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A Notations, definitions and other useful facts
In this section, we define certain standard notations and state some facts that were used in the main paper.

Policy of an algorithm. In PAC-MDP models, an algorithm is considered to be a non-stationary policy A
which, at any instant ¢, takes as input the path taken so far p; := sg, ag, ..., a:—1,s; and outputs an action. More
formally, A : {S x A}" x S — A. Note that since the algorithm is already given the true reward function, we do
not provide rewards as input to this non-stationary policy. Then the value of the policy is formally defined as
given below.

Definition 7. For any p;, we define the value of the non-stationary policy A of our algorithm on the MDP M as:

Vi) 2|3 Ateea) |-
=t
For any H > 0, we denote the truncated value function of A as:
t+H
VJ\Z‘(Pt,H) =K Z R(sv,ar) pth] :
=t

Following 7 € TI(Z). Below we state the fact that for a closed set Z, by following 7 € TI(Z), the agent always
remains in Z with probability 1.

Fact 1. For any closed set of state-action pairs Z, and for any policy m € I(Z) and for any initial state so € Z:

PVt,ss € Z | m,s0 € Z] =1

Proof. For any t, if s, € Z (and this is true for ¢t = 0), we have that (s¢, 7(s;)) € Z since m € II(Z). Since Z is
closed, this means that s;;; € Z. Hence, by induction the above claim is true. O

Communicatingness. We now discuss the standard notion of communicating and argue that it is equivalent
to the notion defined in the paper (Definition . Recall that the standard notion of communicatingness of an
MDP (Puterman, [2014) is that, for any pair of states in the MDP, there exists a stationary policy that takes the
agent from one to the other with positive probability in finite steps. This can be easily generalized to a subset of
closed states as follows:

Definition 8. A closed subset of state-action pairs, Z C S x A is said to be communicating if for any two
states, s,8' € Z, there exists a stationary policy 75— € II(Z) such that for some n > 1

Pls, =8 |msss,80=5] >0

There are two key differences between this definition and Definition [2} (1) Recall that in Definition 2| we defined
communicating to mean that for a particular destination state, there exists a single stationary policy that can
take the agent from any state inside Z to that destination state, whereas in Definition [§] there is a specific policy
for every pair of states. (2) Definition |8 only requires the probability of reaching s’ to be positive as opposed to 1.
Below, we note why these definitions are equivalent:

Fact 2. Definition[2 and Definition[§ are equivalent.

Proof. Informally, we need to show that “for any pair of states in Z, there exists a policy that takes the agent from
one to the other with positive probability” if and only if “there exists a single policy that reaches a destination
state from anywhere in Z with probability 1”.

The sufficient direction is clearly true: if such a my and ¢ from Definition [2] exist, then we know that for any
s € S, we can set ms_,¢ and n in Definition [§| to be 7wy and ¢ to prove communicatingness (since if it holds with
probability 1, it also holds with positive probability).

For the necessary direction, we will show that for a communicating Z = S x A, for any s’ € Z, the optimal policy
of another MDP satisfies the requirements of 7y . For a communicating Z with Definition [§] we know that for
any s,s € S, there exists a policy ms_,¢ and n > 1 such that P[s,, = §'|mss, 50 = 8] > 0.
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Now we construct the MDP. For a given s', define an MDP My = (S, A, T, Ry, s ) where vy = 1, R(s) = 1{s =
s'}, and s’ is terminal. Note that, since R(s") =1 and is zero everywhere else and s’ is terminal, for any policy ,
the state value function Vi (s) =P[3 ¢, s.t. s, = §'|m, s = s|. Now define 7y to be the optimal policy of this

MDP, i.e. the policy that maximizes this value function. This implies that for any s, VJ\ZS"/ (s) > VJ\ZS‘}S' (s). Then,

P[E t7 s.t. s¢ = S/|7Ts’350 = S] = V]&% (S)

> Vi)' (s)
=P[3t, sit. sy =8 |m55,5 =s
> Pls, = 8|75, 50 = 8]
> 0.
Thus, P[3 ¢, s.t. s¢ = §'|ms, 80 = s] > 0. Since this condition is satisfied for all starting states s € S and since we

know that Z is closed, we can use Lemma [5] to show that in fact P[3 ¢, s.t. s, = §'|ms, 59 = s] = 1, proving the
existence of my as claimed.

O

Zsate is safe. Below, we prove that the set Zg,¢. defined in Definition [5]is indeed a safe set.
Fact 3. Z 4. is a safe set.

Proof. For any (s,a) € Zgsate, we have by definition that R(s,a) > 0. Now, if for some s’ for which T'(s,a,s’) > 0,
consider a’ = Treturn(s’). Then, by definition, if the agent were to start at (s’,a’) and continue following mreturn,
with probability 1, it would reach Z; while experiencing only positive rewards. Hence, (s,a’) € Zgage. Thus, Zsage
is closed. O

B Methodology

In this section, we provide detailed definitions of our algorithms and the notation used for our proofs. We start
by giving detailed a description of the main algorithm and the algorithms which it calls. We then detail how our
confidence intervals are computed and how we use these confidence intervals to construct the set of all candidate
transition functions. The next section details how these candidate transition functions are used for computing
optimistic policies Tgoal, Texplore aNd Tswitch. Specifically, we define new MDPs for each of these policies and
define how an optimistic policy is computed on an arbitrary MDP. Finally, we formalize the discounted state
distribution and discuss how this is computed in practice.

Here we provide a useful reference for some of the notation used throughout the proofs.

True MDP M= (S, AT R,~)
True safe, optimal goal policy T fo
Empirical transition probability T
Empirical L1 confidence interval width ér
Arbitrary MDP MY = (S, A, TT, RT ~T)
Optimal Q-function on the optimistic MDP Mgoal @goal
Optimal Q-function on the optimistic MDP M oxpiore Qexplore
Optimal Q-function on the optimistic MDP M qwitch Qswitch
Optimistic goal policy (defined by @goal) T goal
Optimistic explore policy (defined by ngal) Texplore
Optimistic switching policy (defined by Qgwitcn) Tswitch
Analogy-based empirical probabilities and confidence intervals IA’, %T
Optimal value function for some MDP MT ot

B.1 Algorithms

We first restate Algorithm 1] the full overview of our algorithm, with a bit more detail (most notably including
Zunsafe)- Next, Algorithm |2 details how the agent computes the current estimate of the safe set while ensuring
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Algorithm 1 Analogous Safe-state Exploration (o, A, m, 1, R,, Yexplore, Yswitch; T)

Initialize: Zsate < Zo: n(s,a),n(s,a,s") < 0; Zgoal < S X A; 80 < Sinit-
Initialize: Zyneafe < {(s,a) € S x A R(s a) < 0}.
Compute confidence intervals, T and ET, using Alg@ Appendlx' with
state-action-state counts n, parameter o1, and analogy function a, A.
Compute Tgoal, Z goal, Zexplore; Zunsate using Alg|3| and 4| with parameters , T
and reward function R.
Compute Texplore, Tswitch Using value iteration (Appendix with parameters Yexplore; Vswitch-
fort=1,2,3,...do
ﬁgoal(st) if s, € Zgoal & Zgoal C Zsate
ag < ﬁexplore(st) if Zgoal ¢ Zsafe
Tswitch(St) otherwise.
Take action a; and observe next state s¢y1.
if n(s¢, ar) < m then
n(sg, ar) += 1, n(sg, ag, s¢41) += 1.
Recompute conﬁdence intervals, then expand Zsato using Alg |2 I with parameter 7.
Recompute T goals Zgoala Zexplorea Zunsafe7 7Texplorea Tswitch a8 above.

reachability, returnability, and closedness. The correctness and efficiency of this algorithm is proven in Section
Algorithms and [5] together provide an overview of how ASE computes the goal and explore policies.

B.2 Confidence intervals

We let 7' denote the empirical transition probabilities. We then let ér(s,a) denote the width of the L1 confidence
interval for the empirical transition probability T'(s,a). As shown in [Strehl and Littman (2008]), by using the
Hoeffding bound, we can ensure that if

n(s,a)

where n(s,a) is the number of times we have experienced state-action (s,a), our L1 confidence interval hold
with probability §r. Using theﬁgiven analogies, we can then derive tighter confidence intervals of width €
(centered around an estimated T'), especially for state-action pairs we have not experienced, as in Algorithm
The algorithm essentially transfers the confidence interval from a sufficiently similar, well-explored state-action
pair to the under-explored state-action pair, using analogies.

Given these analogy-based L1 confidence intervals, we now define a slightly narrower space of candidate transition
probabilities than the space defined by these confidence intervals in order to fully establish the support of certain
transitions. Specifically, we take into account Assumption [d] to rule out candidates which do not have sufficiently
large transition probabilities. We also make sure that a transition probability is a candidate only if Zj is closed
under it, as assumed in Assumption [T}

Definition 9. Given the transition probabilities jA“ and confidence interval widths €t S x A— R, we say that
Tt is a candidate transition if it satisfies the following for all (s,a) € S x A:

1. |TH(s,a)— T (s,a) |y <er (s,a).
2. if for some s, ZA“ (s,a,8") =0 and er (s,a) < T, then Tt(s,a,s") = 0.

3. if (s,a) € Zy, then Vs’ ¢ Zy, TT(s,a,5") =0

Furthermore, we let CI(T ) denote the space of all candidate transition probabilities.
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Algorithm 2 Compute Safe Set (R, 7)

Require: Estimated safe set Zsafe and confidence intervals jA’, ?T.
2 A
Zcandidate < {(8,a) € (S X A)\ Zsate s.t. €1 (s,a) < 7/2, R(s,a) > 0}.
while Z..,didate #Z Zelosed 10 the last iteration do
Zreachable — {(s,a) € anndidate 1S € Zsafe}~
while Z,c.chable changed inAthe last iteration do
for (s,a) € Zreachable U Zsafe do A
Add {(3I7 a/) S anndidate st. T (87 a, S/) > 0} to Zreachable-
Zreturnable — @
while Z,cturnable changed in the last iteration do
for (57a) € Zreachable do R A
if 3 (s',a’) € Zreturnable U Zsate S.t. T (8,a,s") > 0 then
Add (S, a) t0 Zreturnable-

chosed — Zreturnable-
while Z.joseq changed in the last iteration do
for (s,a) € Zelosea dO
if 3s €8 s.t. :IA’ (s,a,8') >0and Va €A, (,d') € Ziogea U Zeate then
Remove (s, a) from Zgjosed-
) Zcandidate < Zflosed-
Zsafe < Zclosed U Lsafe-

Algorithm 3 Compute Tgoal, Zgoal a0d Zexplore (@, A, T)

Require: Estimated safe and unsafe sets Zsafe, Zunsa&e and confidence intervals IA“, éT.
Initialize: Zexpiore < 0.
fori=1,2,...do
Compute Tgoa1 using Eq
Compute 7goal using Al
if Zyoal C Zsate then
Break. R .
Zedge — {(5; a) S Zgoal \ Zsafe |5 S Zsafe}-
Compute Zexplore using Alg [}
if Zexplore = ) then
Add Zedge to Zunsafe~
else
Break.

B.3 Discounted future state distribution.

Below we define the notion of a discounted future state distribution (originally defined in |Sutton et al|(2000)),
and then describe how we compute it in practice. We will need this notion in order to compute Zg0a1 (discussed
in the section titled “Goal MDP”).

Given an MDP M1, policy 7, and state s, the discounted future state distribution is defined as follows:

oo

p%;(s',a’) =(1-7) thP (ss =8 a; = d|m, 50 = 8) (2)
t=0

In words, for any state action pair (s',a’), prs(s’,a’) denotes the sum of discounted probabilities that (s’,a’) is
taken at any t > 0 following policy 7 from s in M.

Computing discounted future state distributions. We use a dynamic programming approach to approxi-
mate the discounted future state distribution. Note that we are assuming that the policy 7 is deterministic.
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Algorithm 4 Compute Zexpiore (o, A, T)

Require: Sets of state-action pairs on the edge of the safe set, Zcqge, and on the goal path, 7g0a1,
~ ~ A
along with Zsate, Zunsate and T, %T. o A
Initialize: Zexplore7 Zreturn Q); Zcandidate ¢ {(Sa a) € Zgoal HEAS Zsafe}7 L« 0, dext — Zedge~
while Zeyplore = 0 and ZL  # 0 do

ZEl 0.
for (s,a) € ZL . do

Add (s,a) to Zreturn
if €1 (s,a) > 7/2 then
Add {5,a € Zgsare : A((s,0a),(3,a)) < 7/4} t0 Zexplore-

else
Add {s',a’ e Sx A :ZA“ (s,a,8) >0} \ (Zreturn U Zato U Zunsafc) to chitl.
L+ L+1.

