the different
possibilities of choosing the external lines in the different vertices of the
graph and the different possibilities of contracting the internal lines.

><>< (A6.16)
+ 2 P > - --

The contribution to LV},_1(x) coming from the graphs in (A6.16) is

1 4 2 2 2
) { ) 23, (490 Zn)” B2,nFao
(46.17)

4 2 p% 2
+2 5 2\ (4q02n) ﬂz,th} <—2 ) ,
m

where

[ dk Tok)  logy (3)3
62,h_/(27r)4 Dh(k)Q - ]2 /—aibh %0 . (A618)

The cubic terms in the equations for A, and uj are associated with
the graphs drawn in (A6.19).

3 E + 6 /1/ + 3 ></[ +
) (A6.19)
3 -- i +6 —- /]:/ +3 __<:[
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The contribution to LV},_1(x) coming from the graphs in (A6.19) is

1 4 2\ ?
63 . 8[<2> Antt, Fao +M§LF21} (%) B3 (A6.20)

where

ur = 1 [ s o (P63 (8) + 20 (B (7

+ g7 (kg (R)git (k)] =

(46.21)
dk
=03 —= (k)2 —— (Yo~ (E)2] =
=p / (2t [gh (k) gy (k) + g5, " (k)g, " (k)"| =
= 4qoZnB2,h -
The last equality follows from the identity
—— - To(k)®
Plgn ~(R)gl (k) + g5 (k)?] = — 018 (46.22)

and from the observation that Ty(k)? = To(k), in the approximation
of item (4) above. We also used the fact that g, *(k) = —g;/ ~ (k) =
—g;, T(—k). Hence (A6.20) can be written as

4 2\ °
4[(2) )\h/L]QLFz;O +/LiF21i|4(]0Zh (p—o) ﬁg,h . (A623)

2m

The quartic term in the equation for A, is associated with the graphs
drawn in (A6.24).

+6

_l’_
—_
[\
_l’_
D

+ 12 | | + 12 |
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The contribution to LV},_1(x) coming from the graphs in (A6.24) is

L 4 I ! 4
—IQ -6 % ,U/hﬁ4,hF40) (A625)

where

Bap = p* / Ak [g;’(k)Qg;T*(k:)2 +2g, " (k)g, T (k)g T (k)+

(2m)*
+ g, T (k)* — 29, = (k) g, T (k)?g; (k) + 29;_(k)g;+(k)292-+(k):| _
= ' / % |97~ )Gt (k) + g7 (k)? C = Ban (46.26)

where we used again the identity (A6.22).

The leading contribution in the flow equation for Zj, is the quadratic
term associated with the graph in the first line of (A6.28), whose con-
tribution to the local part is

1

2 2
—5 2 <2p—7%) M%(4qozh)2ﬁ27hF02 (A627)

.
- PN
-’ -’ <
-, -,
~
s _|_ 7’
-,
-,
-,
-,

and no operators involving field derivatives arise because this is a margin-

(A6.28)

al operator.
The contribution to the local part of the last two graphs of (A6.28)
is

Ly (;’_m)uh{wF [ e i i 1)+ 102 -

!

1
S1800 = BE1aE Dy — 51800 - BEAm* @ Dy | (46.29)
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where Dy and Dy, are defined as in (14.9) and

80 = [ do ot @ - g0y el @)

i (A6.30)
591 = /dm 72 [9:;?@)2 _ gz—]:(x)gj,j‘(x)} ,
0102 _ 1 e_ikm Tz(k) 132102 (k)
We have
250) _ [_dk_[paf O koTi}?
PP = / (2w)4{Eh[akO D, } +
0 Ty 9 () ERkSyp1Y _
" [c’?—kob_h}a_ko{(l T, )TH = (A6.32)

dk o T2 o T;\ 0T;
[ R (R
(27T)4 Dh 8k0 Dh 8k0
It is easy to see that the terms containing the derivatives of T; give the

same contribution to Bt(l}z and Bt@,z, so that, by doing in the remaining
term the approximation of item (4) above, we get

al flﬁ - 52;3] = Bon B . (A6.33)

We have also

3
@ _ dk 9 koT;12
#00 =3 | o (il 3, +

j=1
. 27.2
~lanlagl0-EDrl = s
3 dk ;0 Ty OT;

and one can see again that the terms containing the derivative of T; give
the same contribution to ﬂil,z and ﬂf,)ﬂ so that

B —8H=0. (46.35)
In summary, the contribution to the local part of the last two graphs
of (A6.28) is

2\ 2 2\ 2
D b
261,n <—27%> " Fao + BonEj, <—270n> 136 Dyt - (A6.36)
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(A6.37)

The leading contribution in the flow equation for Ej, is associated with
the graph drawn in (A6.37), whose local part is calculated by taking the
first-order Taylor expansion of the external y~ field. The term of order
zero, which would contribute to the relevant term Fjp, cancels out for
parity reasons, as well as the term of order one containing the spatial
derivatives, so that the local part is equal to

1 2 2 1 2
—5222 <ﬁ) i ( é;)l - é,;)l)QO(*Dt) ; (A6.38)

where D; is defined as in (14.9) and, if we use also the definition (A6.31),

B =»’ / dx w09, ()9, (x) - (A6.39)

We have e BT T
=4 ZE/—M = A6.40
5,h qoZnLten (2t D, [akoph} , (A6.40)

and we can see, as before, that the terms containing the derivatives of
T; give the same contribution to ﬂél,i and ﬂf,)ﬂ so that, in the usual

approximation,

i k2To(k)
(2m)* D

5005 = ~sanZu vt [ = 2007 Fnfa , (A6.41)
where the last equality follows from an explicit calculation and 3; , is
exactly the same function of aj and by defined in (A6.18). Hence, the
local part of the graph drawn in (A6.37) can be written as

2 2
-8 (%) L2 2, EpBanDy . (A6.42)

The flow equations immediately follow from (A6.14), (A6.17),
(A6.23), (A6.25), (A6.27), (A6.36), and (A6.42):

2 2
Hp,
1=\, —36(423,)2 —
Ah—1 = A, — 36(42Z3)°Ba,p {)\h 12ZJ ;
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2
Hp
=y — 12(42,)? Ap —
Hh—1 = U (4Zy) ﬂz,huh[ h 12ZJ ,

Zn_1 = Zn —8Z3Bantii (A6.43)
Ap—1 = Ay,

Bp1= B, + %ﬁzhE}%M}QL ;

En_1 = E, —8Z1,EnBanpiy

Vh_1 = 7> [Vh + 242,81 0 0 — 2ﬁ1,huﬂ ;

where
logy  pi 1-v72  p}
_ 7 Po - =0 A6.44
Pan 872\ azby, P PLn 8n2(vanby, +ap) p ( )
with
anp = 4Z,(1 +44Ay), b, = E? +162Z,By, , (A6.45)

and the (15.18) follow immediately from the above by replacing u, via
(15.7) and by adopting the notations declared for (15.18).

One may wonder whether it might be that the equation for up is
compatible with the others. Of course, if (15.7) is valid, it must be;
this can also be seen directly (and in fact it is this remark that would
make one conjecture the exact relation (15.7), if one did not know it).
However, the compatibility is true only to the order of the calculation
that we are performing, i.e., within the neglected corrections; if we did
not know a priorithe validity of (15.7), we could not guarantee that
the corrections and the incertitude of the initial data would not spoil
the relation (15.7) and turn the flow equation into an unmanageable
relation of little use.
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