Algorithm 5 Compute Zgon (o, A, 7)

. . A A
Require: Confidence intervals T, €.

goal —_
as .
oal;Sinit pgoal

Initialize: Zgoal < 0, Bgont(- -, 0) as in Eq[f]
Using dynamic programming, compute Py (-, -, t) as in Eq fort =1,2,...,|5] .
Add all s,a € S x A where Py, (s, a,|S]) > 0 to Zgoal

. M
For convenience, denote p—
£

First, for all § € S and a € A, we set:

Mg a0)= |77 = smda=ml)
’ 0 otherwise

Then, at each step, t + 1, we will set:

PMLGat+1) = pM (5,a,0) + Y T(F, 7(3),8)pM, (3, 7(3), 1) (4)
s'esS

B.4 Computing optimistic policies

Tgoals Mexplore, aNd Tswitch are the optimisitc policies for three different MDPs, Mgoa1, Mexplore, and Mewitch
(described below). For the theory, we assume that these policies are the true optimistic policy, but in practice
this is computed using finite-horizon optimistic form of value iteration introduced in [Strehl and Littman| (2008)).
Here we describe this optimistic value iteration procedure.

Optimistic Value Iteration Let MT be an MDP that is the same as M but with an arbitrary reward function
R and discount factor . Then, the optimistic state-action value function is computed as follows.

@T(s7a70) =0

Q'(s.a.1) = Rl(s,0)

@T(s, a,t) = Ri(s,a) +~77 max Z T'(s,a,s") maﬁaT(s/, a',t—1), vVt > 0. (5)
a’'e

A
TteCI(T) s'€S

Ast — oo, @T(s, a,t) converges to a value @T(s, a) since the above mapping is a contraction mapping. For our

theoretical discussion, we assume that we compute these values for an infinite horizon i.e., we compute @ (s, a).

We then let TT denote the transition probability from CT (JA“) that corresponds to the optimistic transitions that
maximize @T in Equation [5 Also, we let M' denote the ‘optimistic’ MDP, (S, A, TT, Rt A1),
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Algorithm 6 Compute Analogy-based Confidence Intervals (o, A)

Require: State-action and state-action-state counts n(-,-), n(:,-, ).
Construct 7' (the empirical transition probabilities) using n(:,-), n(-,-,-).
Compute ér(s,a) with Eq (1] using d7.
for (s,a) € S x A do

gé, a) < argmin{ér(s,a), ming g er(5,a) + A((s,a), (5,a))}.

er (s,a) :=ér(§,a).

for s € S do
5« a((s,a,s),
T (s,a,s") :=T(

~—

Goal MDP. We define Mg, to be an MDP that is the same as M, but without the state-action pairs from Zunsafe
(which is a set of state-action pairs that we will mark as unsafe). More concretely, Mgoa1 = (S, 4, T, Rgoal, Veoal)
where:

—00 (s,a) S Zurlsafe

Ryoal(s,a) = {

R(s,a) otherwise.

We then define @goal to be the finite-horizon optimistic )-value computed on Mgoa1, and Tyeea1 the policy dictated

by the estimate of
MDP.

goal- Also, let Tyoa1 denote the optimistic transition probability and Mgear the optimistic

Using the above quantities, we now describe how to compute Zgoal (which we also summarize in Alg. Recall
that we want Zgoa1 to be the set of all state-actions that would be visited with some non-zero probability by

following Tgoa1 under the optimistic MDP Mgoal. More concretely, for convenience, first define Pgoal i= p% goal

oal;Sinit ’

where p zoa! is as defined in Equation[2l Then, we would like Z 0. to be the set {(s,a) € Sx A : B s,a) > 0}.
pﬂ—g q ) g ) pgoal )

oal;Sinit

However, directly computing this infinite-horizon estimate in practice is impractical. Instead, here we make use
of Lemma [11fand Corollary which allow us to exactly compute Zgoa1 through a finite-horizon estimate of pyy;-
M oa.
7|'gg :

Specifically, consider the finite-horizon estimate of Py, (i-e., the finite horizon estimate of pz **_  as defined in
Equation |3[ and Equation |4) which can be computed using dynamic programming. In Lemma we show that if
we set the horizon H > [S|, then py, (s, a, H) > 0 if and only if Py, (s, @) > 0. Hence, we fix H to be any value
greater than or equal to |S| and then compute

Zgoal == {(8,a) € S x A Pyoa(s,a, H) > 0.} (6)

As stated in Corollary [3| this will guarantee what we need, namely that Zgoa = {(s,a) € S X A : pyoa(s,a) > 0}.
We summarize this algorithm in Algorithm [5]

Explore MDP. We define Mexpiore = (S, A, T, Rexplore, Yexplore) t0 be an MDP with the same states, actions,
and transition function as M, but with a different reward function, Rexplore (computed in Algorithm , and
discount factor, Yexplore- fexplore is defined as follows:

1 (87 a) S Zexplore
Rexplore<57 a’) =40 (S, a) € Zsafe \ Zexplore
—oo otherwise.

Switch MDP. We define Mgyitch = (S, A, T, Rswitch, Yswitch) t0 be an MDP with the same states, actions,
and transition function as M, but with a different reward function, Rgwitch, and discount factor, Yswitcn. More
specifically, Rqwitcn is defined as follows:
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1 (5,a) € Zgoal
stitch(s, a) =40 (8, a) € Zsate \Zgoal
—o0o otherwise.

B.5 Regarding Safe Islands

Here, we elaborate on the motivation behind involving the notion of returnability (a) in Assumption [5|and (b) in
the definition of Zg,¢ in Definition

Returnability in Assumption Recall that a key motivation behind Assumption [ was that in order to
add a safe subset of state-actions to the current safe set, it is necessary for the agent to establish that subset’s
returnability i.e., establish a return path from the to-be-added subset to the current safe set. Here we explain why
this is necessary. Consider a hypothetical agent that tries to expand its safe set without ensuring that whatever it
adds to the safe set is returnable. Such an agent might venture into a safe island: although the agent knows that
the subset of state-action pairs it has entered into is safe, the agent does not know of any safe path from that
subset back to the original safe set. There are two distinct kinds of such safe islands. The first is where there is
truly no safe return path; the second is where there does, in fact, exist some safe return path, but the agent has
not yet established that this path is indeed safe. We will refer to these islands as True Safe Islands and False Safe
Islands.

Although entering into a True Safe Island is not a problem for ensuring optimality in the PAC-MDP sense,
entering into a False Safe Island creates trouble. More concretely, in a True Safe Island, since there is no safe way
to leave such an island, even the safe-optimal policy must remain on this True Safe Island. Thus, the agent that
has ventured into a True Safe Island, can potentially find the e-optimal policy, even though it may be forever
stuck in this island. However, in a False Safe Island, since there is indeed a safe path to leave this island, it
can be the case that the safe-optimal policy from this island will leave the island (and then achieve far higher
future reward, than a policy confined to the False Safe Island). Hence, for the agent to be PAC-MDP optimal, it
must first establish safety of this path. However, for an agent stuck inside this island, there may be no means to
establish safety of that path simply by exploring that island — unless the island is rich enough with analogous
states like Zj is (which may not be the case if this happens to be a tiny island). Thus, the agent could be forever
stuck in the False Safe Island and even worse, it might act e-sub-optimally forever (by choosing to remain instead
of exiting). Hence, it’s necessary for the agent to establish returnability of any state-action pair before adding it
(and Assumption [5| enables us to do this).

Returnability in Definition Next, we explain the motivation behind defining Zs.s in Definition [5| to be
a “returnable” set. Specifically, recall that Zg,¢ is a safe subset of state-actions, and we would like to compete
against the optimal policy on this subset; more importantly, we defined this in a way that any state-action pair in
this set is returnable, meaning that it has a return path to Z.

Consider the hypothetical scenario where Zg,¢ is defined to allow non-returnable state-actions. Here, we argue
that the agent will have to navigate some impractical complications. To begin with, this alternative definition of
Zsafe could mean that the safe-optimal policy may lead one into True Safe Islands i.e., safe subsets of state-actions
from which there is no safe path back to Zy. This in turn could potentially require the agent to enter into a True
Safe Island in order to be PAC-MDP-optimal. Therefore, when the agent expands its safe set, it is necessary for
it to find True Safe Islands and add them to the safe set; while doing so, crucially, as discussed earlier, the agent
must also avoid adding False Safe Islands to the safe set. Then, in order to meet these two objectives, the agent
should consider every possible safe island and consider all its possible return paths, and establish their safety. If
it can be established that no safe return paths exist for a particular safe island, the agent can label the island as
a True Safe Island and add it to its safe set.

Thus, in theory, the above fairly exhaustive algorithm can address the more liberal definition of Zg,g; however, in
many practical settings, it may be expensive to fully determine the safety of every state-action pair. Hence, we
choose to ignore this situation by enforcing that Zg,s is returnable. With this framework, our algorithm can
grow the safe set by establishing return paths from the edges of the safe set (as against having to also look for
safe islands and establish safety of all their possible return paths).
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B.6 MDP metrics and our analogy function

State-action similarities have been used outside of the safety literature in order to improve computation time of
planning and sample complexity of exploration. Bisimulation seeks to aggregate states into groupings of states
that have similar dynamics or similar Q-values (Givan et al., [2003; Taylor et al.| [2009; |Abel et al., [2017; Kakade
et al., [2003). These state aggregations allow for more efficient planning and exploration (Kakade et al., [2003).
Other work has used pseudo-counts to learn approximate state aggregations (Taiga et al.,|2018). The reason we do
not use state-aggregation methods for transferring dynamics knowledge is that we want to include environments
where similarities cannot easily partition the state space, such as situations where the similarity between two
states is proportional to their distance.

C Proof Outline

The following subsections describe the overall techniques and intuition, and serve as a rough sketch of the proof
of Theorem [l

C.1 Establishing Safety

We now highlight the key algorithmic aspects which ensure provably safe learning, in other words, that (w.h.p) the
agent always experiences only non-negative rewards. Recall that our agent maintains a safe set Zeate, and in order
to add new state-action pairs to Zsafe while ensuring that Zsafe is closed, we must be able to determine a “safe
return policy” to Zsate- However, doing this in a setting with unknown stochastic dynamics poses a significant
challenge: we must be able to find a return policy where, for every state-action pair in the return path, we know
the exact support of its next state; furthermore, all these state-action pairs should return to Zate With probability
1. Below, we lay out the key aspects of our approach to tackling this.

“Transfer” of confidence intervals. As a first step, we start by establishing confidence intervals on the
transition distributions of all state-action pairs as described below. Let T denote the empirical transition
probabilities. Just as in |Strehl and Littman| (2008]), we can compute L1 confidence intervals of these estimates
using the Hoeflding bound (details in Appendix . Let ér(s,a) denote the L1 confidence interval for the
empirical transition probability T(s7 a). Using the provided distance and analogy function A and «, and using
simple triangle inequalities, we can then derive tighter confidence intervals er (centered around an estimated
IA”) as in Alg|6l The idea here is to “transfer” the confidence interval from a sufficiently similar, well-explored
state-action pair to an under-explored state-action pair, using analogies.

Learning the next-state support. Crucially, we can use these transferred confidence intervals to infer the
support of state-action pairs we have not experienced. More concretely, in Lemma [2] we show that, when a
confidence interval is sufficiently tight, specifically when € (s,a) < 7/2 for some (s,a) (where 7 is the smallest
non-zero transition probability defined in Assumption , we can exactly recover the support of the next state
distribution of (s,a). This fact is then exploited by Algorithm [2[to expand the safe set whenever the confidence
intervals are updated.

Correctness of Zeago. To expand Zsafe while ensuring that it is safe and communicating, Algorithm [2| first
creates a candidate set, Zcandidate, Of all state-action pairs (s, a) with sufficiently tight confidence intervals and
non-negative rewards (and so, we know their next state supports). The algorithm then executes three (inner)
loops each of which prunes this candidate set. To ensure communicatingness, the first loop eliminates candidates
that have no probability of reachability from Zsafc, and the second loop eliminates those from which there is no
probability of return to Zeate. In order to ensure closedness, the third loop eliminates those that potentially lead
us outside of Zge or the remaining candidates. We repeat these three loops until convergence. We prove in
Lemmas |4f and that Algorithm |2| correctly maintains the safety and communicatingness of Zeate and in Lemma
that the algorithm terminates in polynomial time. Note that in Theorem |1} we prove that (w.h.p.) our agent
always picks actions only from Zsafc.

Completeness of Zsafe- While the above aspects ensure correctness of Algorithm [2| these would be satisfied
even by a trivial algorithm that always only returns Z,. Hence, it is important to establish that for given set of
confidence intervals, Zsate 18 “as large as it can be”. More concretely, consider any state on the edge of Zsate for
which there exists a return policy to Zate which passes only through (non-negative reward) state-action pairs



Melrose Roderick, Vaishnavh Nagarajan, J. Zico Kolter

with confidence intervals at most 7/2; this means that we know all possible trajectories in this policy, and all of
these lead to Zgaf.. In such a case, we show in Lemma |§| that Algorithm [2| does indeed add this edge action and
all of the actions in every possible return trajectory to Zgsafe.

C.2 Guided Exploration

To be able to add a state-action pair to our conservative estimate of the safe-set, Zsafe, we not only need to tighten
the confidence intervals of that state-action pair but also that of every state-action in all its return trajectories to
Zsafe. Observe that this can be accomplished by exploring state-action pairs inside Zsafe that are similar to this
return path, and using analogies to transfer their confidence intervals. However, this raises two main algorithmic
challenges.

Selecting unexplored actions for establishing safety. First, for which unexplored state-action pairs outside
Zsafe do we want to establish safety? Instead of expanding Zsafe arbitrarily, we will keep in mind the objective
mentioned in our outline of ASE: we want to expand Zgate S0 that we can get to a stage where every possible
trajectory when following the optimistic goal policy, Tgoal, is guaranteed to be safe, allowing the agent to safely
follow Tgoa1. By letting 7goal denote the set of all state-action pairs on any path following 7o from the initial
state Sinit, this condition can be equivalently stated as Zgoal C Zsafe.

So, to carefully select such unexplored state-action pairs, ASE calls Algorithm [3] which is an iterative procedure:
in each iteration, it first (re)computes the optimistic goal policy Tgoa1 and the set Zgoa1. Using this, it then creates
a set Zedge, Which is the intersection of 7goal and the set of all edge state-action pairs of Zsafe. We then hope to
establish safety of Zegge, so that, intuitively, we can expand the frontier of our safe set only along the direction of
the optimistic path. To this end, Algorithm 3| calls Algorithm {|to compute a corresponding Zexpiore C Zsafe to
explore (we will describe Algorithm |4 shortly).

Now, in the case Zexplore 15 nON-empty, Algorithm [3| returns control back to ASE, for it to pursue Texplore — and
Lemma [T2] shows that Texplore indeed explores Zexplore in poly-time. But if Zeypiore is empty, Algorithm [3]adds all
of Zegge to stafe; in the next iteration, Tgoa1 is updated to ignore Zunsafe. In Lemma |9, we use Assumption
to prove that the elements added to Zunsafe are indeed elements that do not belong to Zsag (and so we can
confidently ignore Zu11safe while computing Tgoa1). In Lemma we show that this iterative approach terminates
in poly-time and either returns a non-empty Zeplore that can be explored by Texplore, OF updates Tgoa1 in a way
that Zgoal C Zsafe. In the case that Zgoal C Zsafe, using Lemma we show that the agent first takes Tswitcn tO
enter into Zgea1 in finite time, so that the agent can pursue Tgoal-

Selecting safe actions for exploration. To establish safety of an unexplored (s,a) € Zeqge, we must explore
state-action pairs from Zeate that are similar to state-actions along an unknown return policy from (s, a) in order
to learn that unknown policy. While such a policy does exist if (s,a) € Zgato (according to Assumption , the
challenge is to resolve this circularity, without exploring Zate exhaustively.

Instead, Algorithm [4] uses a breadth-first-search (BFS) from (s, a) which essentially enumerates a superset of
trajectories that contains the true return trajectories. Specifically, it first enumerates a list of state-action
pairs that are a 1-hop distance away and if any of them have a loose confidence interval, it adds to Zexpiore @
corresponding similar state-action pair from Zsafe (if any exist). If Zexpiore is empty at this point, Algorithm
repeats this process for 2-hop distance, 3-hop distance and so on, until either Zexpiore is non-empty or the BFS tree
cannot be grown any further. Lemma |§| argues that this procedure does populate Zexpiore With all the state-action
pairs necessary to establish the required return paths; Lemma |Z| demonstrates its polynomial run-time. Although
we cannot guarantee that this method does not explore all of Zg,f, we do see this empirically, as we show in our
experiments (see Section [6]).

D Proofs

This section details our proof of Theorem [} that ASE is guaranteed to be safe with high probability and is
optimal in the PAC-MDP sense. We start by restating Theorem [I] and proving it. We then examine proofs for
the correctness and polynomial computation time of Algorithm [2| Specifically, we show that the computed Zsafe
is closed and communicating. Next we show that Algorithms E| and |§| correctly compute the desired Zexpiore and
an estimate of Zga1 in polynomial time. The following section shows that the computed estimate of Z g, is in
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fact correct, under certain conditions. Subsection [D.4] provides the key lemmas for proving PAC-MDP, namely
that that our agent, following Tgoal, Texplore; OF Tswitch €ither performs the desired behavior (acting optimally
or reaching certain state-action pairs) or learns something new about the transition function. By bounding
the number of times our agent learns something new, we can show that the agent follows the optimal after a
polynomial number of steps. The final subsection provides and proves additional supporting lemmas.

Theorem 1. For any constant ¢ € (0,1/4], €,0 € (0,1], MDP M = (S, A, T,R,~), for ér = §/(2|S||4|m),
Yeaptore = Ysuwiter = /T, and m = O ((|S|/€%) + (1/€%) In(|S]|A|/€)) where & = min (1,e(1 —7)* 1/H?) and
H = O (max{Hcomlog Heom, (1/(1 —))In(1/e(1 —v))}) ASE is Safe-PAC-MDP with a sample complexity
bounded by O (Hm|S||A|(1/e(1 —~))In(1/4)).

Proof.

Proof of admissibility. We first establish the probability with which our confidence intervals remain admissible
throughout the entire execution of the algorithm. Note that we only calculate each confidence interval m times
for every state-action pair. Thus, by the union bound and our choice of dr, the confidence intervals defined by
T and ér hold with probability 1 — 6/2. Then, by the triangle inequality, even the tighter confidence intervals
computed by Algorithm |§| — defined by jA“ and €7 — are admissible.

Proof of safety. Next we will show that, given that the confidence intervals are admissible, the algorithm never
takes a state-action pair outside of Zg,t. Corollary [2| Lemma (3| and [4| together show that Zsafe is a safe (which
also implies, closed), communicating subset of Zg,g. Using this, we will inductively show that the agent is always
safe under our algorithm. Specifically, assume that at any time instant, starting from sqg, the agent has so far
only taken actions from Zsate- Since Zgato is closed and safe, this means that the agent has so far been safe, and
is currently at s; € Zsafe. We must establish that even now the agent takes an action a; such that (s;, a;) € Zsafe.

Now, at each step, recall that according to Algorithm [I} the agent follows either Texpiore, Tswitch, OF Tgoal. Consider
the case when the agent follows either Texplore OF Tswitch-

In this case, for all (s,a) ¢ Zeate the rewards are set to be —oo, and for all (s,a) € Zeate the rewards are set to be
non-negative. To address both Texplore and Tswitch together, let the assigned rewards be Rf.

Now, for any ¢t > 0, recall that @T (s, a,t) denotes the estimate of @T (s,a) after ¢ iterations of dynamic programming
(not to be confused with the finite-horizon value of the optimistic policy). We first claim that, for all (s,a) € Zsate

and for all iterations ¢ > 1, the resulting optimistic Q-values are such that @T(s,a,t) > 0 if (s,a) € Zeate and
@T(s,a,t) = —oo otherwise.

We prove this claim by induction on ¢, assuming that @T(s, a,t) is initialized to some non-negative value for ¢t = 0.
For ¢t = 1, our claim is satisfied because the Q-values equal to the sum of the reward function and some positive
quantity.

Consider any ¢t > 1 and (s,a) € Zsafe. We know from Equation |5| that the Q-value for this horizon can be
decomposed into a sum of the reward and the maximum Q-value of the next states (with a positive, multiplicative
discount factor). For (s,a) € Zgate, in Equation |5} we will have that the first term, which is the reward function,
is non-negative. The second term is an expectation over the maximum @-values (for a horizon of ¢ — 1), where

the expectation corresponds to the probability distribution of TT(S, a,-) over the next states. Since (s,a) € Zsate

and since T is a candidate transition function, by Corollary [1} all the next states according to this transition
function, belong to Zsate. Now, for any s’ € Zgge, there exists a’ such that (s';a’) € Zare. By induction, we

have @T(s’, a',t —1) > 0, and hence max,~ @T(s’, a’,t —1) > 0. Hence, even the second term in the expansion
of @T(s, a,t) is non-negative, implying that @T(s, a,t) > 0. Now, for any (s,a) ¢ Zsage, it follows trivially from
Equation |5| that @T(s, a,t) = —oo since the reward is set to be —oc.

Thus, for any state s € Zsate, We have established that there exists a such that (s,a) € Zeate and @T(s, a)>0.

Furthermore, for any action a’ such that (s,a’) ¢ /\ZAsafe, @T(s, a') = —oo. Therefore, 7' (s) must be an action a
such that (s,a) € Zgate- This proves ‘that 71 € T1(Zsate). In other words, this means that at s € Zage the agent
takes an action a such that (s,a) € Zsate. This completes our argument for Texpiore and Tswitch-
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As the final case, consider a time instant when the agent follows myoa1. By design of Algorithm [I], we know that
this happens only if Zgoal C Zsate and s € Zgoa1. Now, by definition of Zgsa1, since s € Zgoa1, we know that
(8, Taoal(8)) € Zgoar. Then, since Zgon C Zsates (8, Taoal(9)) € Zsate, implying that the algorithm picks only safe
actions, even when it follows Tgoal.

Proof of PAC-MDP. Now we will show that ASE is PAC-MDP. To do this, we will show that at any step of
the algorithm, assuming our confidence intervals are admissible, the agent will either act e-optimally or reach a
state outside of the known set K = {(s,a) € S x A: n(s,a) > m} in some polynomial number of steps with some
positive polynomial probability. To prove this, recall the agent follows either Texplore, Tswitchs OF Tgoal i three
mutually exclusive cases; let us examine each of these three cases.

Case 1: 7goal 4 Z safe- If 7goal s Zsafe, then the agent follows Texpiore. In this case, we will show that
the agent will experience a state-action pair from K¢ (the complement of K) in the first H; steps, where

Hy = O(H?/c).

First note that the condition 7g0a1 (04 Zsafe CAN only change if 7goal O Zsate are modified, which can only happen
if the agent experiences a state action pair outside K so, if before the agent takes its Hyth step, this condition
changes, we know that the agent has experienced a state-action pair outside K, and hence, we are done.

Consider the case when the agent does not experience any element of K¢ in the first H; — 1 steps; hence the
agent follows a fixed Texplore for these steps. By Lemma since Zgoal 04 Zsafe, there must exist some element in
Zoxplore (Where Zeypiore C Zsafc by design of Algorithm Ib Now, recall that Texplore is computed using rewards
Rexplore, which are set to 1 on Zexpiore, and either 0 or —oo otherwise, depending on whether the state-action pair
is in Zsage or not. If we define Mexpiore = (S, A, T, Rexplore; Yexplore), then we can invoke Lemma (12| for Mexpiore
to establish that the agent reaches Zexplore or K°.

To do this, we must establish that all requirements of Lemma hold. In particular, we have Zexpiore C Zsato
by design of Algorithm We also have Zsafe is communicating_(Lemma and closed (Lemma and
that Texplore € H(Zsafe) (from our proof for safety of Algorithm . Finally, since m is sufficiently large,
by Lemma the agent will reach Zexplore or K¢ in Hy = O(H?/c) steps with probability at least 1/2 as long
as H > H.omlog MH% /log % Note that although Lemma [12[ guarantees this for the behavior of the agent on
Mexplore, the same would apply for M as well, since both these MDPs share the same transition. Finally, note
that since Zexplore ¢ K (by Lemma 7 this means that the agent escapes K in H; steps.

Case 2: 7goal C Zsafe, Sy & Zgoal Now consider the next mutually exclusive case where Zgoal C Zsafe but
the current state s & Z soal- In this case our agent will attempt to return to Z goal by following Tswiten. In this case,
we argue that, in the next Hy = O(H?/c) steps, the agent either does reach Z goal O experiences a state-action
pair in K¢. To see why, note that the current condition can only change if Zgoal or Zsate change or if the agent
reaches a state s € 7goa1- As noted before, Zgoal or Zsafe are modified only if the agent experiences a state action
pair outside K; so, if before the agent takes its Haoth step, this condition changes, we know that the agent has
either experienced a state-action pair outside K or has reached Zgoal, and hence, we are done.

Consider the case when the agent does not experience any element of K¢ in the first Ho — 1 steps, and hence
follows a fixed Tgwitcn for these steps. Since 7g0a1 # () (which is trivially true since s¢ € 7g0a1 always), using the
same reasoning as the previous case, we can again use Lemma [[2] to show that the agent will reach a state-action
pair in Zgoa or outside of K in Hy = O(H?/c) steps with probability at least 1/2, since m is sufficiently large
and H > H.,nlog 16H“”“ /log 2

Case 3: Zgoal C Zsafe, St € Zgoal. Finally, we consider the last case where 7goa1 C Zsafe and the current
state s € Zgoa1. In this case, we argue that the agent either takes an action that is near-optimal, or in the next H
steps, it reaches K¢ with sufficiently large probability.

Let P(Ajs) be the probability that starting at this step, the Algorithm [Ifleads the agent out of K in H steps,
conditioned on the history p;. Now, if P(Ax) > (1 — v)/4, the agent will escape K in H steps with sufficient
probability. Hence, consider the case when P(Ay) < e(1 —7)/4.

Then, assuming H > O ( In E(ll_,y)> and sufficiently large m, we can use the above probability bounds and
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Lemma [14] to show that in this case the state s; that the agent currently is in satisfies:
Vit (pe) = Vig, . (s0) — €. (7)

To complete our discussion of this case, we need to lower bound the right hand side in terms of the value of the

safe-optimal policy 7% . on the true MDP M. Recall that 7, is a policy that maximizes V safe subject to the
constraint that 7%, € II(Zsate). Now, consider an MDP My, with the same transitions as M However it has
rewards R’ ., such that for all (s,a) ¢ Zsafe, Rypa(s,a) = foo and everywhere else R, (s,a) = R(s,a). Now,

go
since 7%, € I1(Zsate), from Fact [1] I, we have that following n* . from any s € Zgage, the agent would never exit

safe

Zsate. Hence, for any s € Zgare, Vi, “f"‘l (s) = VM“fe( ). Note that this equality applies to the current state s; since
it is inside Z goal, and we know that Z goal C Zsafc and Zsafc C Zgsate (by Corollary '

Now, let us compare M} goal and Mgoa. Recall that Mgea has its rewards set to —oo only on ZAunsafe (and

everywhere else, it equals R(s,a)). By Lemma |§|, we know that Zunsafe N Zeafe = (0, and therefore Zunsate C 2

safe*
Thus, both Mgoal and M a1 have the same rewards as M, except Mgoa1 has the rewards set to —oo on a set

Zum,dfe, while M. goal has rewards set to —oo on a superset of Zunbafe, Z¢ e In other words, the rewards of Mol

are greater than or equal to the rewards of M* soal" Thus, the value of the optimal policy on Mg cannot be less
than that of M. Formally, for all s, Vi (s) > V]\Z{f;(s). Since we also have V]&i{f:l (s¢) = VA}T“C (s¢), we get:

V]&goal(st) Z Vzc—fsafe(st)' (8)
Thus, from Equations |7| and we get that at this state, V];‘}goal (pt) > V;\;;afe( S1) —
In summary, the agent does at least one of the following at any timestep:

1. reach K¢ in H; steps (starting from Case 1) with probability at least 1/2

2. reach K¢ in Hy steps (starting from Case 2), with probability at least 1/4

3. reach K¢ in H steps (starting from Case 3) with probability at least Q(e(1 — ~)).
4. reach Zgoa in Ha steps (starting from Case 2) with probability at least 1/4.

5. take a nearly-optimal action (in Case 3).

Note that in the above list, we have slightly modified the guarantee from Case 2. In particular, Case 2 guaranteed
that with a probability of 1/2 the agent would reach either K¢ or Zg0a1; from this we have concluded that at
least one of these events would have a probability of at least 1/4.

We first upper bound the number of sub-optimal steps corresponding to the first three events. Observe that the
agent can only experience a state-action pair outside of K a total of m|S||A]| times. Now, by the Hoeffding bound,
we have that it takes at most O (m|SHA|
probability of at least Q(min (1/4,¢(1 —7))) = Q(e(1 — 7)) as turning out to be heads. Hence, these trajectories
would correspond to at most O (maX(Hl, Hy, H) -m|S||A]| -

oy In %) independent trials to see m|S||A| heads in a coin that has a

6(1 ) In 5 ) many sub-optimal steps.

Next, we upper bound the number of sub-optimal steps corresponding to the fourth event. Consider two successful
occurrences of this event. That is, in both instances, the agent did indeed reach 7goal. In such a case, there
must be at least one time instant between these two occurrences when the agent experienced K¢; if not, after
the first occurrence, by design of Algorithm |1} the agent would have remained in 7goal, thereby precluding the
second occurrence of the event from happening. Thus, there can be at most as many successful occurrences of

this event as m|S||A| 4+ 1. Again, by a Hoeffding bound, this corresponds to O (Hg x m|S||A]
sub-optimal steps, with probability 1 — §/2.

6(1 ) ln %) many
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Combining the above two bounds and plugging in the bound on m gives our final bound on the number of
sub-optimal steps.

O

D.1 Proofs about Algorithm

Recall that Algorithm [2| expands the set of safe state-action pairs Zsafe (by making use of an updated set of
confidence intervals) by first creating a candidate set and then iteratively pruning the set until it stops changing.

First, in Lemma [T} we establish this procedure terminates in polynomial time. In the lemmas that follow after
that, we prove soundness and completeness. In particular, in Lemma we establish that the updated Zato 18
indeed safe. In Lemma we establish that Zeye is communicating and as a result of which in Corollary |2} we
establish that Zsafe C Zsafe- Finally, in Lemma [6| we prove completeness in that, if there exists a state-action pair
on the edge of Zsafe, and if there exists a return path from that edge that only takes state-action pairs whose
confidence intervals are sufficiently small, then that state-action pair and all of that return path is added to Zsafo-

Lemma 1. Algorithm|g terminates in poly(|S|,|A|) time.

Proof. The algorithm begins with a set Zcandidate With |S| - |A] many elements. Now in each outer iteration,
Zcandidate €ither ends up losing some elements, or remains the same. If it does remain the same, then we break
out of the outer loop. Thus, there can be at most O(|S] - |A|) many iterations of the outer loop.

Next, consider the first inner while block. In each iteration of the while loop, we either add an element to
Zreachable Or break out of the loop if Zeachable does not change. Thus, there can be at most O(]S| - |A|) many
iterations of this while loop. As for the time complexity of the inner while loops, since Zsafe U Zieachable 18 a finite
set, it is easy to see that these iterations terminate in polynomial time. A similar argument holds for the next
while block too. For the third while block, we must apply a slightly different version of this argument where we
make use of the fact that in each run of the while loop, we either remove a state-action pair from Zjoseq or break
out of the loop. From the above arguments, it follows that the algorithm terminates in polynomial time. O

Note: In the following discussions, unless otherwise specified, Z oseq denotes the set as it is in the last step of
Algorithm 2]

Before we prove our other lemmas about Algorithm [2] we first establish a result about Algorithm [f] that computes
the tighter confidence intervals. Specifically we show that these confidence intervals are computed in a way that
if a particular interval is sufficiently tight, then every candidate transition probability in that interval has the
same support of next state-action pairs as the true support.

Lemma 2. Assume the confidence intervals are admissible. Then, for any (s,a) such that er (s,a) < 1/2, for
A
all ' € S, T (s,a,s") > 0 if and only if T(s,a,s’) > 0.

Proof. First consider the case when T'(s,a,s’) = 0; we will show that :IA’ (s,a,s’) = 0. To see why, consider the
(8,a) that contributed to this confidence interval as computed in the step of Algorithm @ Since €7 (s,a) < 7/2,
from Algorithm [6] we have that A((s,a),(5,a)) < 7/2. This implies that if & = a((s,a,s'),(5,a)), then
|T(3,a,8") —T(s,a,s")| < 7/2. Since we assumed T'(s,a,s’) = 0, we have that |T(5,a, )| < 7/2. However, by
Assumption [4] we have that the range of T lies in [0] U [r, 1], therefore, to satisfy the above inequality, we must
have that T'(3,a,3) = 0. This would imply that the empirical probability 7'(3,a, §) too is zero, which then is
assigned to T (s,a,s’) in Algorithm@ Thus, IA’ (s,a,8") =0.

Now consider the case when T'(s,a,s’) > 0. We will show that QIA’ (s,a,s") > 0. First, since T'(s,a,s’) > 0, by
Assumption it means that T'(s,a,s’) > 7. As argued in the previous case, since |T(8,a,§") — T(s,a,s")| < 7/2,
we will also have T'(8,a,§) > 7/2. Again, by Assumption |4} this would imply T'(3,a,§’) > 7. Note that, from
Algorithm @ we have that, since er (s,a) < 7/2, ép(5,a) < 7/2. And since confidence intervals are admissible,

this means that |7'(8,a,3) — T(§,a,§")| < 7/2. This, together with the fact that T'(3,a, §") > 7/2, means that
A~ A A
T(3,a,8) > 7/2. In Algorithm |6} we would assign this value to T (3, a, §'), thus, resulting in T (s,a,s’) > 0. O

This lemma allows us to compute the support of state-action pairs we have never experienced. Algorithm 2] uses
this idea to expand Zg,s in a way that retains closedness, thus, safety.
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Lemma 3. Assume our confidence intervals are admissible. Whenever Algorithm[1] calls Algorithm[3, in the
final step of Algomthm@ safe U Zclosed 15 a safe set.

Proof. We will prove this statement using induction. That is we assume that, before every call to Algorithm 2
Zsate 18 a safe set. As the base case, this is satisfied in the first call because then, Zs.fe = Zo and we have assumed
Zy to be a safe set in Assumption [T}

Since we populate Z.andidate With only those state-action pairs with non-negative rewards, it follows directly from
the run of the algorithm that all state-action pairs that are eventually found in chosed have non-negative rewards.
Thus, to show that Zjoseq U Zédfe is safe, we only need to show that Z.ogeq U Zbdfe is a Closed set. That is, we
need to show that for any (s,a) € Zcjosea U Z‘ afe, €very possible next state has an action in Z safe U Zelosed 1-€-,
for all s € {s' € S:T(s,a,s’) > 0}, there exists an o’ € A where (s',a’) € Zate U Zelosed. From the induction
assumption (that Zeato 18 closed), this trivially holds for all (s,a) € Zeate-

Hence, consider any (s, a) € Zcjosed. From our choice of Zeandidate in the first step of the algorithm, we know that

/
€r (s,a) < 7/2. Then from Lemma , we know that the set § = {sesS T (s,a,s’) > 0} is identical to the true
support of the next state-action pairs of (s,a). But from the third inner while loop of our algorithm, we have that

Al ~
for all s’ €S, we ensure that there exists an a’ € A where (s',a") € Zeiogea U Zsafe, implying that all possible next
states of (s,a) have a corresponding action in Zcjosed U Zsafe- Thus, Zecjosed U Zsafe 18 closed, and also, safe. [

As a corollary of the above result, we can also show that Zsate is closed even if we replaced the true transitions by
some candidate transition.

Corollary 1. AssAume the confidence intervals are admissible. Durmg the run of Algomthmm, we always have that,
for any Tt € CI(T) and for any (s,a) € Zsafe, if there exists s' € S such that T'(s,a,8') > 0, then s' € Zage.

Proof. By design of Algorithm [2, we know that for any (s,a) € Zsage, either (s,a) € Zy or € (s,a) < 7/2.

Consider the case where (s,a) € Zy. Since the confidence intervals are admissible, by the third requirement in
the definition of the candidate transition set (Definition E[) we have that if T7(s,a,s’) > 0, then s’ € Zy. Since
ZO - Zsafe; s' e Zsafe

Consider the case where € (s,a) < 7/2. Since the confidence intervals are admissible, we have from Lemma [2| that
if Tt (s,a,8") >0, then T'(s,a,s’) > 0. Since we have established in Lemma that Z,te is closed, this means that
s’ e Dsafo- O

In order to make sure that our agent can continue exploring without ever getting stuck, we must ensure that
whenever Algorithm |2 I expands Zsafe, it remains communicating.

Lemma 4. Assume our confidence intervals are admissible. Whenever Algorithm[1] calls Algorithm[3, in the
final step of Algorithm @ safe U Zclosed 15 communicating.

Proof. We will prove this statement using induction. We first assume that, before every call to Algorithm Zsate
is an communicating set, and using this, prove that the updated safe set, namely Zsafe U Zeclosed computed at the
end of Algorithm |2| is also communicating. As the base case, this is satisfied in the first call because Zeate = 20
and we have assumed Z; to be an communicating set in Assumption

Informally, to show that Zeate 18 communicating, we will first show that for every state in Zsate, the agent has a
return policy which ensures that from anywhere in Zsafe U Zeclosed, it can reach that state with non-zero probability.
As a second step, we will show that for every state in Zgoseq, the agent has a ‘reach’ policy which ensures that
from anywhere in Zsafe U Zclosed it can reach that state with non-zero probability. Finally, we will put these
together to establish communicatingness.

Proof that Z.oseq is returnable. As the first part of the proof, we will show that,

Vs e Zsafe 37Treturn € H(Zsafe U chosed)a s.t. Vs € Zsafe U chosed P [Et, St = §| Treturns S0 = S] > 0. (9)

Fix an § € Zsafe. We will prove the existence of a suitable Tyetyn by induction. Consider the last outer iteration
of our algorithm during which we know that Zeturnable at the end of the second inner while block is identical to
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Zclosed at the end of the third inner while block. In this round, consider some (s,a) that is about to be added to
Zreturnable- For the induction hypothesis, we will consider a hypothesis that is stronger than the one above. In
particular, assume that there exists T.etun Such that for every initial state s’ currently in Zsate U Zreturnable, there
is non-zero probability of returning to §, while visiting only those states in Zsafe U Zreturnaple ON the way to §.

Formally, assume that Imreturn € H(Zsate U Zelosed) such that:

’ 5 5¢=3, o
Vs' € Zsafe U Zreturnable,; P | 3, V' <t 8,1 € ZsateUZreturnable| 1 return; S0 =8 > 0. (10)

This assumption is of course true initially when Zgate U Zicturnable = Zsafe; Dy communicatingness of Zgfe.

A
Now, by the manner in which the second while block works, we know that there exists an s’ such that T (s, a,s’) >0
. it . A e e .
and there exists a’ such that (s',a') € Zsate U Zreturnable- Note that since €7 (s,a) < 7/2 (by our initial choice of

Zcandidate) and since jAﬂ (s,a,s") > 0, it follows from Lemmathat T(s,a,s") > 0.

that is identical to 7 everywhere, except (s) = a. Note that since (s,a) € ZsateUZcloseds

: /
Next, consider 7 return

7 return

7Tllretum € H(Zsafe U chosed)-

First, we have that the induction assumption still holds for every s’ € Zsafc U Zieturnable- Lhat is, for every
8" € Zeate U Zroturnable, With non-zero probability, 7/, Starts from s’ to return to §, without visiting any state
outside Zsafe U Zreturnable- Lhis is because, for a given random seed, if the agent were to follow Tyeturm from s to
return to s”, without visiting any states outside of Zsafe U Zyeturnable, the agent would do the same under 7/ ,m
since the two policies would agree on all the visited states.

Next, we have the following when starting from s:

p [at 5i=3 sy =8| >T(s,a,s)P [at 5=8

V<t 8,0 € ZoateU Zroturnable | N Teturn; PV <t 8,0 € ZsateU Zroturnable

/ 0
Treturns S0 = S :|

) V' <t 8,1 € ZsateU Zreturnable

> T(s,a,s)P [Ht Je=a

!
Treturn, S0 = S i|

> 0.

Here, the first inequality simply follows from the fact that one possible way to reach § from s, is by first taking a
step to s’. In the second step, we were able to replace Ty With Treturn by @ similar logic as before. Specifically,
for a given random seed, if an agent starts from s’ to reach 5 following m e¢urn Without ever visiting s, it should

/
do the same under 7., t00.

Finally, we have that both the above terms are strictly positive. Hence, we establish that 7/, With non-zero

probability, allows the agent to return to 5, while never visiting any state outside Zeate U Zroturable U {(s,a)}.

Proof for Z.oseq is reachable. For the second part of the proof, we will show that Vs € Z.josed,

Ejﬂ-reach S H(chosed U Zsafe)a 5.t.Vs € Zsafe U chosed P[Ht; St = S|SO = §7 7Treach] > 0. (11)

We will prove this by induction. Consider the last outer iteration of the algorithm and consider the first inner
while loop where we populate Zyeachable- INOte that since this is the last outer iteration, at the end of this while
block, Zieachable 1 exactly equal to Zijoseq that is output at the end of the algorithm. (Thus, during the run
of this while loop, we always have that Zicachable C Zelosed-) In this while loop, consider the instant at which
some (s',a’) is about to be added to Zieachable- We will assume by induction that for all § that are currently in
Zsafe U Zicachable; Eoquation holds i.e., Imcach such that from anywhere in Zsafe U Zreachables We can reach s
with non-zero probability.

As the base case, because of how we have initialized Zyeachable; We have that for all s € Zsate U Zreachable, s € Zato.
Thus, for this case, the induction assumption holds from the fact that we have proven returnability to Zgate-

Now, let us turn to the point when the algorithm is about to add (s, a’) t0 Zycachable- Then, note that this means
A~ A
that there exists (s,a) € Zsate U Zreachable such that T (s,a,s’) > 0. Since er (s,a) < 7/2 (by our initial choice of
A
Zcandidate) and since T (s,a,s’) > 0, by Lemma we have that T'(s,a,s’) > 0.
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Next, consider the policy Tyeach guaranteed by our induction assumption, to reach s from anywhere in Zsaerchosed.

Then, define a policy =, ., which is identical to myeach On all states, except that 7/, (s) = a. Note that since

(5; a) S Zsafe ) Zreachable C Zsafe ) choseda and since Treach € H(Zsafe ) chosed); we have ﬂ-;cach € H(Zsafe ) chosed>-

/

/oach Teaches s’ from any § € Zsafe U Zclosed because of the following:

Now, we can show that
P[3t, 51 = 8| Tloacns S0 = 8] = T'(s,a, 8 )Pr[3t, si—1 = 8| Thopens S0 = 8]
> T(Sa a, S/)P’I“ [3t7 St—1 = S‘ Trreach) S0 = 5]

> 0.

Here, the first inequality comes from the fact that one way to reach s’ is by traveling to s and then taking the
action a. In the next inequality, we make use of the fact that, for a given random seed, if the agent follows
Treach from § to visit s for the first time, it would follow the same steps to reach s even under 7, , since the
policies would agree until then. Finally, we have from our induction assumption that the probability term in the
penultimate line is strictly positive; since the transition probability is strictly positive too, the last inequality
holds.

This proves that /., € H(Zsafe U Zclosed) Teaches s’ from anywhere in Zeate U Zelosed With non-zero probability.

Proof for communicatingness. Finally, we will wrap the above results to establish communicatingness. From
the above results, we have that Vs’ € Zgare U Zelosed:

Imyisit € H(Zsafe U chosed)a s.t.Vs € Zsafe U Zclosed P [Hta St = 3/| Tvisity SO = 5] > 0.

To establish communicatingness, we need to show that this probability is in fact 1. To do this, we will first note
that myisit € I(Zsate U Zelosed) and since Zgsate U Zelosed 1s closed (as proven in Lemma, then use Lemma [5| to
establish communicatingness.

O

Corollary 2. Assume our confidence intervals are admissible. Whenever Algorithm[1] calls Algorithm/[3, in the
final step of Algorithm @ Zsafe U Zclosed C Lsafe-

Proof. Note that Zy C Zente U Zelosed by construction. Then, since we have established communicatingness of
Zeate U Zelosed 1N Lemma for every (s,a) € Zsate U Zelosed, there should exist a policy Treturn that travels from
(s,a) and goes to any states in Zy with probability 1. Furthermore since we established safety in Lemma this
also means that every state-action pair visited in this path has non-negative reward. Thus, by definition of Zg,fe,
the claim follows. O

Although our definition of communicating, Def [2] seems strict since its guarantee must hold with probability
1, we show here that this is no stronger than having the guarantee simply hold with positive probability. This
lemma helps us prove that our definition of communicating is equivalent to that of the standard definition (see
Fact [2)) as well as help prove that the safe set we construct is indeed communicating (see Lemma [4]).

Lemma 5. If there exists a closed set of state-action pairs Z such that Vs’ € Z:
I Tpisit € (Z), stVse€ Z P, sy = 8| Tyisit, So = 8] > 0
then it must be the case that this probability is, in fact, equal to 1; specifically, Vs' € Z:

3 Tyisit € (Z), stVs€ Z P, sy = 8| Tyisits 50 = 8] = 1

Proof. From the above, we have that for a given s’ € Z, there must exists a constant H > 0 and a constant p > 0
such that:

Vs€ Z P[3t<H, s =5|myisit, S0 = 8] > p. (12)
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We will start by equating the probability of never visiting s’ by decomposing the trajectory into a prefix of H
steps and the rest, and then applying the Markov property, as follows:

P[Vt,s; # 8" |Tvisit, So = 8] = Z P[Vt,s; # 8" |Tvisit, so = 8" |P {VtSH’S"ff‘g,

SH=S
s’esS

Tyisity S0 = S| -

Note that since myisit € II(Z) and since Z is closed, we have from Fact [1| that s”, which is the Hth state in the
trajectory, satisfies s” € Z. Therefore, we can restrict the summation to Z (the remaining terms would zero out).
Hence,

P[Vt, sy # 8" |Tyisit, So = §]

/ Vt<H,s;#s
= E P[Vt,s¢ # 8" |Tisit, S0 = s"|P [ o _;75 Tyisit, S0 = S]
S//EZ
’

S (max P[Vt St 7é 5 |7TV151t7 S0 = 8 ) ( VtSHft/;lés Tlvisity, S0 = 5:|>

s'eZ SH=S

//EZ

= (Igax P[Vt, sy # 8" |Tyisit, S0 = 8 ) [Vt < H,s; # 8 | Tyisit, S0 = 8])

S

s''eZ

< (max P[Vt St 7é 5 IT‘-V]blt7 50 =S8 ]) (1 _p)

Since the above inequality holds for any s € Z, we can apply a maxscz on the left hand side and rearrange to get:

max P[Vt St 7é s |7Tv151t780 =S ] p<0
SIIEZ

Since p > 0 (see Equation , this means that the first term here is equal to zero. In other words, with probability
1, 3t such that s; = s’ when the agent starts from any s and follows isit, as claimed. ]

Finally, we want to show that Algorithm [2| computes the largest possible Zeate that still retains safety and
communicatingness. This is necessary since, if this were not true, we could get into a situation where we know
enough to ensure we can perform the optimal policy, but our agent remains trapped in Zg,¢ forever.

Lemma 6. Assume that the confidence intervals are admissible. Consider some call of Algorithm[9 while executing
Algorzthm Consider (5,a) ¢ Zsafe such that 5 € Zsafe Let I epurn such that starting at (8,a), Treturn Teaches a
state in Zsafe with probability 1. Let Z be the set of state-action pairs visited by the agent starting (8,a) following
Treturn efore reaching Zsafe. Formally, let:

Z={(s,a) € SxA:P {Elt >0 Vt(,si’:ts)jészfa)f (s0,a0) = (8,a), wretum} > 0}.

In the final step of Algom'thm@ if V(s,a) € Z \ Zsafe, er (s,a) < 71/2, then ZC Zsafe U Z closed-

Proof. Informally, we will show that in each iteration of the algorithm, after the first inner while block, we
have Z C Zsafe U Zyieachable; and using this, we will show that after the second inner while block, we have
7 C Zato U Zreturnable; and finally, because of this, after the third inner while block, 7 C Zsate U Zelosed.- Below,
we prove these three statements, and finally wrap them up to prove the main claim.

Proof for 7 C Zsafe U Zreachable Assume there exists (§,a) as specified in the lemma statement. Then,
formally, we will show that if Z C Zeate U Zeandidate before the beginning of the first inner while loop, then
7 C Zsafe U Zyreachable at the end of the loop.

We will prove this by contradiction. Assume for the sake of contradiction that there exists a non-empty Zbad cZ
such that Zp.q has no intersection with Z safe U Zreachable- L€t Zgood =Z \ Zbad. First we note why Zgood is
non-empty. Since Z \ Zeate C Zeandidate (from our initial assumption), since (§,a) € 7 \ Zsate, and since § € Zuate
(from lemma statement) when initializing Zyeachable With {(s,a) € Zcandidate : § € Zsafe} we would add (§,a) to
Zreachable- Thus, Zgoq must contain at least (8, a).
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Next, we argue that there must exist some (s',a’) € Zbad such that there exists an (s,a) € Zgood for which
T(s,a,s') >0 and s ¢ Zsafc If not, then starting from (5 a) € Zgood, the agent can never hope to reach Zpaq
before visiting a state Zsafe, contradicting the fact that Zbad is a subset of state-action pairs that it visits before
reaching Z_ afe-

Now, consider such an (s',a’) (which was not added to Zieachable) and its predecessor (s, a), which belongs to
Zsate U Zreachable because it belongs to Zgooa. In some iteration of this while loop, we must have examined
(s,a) € Zeate U Zroachable. Since s ¢ Zeate, We also have (s,a) ¢ Zeate- Since (s,a) € Zgood, and Zgood C Z, this
further means that (s,a) € Z \ Zsafe From our lemma statement, we then have that the confidence interval
of (s,a) is less than 7/2. Hence €r (s,a) < 7/2. Then, from Lemma [2| since T(s,a,s’) > 0, we have that
T (s,a,s") > 0. Then, since (s',a’) € Zcandidate; We would have added (s',a’) to Zieachable in this iteration,
contrz{dlctlAng the fact that we never added it to0 Zieachable in the first place. Thus, Zpad must be empty, implying
that Z C Zsafc U Zroachablc~

Proof for Z C Zsafe U Zreturnable- Formally, we will show that if Z C Zsafe U Zieachable before the beginning
of the second while block, then Z C Zeate U Zrotumable at the end of the block.

At the end of the second block, let us define Zoad i= 7 \ ( safe U Zreturnable). We want to show that Ziad is empty,
but assume on the contrary it is not. First we argue that there must exist (s,a) € Zbad such that one of its next
states belongs to Zbafe U Zreturnable- 1f this was not the case, then whenever the agent enters Zbad7 it will never be
able to return to Zgafe This is however in contradiction to the definition of Z.

For the rest of the discussion, consider such an (s a) € Zbad such that (s, a ) € Zsafe U Zreturnable for which
T(s,a,s") > 0. Slnce (s,a) € Zoad and Zpaqa C Z \ Zeate, it means that (s,a) € Z'\ Zeate. Then, from our lemma
statement we have €7 (s,a) < 7/2. Now, from Lemmal we have that since the confidence intervals are admissible
and since T'(s, a, s") > 0, it must be the case that T (s,a,s’) > 0. Then, in the iteration of the while loop during
which (s’,a’) is present in Zsate U Zreturables (s,a) would in fact be added t0 Zyeturnable- This, however, contradicts
our assumption that (s,a) € Zyaq. Therefore, Zyaq should in fact be empty. Thus, Z C Zsate U Zretumable at the
end of this while block.

Proof for Z C Zsafe U cho%ed. AFormally, we will show that if Z C Zsafe U Zreturnable before the beginning of
the third while block, then Z C Zgat0 U Zejosed at the end of the block.

Assume on the contrary that there exists (s,a) € Z such that (s,a) ¢ Zeate U Zelosea at the end of the third block.
Since Zejoseq is initialized with all of Z contained in it, consider the first such (s, a) that is removed from Zgjosed
during the course of this second inner iteration. Now, just before the moment at which (s, a) is removed, by
design of the algorithm, we would have that there exists s’ such that ]A“ (s,a,s") > 0 and s ¢ Zsate U Zelosed.-
Note that at this point, we also still have Z C Zbafe U Zelosed - T herefore, this means that s Agé Z. Now, we have
that (s,a) € Z\ Zeage, which means, by the lemma statement, €7 (s, a) < 7/2. Then, since T (s, a,s') > 0, from
Lemma | we have T'(s,a,s’) > 0. However, this contradicts the fact, if (s, a) € Z, then every next state of (s,a)
must lie in Z. Thus, no (s a) belonging to Z must have been removed from Zgafe U Zeclosed during this while block,
implying that 7 C Zsafe U Zelosed at the end of this block.

Proof of main claim. From the above arguments, we have that whenever the outer iteration begins with
7 C Zcandidate U Zsafe it ends with Z C Zeandidate U Zclosed- Now, at the beginning of Algorithm [2, we must have
7z \ Zsate C Zcandidate due to the fact that all elements of Z have confidence intervals at most 7 /2. In other words,
Z C Zeandidate U Zgafe Then, from the above arguments, we have that ZcC Zsafe U Zeclosed at the end of the first
iteration. Since Z.andidate at the beglnnmg of the second outer iteration is equal to Zcjoseq from the end of the
previous outer iteration, we again have ZC Z candidate U Zsafe at the begmnlng of the second iteration. Thus, by a
similar argument we have that the algorithm preserves the condition that ZcC Zclosed U Zsafe at the end of every
outer iteration, proving our main claim.

O
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D.2 Proofs about Algorithm [ and Algorithm

In the next few lemmas, we prove results about Algorithm [ and Algorithm [3] Recall that Algorithm [] takes as
input a set of edge state-action pairs (which are state-action pairs that do not belong to Zsafe but whose state
belongs to Zsafe) and outputs a set of elements from Zsafe which need to be explored in order to learn the return
paths from the edges. Also recall that the idea of Algorithm [3[is to return an updated 7goa1 (the set of states in
the optimistic goal path) and Zexpiore (by making a call to Algorithm .

In Lemma [7] we demonstrate that Algorithm [4] terminates in polynomial time.

Lemma [8] helps establish that running Algorithm [4] allows the agent progress without getting stuck. More
concretely, in Lemma |§| we argue that the elements of Zeipiore do not belong to K. That is, the elements of
Zoxplore are those that have not already been explored (as otherwise, the agent may be stuck perpetually in
exploring what has already been explored).

In Lemma |§|, we establish that Algorithm 4| works correctly (and hence, so does Algorithm . In particular, we
show that Algorithm E| does not terminate with an empty Zexplore Wwhen some of the edge state-action pairs of
Zsafe are indeed safe. If we did not have this guarantee, then it’s possible that even though there are some edge
state-action pairs are safe, our agent may be stuck without exploring any state-action pair within Zesate- On the
other hand, with this guarantee, we can be confident that our agent will explore to learn the return path of such
edge states, and then establish their safety, using which it can then expand Zsate in the future. As a corollary of
this guarantee, we show that Algorithm 3| always ensures that Zunsafe contains no element that actually belongs
to Zsafe-

Finally, in Lemma[I0} we prove that Algorithm [3] terminates in polynomial time, guaranteeing that either Zexpiore
is non-empty (which means the agent can explore Zgz to learn a return path and expand Zg,s.) or that 7g0a1
has been updated in a way that 7goa1 C Zgsate (which means that the agent can stop exploring, and instead, start
exploiting).

Below, we prove our result about the run-time complexity of Algorithm [4

Lemma 7. Algorithm [{] terminates in poly(|S|, |A|) time.

Proof. Recall that Algorithm [4] executes an iteration of a while loop whenever erext # 0 and Zexplore = 0. Also
recall that inside the while loop, the algorithm executes a for loop that iterates over all elements of ZL .. Hence,

during the while loop, since ZL _, is non-empty, we must also execute at least one iteration of the inner for loop.
Now, note that, by design of the algorithm, ZL . is populated only with elements that do not belong to Zieturn-
Since the for loop adds all these elements to Z,cturn, every call to the for loop corresponds to increasing the
cardinality of Zieturn by at least one. Thus, there can be at most as many executions of the for loop as there are
state-action pairs, |S| x |A|. By extension, the while loop can be executed at most |S| x |A| times, after which it

should terminate. O

Next, we show that the state-action pairs marked for exploration by Algorithm [ have not already been explored
well before.

Lemma 8. Algom'thm Teturns Zegpiore such that for every (3,a) € Zegpiore, (5,a) € K¢ where K = {(s,a) €
S x A:n(s,a) > m} when m > O(‘%‘—f— T%ln%),

T

Proof. Assume on the contrary that there exists (3,a) € Zexplore such that (§,a) € K. By design of Algorithm
we have that there exists (s, a) ¢ Zeate Which resulted in the addition of (3,@) t0 Zoxplore- In particular, we would
have that €7 (s,a) > 7/2 and A((s,a), (3,a)) < 7/2. Since (5,d) € K, we also have é7(5,a) < 7/4 (and this
follows from Lemma, . Then, we would have €7 (s,a) < ér(s,a)+ A((s,a),(5,a)), implying er (s,a) < 71/4
which is a contradiction. Thus, the above claim is correct. O

Below, we show that as long as there is a edge to Zsafe with a safe return path to Zsafe, Algorithm (4| will return
with a non-empty Zexplore-
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Lemma 9. Assume our confidence intervals are admissible. During a run of Algorithm[1] at the end of every
call to Algom'thm we will have Zegpiore = 0 only if ¥V (8,a) € Zedge, (5,a) & Zsae- As a corollary of this, we
always have that Zunsafe N Zsafe = 0.

Proof. We will prove this by induction. Specifically, since Algorithm [3]is the only block where we call Algorithm
and modify Zunsafe, we will consider a particular iteration of the while loop in Algorithm (3| Then, we will
assume that in all the previous iterations of this while loop, when Algorithm [4] was called, it satisfied the above
guarantee. Additionally, we will assume that Zunsafe satisfies Zunsafe N Zsate = O in the beginning of this loop.
Then, we will show that the guarantee about Algorithm [ is satisfied even when we call it in this loop, and that,
by the end of this loop, lensafe continues to satisfy Zunsafe N Zgate = 0.

As the base case, in the first iteration, since we have never called Algorithm M) before, the induction hypothesis
about Algorithm {4fis trivially satisfied. Furthermore, since Zypsafe is initialized to be empty set, we again trivially
have Zynsate N Zsate = @ in the beginning of this loop.

Now, consider any arbitrary iteration of the while loop of Algorithm [3] Through the next few paragraphs below,
we will argue why the call to Algorithm [4] in this loop, satisfies the above specified guarantee. In the final
paragraph, we provide a simple argument showing why Znsate N Zsate = 0 at the end of the loop.

Proof for claim about Algorithm Assume that during this particular call to Algorithm [d] there exists
(3,@) € Zeqge such that (3,a) € Zgage. To prove the above claim, we only need to show that in this case Algorithm
E| will result in a non-empty Zexpiore- S0, for the sake of contradiction, we will assume that Zypiore is empty after
the execution of Algorithm [

The outline of our idea is to make use of the fact that by Assumption [5| we are guaranteed a return path from
(8,a) that is sufficiently similar to state-action pairs in Zsafe. We will then show that we can pick a particular
trajectory from this return path which visits a ‘bad’ state-action pair — a state-action pair whose counterpart in
Zsafe has not been explored sufficiently. Then, under the assumption that Zexpiore Temains empty, we will argue
that Algorithm [4 will visit all the state-action pairs in this trajectory, and finally, when it encounters the bad
state-action pair, the algorithm will add the counterpart of this bad pair to Zexpiore, reaching a contradiction.

First, let us apply Assumption [5| to (8,a) which guarantees a return path from (§,a) because it is an edge
state-action i.e., § € Zeate and (8,a) ¢ Zeate- But to apply this assumption, we must establish that Zy C Zeafo-
This is indeed true as it follows from how Algorithm [1| initializes Zesate with Z and every call to Algorithm [2| only
adds elements to Zsafe.

Now, consider the Tyetum guaranteed by Assumption Starting from (s,a), and following myetum, the agent
returns to Zo with probability 1. Furthermore, if we define the set of state-action pairs visited by Treturn oD its
way t0 Zgafe as:

Z = {(S,a> €SxA:P |:3t >0 vi’szfts),:éséé)f

(SO;G/O) = (gad)aﬂ-return > O}a

then we are given that every element of Z \ Zsate corresponds to an element (s',d") € Zeate such that
A((s,a), (s',a")) < 7/4.

To make our discussion easier, let us partition the elements of 7 \ Zsafe into two sets Zgood and Zbad as follows,
depending on whether or not the corresponding (s’,a’) has been explored sufficiently well or not:

Zgood ={(s,a) € Z\ Zsage | 3(s',a’) € S x As.t. A((s,a),(s',d")) + ép(s',a’) < 7/2}

and
Zpad = {(5,0) € Z\ Zsage | V(s',a") € S x A st. A((s,a),(s',a")) + ép(s',a’) > 7/2}.

Note that every element of Z\ Zsate belongs to exactly one of Zgood and Zpaq. Also note that for all (s,a) € Zgood,
€r (s,a) < 7/2 since A((s,a), (s',a')) + ér(s',a’) < 7/2. However, for all (s,a) € Zpaq, since there exists no
sufficiently explored (s, a’) that is also sufficiently smaller, €7 (s,a) > 7/2.

Next, we argue that there must exist at least one element in Zpad. If this was not the case, then we would have
that all elements in Z \ Zsae belong to Zgooq and therefore have a confidence interval at most 7/2. Then, from

Lemma @ we will have that when Algorithm [1| executed Algorithm [2| just before calling Algorithm |3} Zgase is



Melrose Roderick, Vaishnavh Nagarajan, J. Zico Kolter

updated in a way that ZC Zsafe, which would imply that (3,a) € Zsafe. However, this cpntradicts our assumption
in the beginning that that (8, a) is an edge state-action pair that does not belong to Zsate.

Since Zpaq is non- empty, and since Ziad C Z there should exist a trajectory of Myeturn Starting from (§,a) that
passes through an element of Z,,q before visiting Ziato. Let (s0,a0), (s1,a1), ..., (Sn,an) be one such trajectory,
where (s, a9) = (5,a). Let (sn,an) be the first element in this trajectory that belongs to Zpaq. Since all the
elements in this trajectory preceding (s, a,) belong to Z but not Zsafe or Zbad, all these elements must belong
to éZgOOd.

We will now use the fact that, under our initial assumption, Algorithm E| returns with an empty Zexplore to argue
by induction that, during that run of Algorithm [4] all state-action pairs in this trajectory up until and including
(Sn,an) are added t0 Zyepur- (After this, we will reach a contradiction).

For the base case, consider (s,a). When the while loop condition is executed the first time, Zexplore = @ by
initialization, and ZL _, # 0 because it is equal to Zeqge which has at least one state-action pair, namely (s,a).
Thus, the while loop will be executed, and every element in ZL _, will be added t0 Zyepurm. Since ZL = Zeqge at
this point, this implies that (s, a) will be added to Zyeturn-

Next, for some i € [1,n], assume by induction that all state-action pairs preceding (s, a), where k < 4, have been
added t0 Zyeturn; We must prove the same happens to (s;, a;). Consider the loop when (s;_1,a;—1) is examined
and added to Zyretum- Since (s;_1,a,-1) € Zgood, its confidence interval is at most as large as 7/2; thus, in this
loop, we would execute the else branch of the if-condition. As a result of this, we can argue that (s;, a;) is added

to ZL+1 from the following four observations.

First, since the considered trajectory has non-zero probability, we have T'(s;_1,a;_1,s;) > 0. Furthermore, since
?T (si—1,a;—1) < 7/2, and since the confidence intervals are admissible, by Lemma we have jAﬂ (s$i—1,ai—1,8;) > 0.
Second, if (s;, a;) was part of Zetum at this point we are already done; so let us consider the case that currently
(8i,0a;) §é Zreturn- Thirdly, since (siya;) € Z \ Zsates (siya;) ¢ Zeate- Finally, from our induction assumption, we
have that Zunsate N Zeate = 0; and since myetum 1S a safe policy, it follows that (s;,a;) ¢ Zunsafe- As a result of
these four observations, in this else branch, we would add (s;, a;) to ZL

next -

Now, consider the instant when the algorithm evaluates the while condition after exiting the for loop that
examined (s;_1,a;—1). At this point, by our initial assumption, Zexplore is still empty while Znext is not as it
contains (s;,a;). Thus the algorlthm would proceed with executing this while loop (as against exiting from it
then). Now since (s;,a;) € ZL ., inside the inner for loop, there must be an iteration when (s;,a;) is examined
and added to Z,cturn, proving our induction statement.

Thus, consider the for loop iteration when (s,,a,) is added t0 Zeturm- Since (sp, an) € Zbad, eT (Sn,an) > 7/2.
Hence, we would enter the if-branch of the if-else condition. Again, since (8,,a,) € Z\ Zsafe, from Assumption [5
we know there must exist (s,a) € Zsate such that A((s,a), (sn,an)) < 7/4. As a result, (s,a) will be added fo
Zexplore contradicting the fact that Algorithm @ exited the while loop without adding any element to Zeplore-
Thus our initial assumption must be wrong, proving the main claim about Algorithm [4]

Proof for ZunsafeN Zsate = 0.  From the induction assumption, we have that Zunsate N Zeate = 0 in the beginning
of this while loop. During this 10op, Zunsate is modified by Algorithm [3{ only when the call to Algorithm 4| returns
with an empty Zexplore- In such a case, Zunsafe is modified by adding Zegge to it. Fortunately, from the above
discussion, we know that when Zexpiore is empty, Zegge contains no element from Zg,s.. Thus, le,lsafe N Zgpte = 0
even at the end of the while loop.

O

Finally, we show that Algorithm |3| terminates in finite time ensuring that 7goal has been updated in a way that
all of it has been established to be safe, or Zexpiore is non-empty.

Lemma 10. Algorithm@ terminates in poly(|S|, |A|) time, after which either Z jou C Zsafe o1 Zegplore 7 0.

Proof. First, we show that, in Algorithm |3} whenever the condition Zgoal C Zsato fails, the subsequently computed
Zedge is non-empty. Assume for the sake of contradiction that even though Zgoal s Zsafe, Zedge is empty. Now,
recall that Z a1 is the set of all state-action pairs visited starting from sq following Tgoa in the MDP M goa1, with
transition probabilities Tgoal.
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Then, consider any trajectory (sg,agp), (s1,a1), ... of non-zero probability under this corresponding policy and
transition function. Since sg € Zsato and Zodge 1s empty, (so,ap) € Zeate. Then, since Tgoal € CI(T), and since the
confidence intervals are admissible, we have from Corollary |1 that s; € Zeate. Since Zedge s empty, by a similar
argument, we can establish that (s1,a1) € Zeate, and so on for all (st, at). Since this holds for any trajectory
under this policy and transition function, it would mean that Z goal C Zsafe, which is a contradiction. Thus, Zeqge
is indeed non-empty.

Next, we show that Algorithm [3] terminates in polynomial time. Whenever Algorithm B] does not break out of a
loop, then by the design of the algorithm, Z,oa1 ¢ Zsafe and Zexplore = (. In addition to this, Zedge must have
been added to Zunsafc. Furthermore, from the above argument, since Z goal € Zsafc, Zedge must be non-empty. In
other words, in each loop that does not break, we take a non-empty subset of 7g0a17 namely Zedge and add it to
Zunsafe Note that since we computed Zgoal in a way that it does not include any of Zunqafe, this also means that
Zedge N Zumafe # (. Thus, by the end of this loop, we increase the cardinality of Zumafe Since Zunbafe cannot be
any larger than the finite quantity |S| x |A|, we are guaranteed that no more than O(|S| x |A|) for loops are run
when Algorithm [3|is executed. (In fact, we can say something stronger: no more than O(|S| x |A]) for loops are
run, across multiple calls to Algorithm |3[ during the whole run of Algorithm .

Finally, observe that, by design of the algorithm, whenever the algorithm terminates, it must have broken out of
the for loop. This is possible only if either Zyoa1 C Zsage OF Zexplore 7 (), thus proving all of our claim. O

D.3 Proofs about computing the set of state-actions along the goal path

Recall that 7g0a1 is intended to be the set of state-action pairs visited by the optimistic goal policy under
optimistic transitions. To compute this set, we need to know which states have a positive probability of being
reached from sip;; following Tgoal, or equivalently the state-actions (s, a) for which Py, (s, a) > 0. Formally, we
must enumerate the set

{(S’a) ESXA: ﬁgoal(sva) > 0}

However, computing this as defined is not feasible in finite time (as we must enumerate infinite length trajectories).
Instead, recall from Equation [f] that we can approximate the above set by only computing the finite-horizon
estimate ﬁgoal(~, -, H) for some horizon H. Fortunately, computing Zs,, does not require a good estimate of
Paoal (5 ), but only requires knowing when the By, (-, -) is positive or 0. Lemma |11|shows that as long as H > |S],
Paoal (s H) > 0 if and only if By, (s,a) > 0; as a corollary of which we have that Zy.a) is exactly what we intend
it to be.

Lemma 11. For any policy 7, starting state s € S, and state-action pair (s',a’) € S x A, p%s(s’, a,H) >0 if
and only if p3' (s',a’) > 0 as long as H > |S].

Proof. First we establish sufficiency. That is, if the finite-horizon estimate is positive, then, so is the infinite
horizon estimate. Consider the following inequality relating these two quantities:

p%s(slaa/’H) = (1 - 7) nytp (St = Slvat = a/|71',$0 = 5)

H
< lim (1-7) nytP (st =5 a; = d|m, 50 = 3)

H—o0
t=0
= prs(s’a)

The second step uses the fact that v > 0 and P (s; = s',a; = d/|m, s9 = s) > 0 for all t. Thus, if p%s(s’, a',H) >0,
then p}’ (s',a’) > 0, establishing sufficiency.

Now we will establish necessity i.e., if the infinite horizon estimate was positive, then the same must hold for the
finite-horizon estimate. If p2' (s’,a’) > 0, then there exists at least one sequence of states (so, s1, ... sn) where
S0 =8, 8p, = &', and T(s;,7(8;), ;1) > 0 for all 0 < i < n. Without loss of generality, consider the shortest such
sequence. Now, for the sake of contradiction, assume that n > |S|. By the pigeonhole principle, there exists
at least one state that is repeated at least twice. That is, for two indices j,k (j < k), we have s; = s;. Since
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s; = s and T (s, m(sk), Sk4+1) > 0, then T'(s;,m(s;), Sg4+1) > 0. Thus, we can construct a shorter sequence by
removing all indices ¢ such that j < ¢ < k and this sequence still satisfies the fact that every transition observed
has non-zero probability. This contradicts our assertion that this is the shortest such sequence. Thus, n < |S|.
Given H > |S| > n, we have p%s(s’, a', H) > 0, establishing necessity. O

As a straightforward corollary of the above, we have:

Corollary 3. Zgoal as computed in Equation@ satisfies:
Z goar = {(s,0) € S x A Pgoal(s,a) > 0}.

when H > |5)|.

D.4 Proofs about goal, explore, and switching policies

This subsection details the key lemmas for proving that ASE is PAC-MDP. The main idea is to show that,
under these policies, our agent either will perform the desired behavior, i.e. act e-optimally or reach a desired
state-action set, or reach an insufficiently explored state-action pair (i.e., not in K). Since a state-action pair that
is experienced m times is added to K, we can bound the number of times we reach a state-action pair outside of
K. With this bound and the following lemmas, we can bound the number of times the agent performs undesired
behaviors, e.g. acting sub-optimally. We start by proving this claim for Texpiore and Tswiten (Lemma , then for
Tgoal (Lemma [13[and Lemma [14]).

Recall that the Texplore is based on a reward system where the rewards are non-zero only on state-action pairs

that are in Zeage and are not sufficiently explored (i.e., not in K). We first show that if we were to follow the
Texplore POlicy, in polynomially many steps, we are guaranteed to obtain a non-zero reward i.e., we are guaranteed
to reach a state-action pair not in K. In other words, if we were to follow Texplore, We will definitively obtain a
useful sample and learn something new. Similarly, if we were to follow Tswitch, we will definitively return to Zgoal
or learn something new.

Lemma 12. Assume that the confidence intervals are admissible. Consider an MDP Mt = (S, A, T, Rt ~1), which
is the same as the true MDP but with different rewards and discount factor. Let Z be a closed, communicating
subset of S x A and Z' a non-empty subset of Z. Let Rt be defined such that:

1 (s,a) € ZT
R(s,a) = {0 (s,a) € Z\ Z1
-0 (s,a) ¢ Z

]

Let H = H,,log w{%/log% and let vF = /" where ¢ € (0,1/4] is a constant. Let H = max (H 1 ,%)

Let @T denote the optimistic value function of this MDP, and 7' be the optimistic policy i.e., ﬁT(s,a) =

arg maxXge A @T(s, a).

Then, for any § > 0 and € € (0,¢/8], starting from any state in Z and following 7', the agent will reach a state-
~ ~ rr2

action pair either in Z1 or outside of K = {(s,a) € S x A : n(s,a) > m}, where m > O (H4|S\ + H*In W),

in at most O(HTZ) time steps, with probability at least 1/2, provided @ € T1(Z).

Proof. Consider any s € Z. We will first upper bound the optimistic value VT (s) and then derive a lower bound
on it, and then relate these two bounds together to prove our claim. Note that if we let MT be the same MDP as
M, but with the optimistic transitions (the transitions T eCI (]A’) which maximize the optimistic Q-values),
then VT(-) = V%Tf(-).

We will begin by upper bounding the finite-horizon value of @' on M (and then relate it to its value on MT).
Let s, 51, S2, . . ., denote the random sequence of states visited by the agent by following 7' from s = s on M.
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Then, we have:

H
1\7;;* (s, H)=E Z(’YT)iRT(szaﬂf(Sz))l
=0
H
<E ZRT(si,ﬂ' (sl))]

The first inequality follows from the fact that 4 < 1. The second inequality follows from the fact that every
trajectory of 7 that experiences a positive cumulative reward, must experience some state-action pair in ZT; and
such a trajectory can at best experience a reward of 1 at each timestep.

In the next step we will upper bound the finite-horizon optmistic value of following 7' in MT. To do this, define
M’ to be an MDP that is identical to M on (s,a) € K, and identical to M everywhere else. Then,

't ol ¢

VMT(S,H) S VM/(S7H) + g

<VE (s, H)+ HP(3i < H: (3,7 (s:)) € K) + g

<HP@i<H:(s;,7(s:) € Z0)+ HPQi < H: (s;,7 (s:)) & K) +§

<oHP(3i< H: (s;,7(s5)) € ZTUK®) + g

Here, the first inequality follows from Lemma [I5] and Specifically, from Lemma we have when m >
~ ~ rr2 ~

0] (H4|S| + H*In M), the width of the confidence interval of (s,a) € K is at most 1/H? < ¢/(8H?). Then,

Lemma |15 can be used to bound the difference in their value functions by ¢/8.

Note that to apply Lemmawe must also ensure that for all (s,a) € K, the support of the next state distribution
is the same under M’ and M. To see why this is true, observe that for all (s,a) € K, the confidence interval
is at most 1/H? < 7/2. Then, since the transition probabilities for (s,a) € K in M and M’ correspond to
TT eCI (jAﬂ) and T respectively, Lemma [2| implies that the support of these state-action pairs are indeed the same
for these two transition functions. Also note that Lemma (15| implies that these value functions are either close to
each other or both equal to —oo; even in the latter case, the above inequalities would hold (although, we will
show in the remaining part of the proof that these quantities are lower bounded by some positive value).

The second inequality follows from Lemma Note that in order to apply Lemma we must establish that,
with probability 1, the agent experiences only non-negative rewards, when it starts from s and follows 7! for H
steps. This is indeed true because we know that Z is closed and 7' € II(Z). Then, we know from Fact [1|that the
agent always remains in Z, which means it experiences only non-negative rewards.

The third inequality above uses the upper bound on V[, (s, H) that we derived previously.

Having established the above inequalities, we are now ready to upper bound the optimistic value using Lemma
as follows:

VFT ( )<Vﬁ* (s, H) (Y
uwts) < Vart(s, H) + ————
c (HIH
SQHP(HZ'SHZ(Si,ﬁT(Si))EZTUKC)—Fg‘Fﬁ (13)

Next, as the second part of our proof, we will derive a lower bound on the optimistic value using Assumption [3]
Choose some (s',a’) € ZT (which is given to be non-empty). Since Z is given to be communicating, by Assumption
3, we know that there exists a policy meom which has a probability of at least % of reaching s’ from s in Heop
steps, while visiting only state-action pairs in Z. Without loss of generality, let us assume that mcom(s’) = a’
(since, regardless of what the action at s’ is, it guarantees reachability of s from everywhere else.).
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Let us lower bound the value of this policy. Let sg, s1, so, ..., denote the random sequence of states visited by
the agent by following meom from sq = s on MT. Then:

VAZCTDm(S) > V]@cfom(S)Hcom)

ifﬂ (VT)iRT (845 Teom (Sz))]

=0

=K

Heom

Z Rt (8iy Teom(Si))

i=0
> (PyT)H“’"‘P(E i:(Si,Teom(8i)) € ZT)

Y

(’yT)Hcom F

1

> -‘— Hcomi'

2 ()7

Here, the first step follows from Fact [I| which says that, since meom € II(Z) and Z is closed, 7eom only visits

state-action pairs in Z, all of which have non-negative R! reward; as a result, truncating the value function to
Heom steps only maintains/decreases the value.

The third step follows from the fact that 47 < 1. The fourth step comes from the fact that, since 7oy takes
only state-action pairs in Z, R (s;, Teom(s:)) € {0,1}; then, every trajectory with a total non-zero reward has a
reward of at least 1. The last step follows from the guarantee of Assumption

Now, as the final step in our proof we note that if our confidence intervals are admissible, by Lemma we know
that V%fT (s) = V;;:(s). Furthermore, V', (s) must be lower bounded by the value of Teom on M7, which we just
lower bounded. Now, equating this with the upper bound from Equation [I3] we get:

(yh)H

QHP(3i < H: (s;,7 (s:)) € ZT UK®) + g + o > (e
-7

P i< H:(s;,7(s;)) € ZTUK®) >

Vv
/;\'\
2
<.
=
o]
g
o)

1 (»yT)HJFl
2 8 1—%)

1 (3¢ (yHHH!
Zw(s‘l—wf) 14

Here, in the last step, we make use of the fact that v7 = ¢!/Heom | Next, we will upper bound the last term by
making use of the inequality: if ¢ < 1, then Vz > 0,¢® <1 — 2(1 — ¢). Then, we get:
1 _ 1 Hcom
1—~t  1—¢V/Heom = 1—¢

Furthermore, since log(16 Heom/¢) = (H/Heom) log(1/c), by applying exp(-) on both sides, we have:

c _ H/Heom _ (A1\H
16Heom )

From the above two inequalities, we have:

tTVH+1 TH
(") S(7) < ¢
1—~tf 1—9 = 16(1—¢)

In the first step above, we make use of v/ < 1 and in the second step, ¢ < 1/2. Plugging this back in Equation |14}
we get:

PEi< H:(s;,7(s;)) € ZTUK®) >

[0e]
S
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In other words, following policy @' for H steps in MT, the agent will reach a state-action pair either in Zf
or outside K with probability at least ¢/(8H). Then, by the Hoeffding bound applied to multiple subsequent
trajectories each of H timesteps, we would have that with probability at least 1/2, following policy Tgoar for
O(H - &) timesteps, the agent will reach an element either in Z or outside K.

O

In Lemma @ we show that once our algorithm begins following the optimistic goal policy Tgoal, it will continue
to do so until it learns something new. (Since we can bound the number of times the agent learns something new,
observe that this also means that, eventually, the agent will follow Tgoa for all time.)

Lemma 13. Assume the confidence intervals are admissible. Then, during the run of Algorithm [1] if the
agent is currently following T goal, then it will continue to do so until it experiences a state-action pair outside

K ={(s,a) € S x A:n(s,a) >m} wheanO(%—i—T%ln%).

Proof. Assume that during a run of Algorithm [1] the agent is currently at s and takes the action Tgoa1(s). By
design of Algorithm |1} we have s € Zgoa1. Recall that Zg.a is the set of all state-action pairs that can be visited
by the agent if it were to following Tgoa1 starting from sy under the optimistic transitions Tgoal. More formally,
we have from Corollary [3{that Zyou = {(s,a) € S X A : Dyoa (s, a) > 0}.

Now, to prove our claim, we only need to argue that if (s, Tgoa1(s)) € K, then the next state s’ belongs to Zgoal.
Then, by design of Algorithm m the agent will take Tgoa1 €ven in the next state, proving our claim. To argue

this, observe that since (s, Tgoa1(s)) € K and m > O (%l + % In %), by Lemma |16} the confidence interval of

(5, Tgoal(s)) has width at most 7/2. Then, from Lemma since T'(s, Tgoal (5), ) > 0 and since Tgoa1 € CI(]A“), we
have T'goal (S, Tgoa1(5),8') > 0. Thus, since we know that s € Zgoa1, by definition of Zga1, s” should also belong to
Zgoal- O

In the following lemma, we show that in the MDP Mgq,1 (which is the same as the original MDP but with the
unsafe state-action pairs set to —oo rewards), when we follow the optimistic goal policy Tgoal, we either take a
near-optimal action (with respect to Mgoa1) Or we experience an action outside of K with sufficient probability in
the next H steps.

Lemma 14. Assume the confidence intervals are admissible. Consider any instant when the agent has taken
a trajectory p; and is at state s;, and the Algorithm |1| instructs the agent to follow Tgoq. Let P(Anr) be the
probability that starting at this step, the Algorithm (1| leads the agent out of K = {(s,a) € S x A : n(s,a)

m} in H steps, conditioned on p;. Then, for any €,6 € (0,1), and for H = O (—=1In ﬁ) and m

>
1—v Z
(0] (ﬁ (@ + g%ln %)), where € = O (min (%, M)), we have:

€

Vit (pr) = Vi (s0) — 53729 -

Proof. While we follow the general outline of the proof of Theorem 1 from |Strehl and Littman| (2008]), we note
that there are crucial differences for incorporating safety (such as dealing with rewards of —o0).

At the outset, we establish two useful inequalities. First, since H = O (ﬁ In 6(171_,”), by Lemma we have
that:
(15)

wl o

Secondly, let M, be an MDP that is equivalent to Mgyoa for all state-action pairs in K and equal to M goal
otherwise. (Note that all these MDPs have the same reward function, namely Rgoa1.) We claim that for all a:

Tgoa Tgoa €
1‘/20; (s¢,a, H) > Qﬁggo;(st,a, H) - 3 (16)
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Let us see why this inequality holds. From Lemma we have when m > O (ﬁ % +%In |S€|2|§‘I)), the
width of the confidence interval of (s,a) € K is at most O(€) = 5(17’)2. Then, Lemma [15| can be used to bound

the difference in the value functions by ¢/3 as above.

Note that to apply Lemma we must also ensure that for all (s,a) € K, the support of the next state
distribution is the same under Méoal and M goa1. To see why this is true, observe that for all (s,a) € K, the width

of the confidence interval is at most O(€) = 7/2. Then, since the transition probability for (s,a) € K in e

and M’ correspond to TT eClI (ZA“) and T respectively, Lemma [2[ implies that the support of these state-action
pairs are indeed the same for these two transition functions. Also note that Lemma [15]implies that these value
functions are either e;-close to each other or both equal to —oo; even in the latter case, the above inequality
would hold (although, to be precise, this latter case does not really matter since Theorem [I| eventually shows that
these quantities are lower bounded by a positive quantity).

Having established the above inequalities, we now begin lower bounding the value of the algorithm. First, since

the rewards R(-,-) are bounded below by —1, and since H = O (ﬁ In ﬁ), by Lemma E, we can lower

bound the infinite-horizon value of the algorithm by its finite-horizon value as

Vit(e) > Vit (o, H) — 3. ()

Next, we claim to bound the value of following the algorithm for the next H steps as follows:

Tgoa P(A

In other words, we have lower bounded the value of following the algorithm on M, in terms of following Tgoa1 on

éoal. Let us see why this is true. For the sake of convenience, let us define two cases corresponding to the above
inequality: Case A, where the agent follows Algorithm [I] to take actions for H steps starting from s; in MDP M
and Case B, where the agent follows the fixed policy Tgoal to take actions for H steps starting from s, in MDP

!/
M-

Now, recall that we are considering a state s; where Algorithm |I| currently follows Tg0a1, and will continue to
follow it until it takes an action in K€. Then, consider a particular random seed for which, in Case A, the agent
does not reach K°.

We argue that for this random seed, the agent will see the same cumulative discounted reward over H steps in
both Case A and Case B. To see why, recall that Méoal and M share the same transition functions on K. Next,
since in Case A, the agent does not escape K, by LemmalE7 we know that the agent follows only Tgoa for H
steps. Thus in both these cases, the agent experiences the same sequence of state-action pairs for H steps. It
only remains to argue that these state-action pairs have the same rewards in both cases. To see why, recall that
by design of Algorithm [1} since the agent does not escape K, all these state-action pairs would belong to 7goal
which in turn is a subset of Zsafe. Now the MDP M and Méoal share the same rewards on Zsafc; this is because,

their rewards differ only in Zunsafe7 and we know Zul,safe U Zeage = 0 (Lemma@). Thus, in both cases, the agent
experiences the same sequence of rewards.

As a result, the value functions in Case A and B differ only due to trajectories where the algorithm either leads

the agent to K¢ in H steps or leads the agent to negative rewards any time in the future. Hence, we can upper

bound the difference V5" (s;, H) — Vi (pt, H) in terms of P(Ays) multiplied by the maximum difference between
goal

the respective cumulative rewards. We know that the cumulative reward in Case A is at least —1/(1 — ), because

the rewards R(-,-) are bounded below by —1. On the other hand, in Case B, the cumulative reward experienced

is at most 1/(1 — ), assuming the agent receives a reward of 1 for each step. From this, we establish Equation
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Subsequently, we further lower bound V;ﬁ‘“l (s¢, H) as follows:
goal

T goal T goal €
VMZoal (St, H) Z Vﬁggoal (St’ H) N §

T €
> igoal )
- VMgoal (St) 23
> Vj}goal (s¢) —€

Here, the first inequality comes from Equation The second inequality comes from Equation The last step
comes from Lemma [19] (given admissibility). Then, by combining the above inequality with Equations [18] and
we get our final result. O

D.5 Supporting lemmas for showing PAC-MDP

The following lemmas are necessary for proving our algorithm is PAC-MDP. Note that most of these lemmas are
similar to lemmas from |Strehl and Littman| (2008)). However, because we construct MDPs with infinitely negative
rewards, additional care must be taken to ensure that these properties still hold.

Here we provide a quick description of the lemmas detailed in this section. We start with Lemma [T5] which
shows that if two MDPs have sufficiently similar transition functions, the optimal Q-values on these two MDPs
must also be similar. This, together with Lemma allows us to show that, if we have sufficiently explored the
state-space, we can accurately estimate the optimal policy on any MDP. Next we show, in Lemma that the
difference between the value functions of the true and an estimated MDP for a given policy is proportional to the
probability of reaching an under-explored state-action pair, i.e. a state-action pair outside of K. This allows us to
claim that either the probability of reaching an element outside of K is sufficiently large, or our estimated value
function is sufficiently accurate. Lemma [I8 bounds the difference between the finite horizon and infinite horizon
value functions, allowing us to consider only finite length trajectories. Lemma [19|simply shows that our optimistic
value function always over-estimates the true value function (given that our confidence intervals are admissible).

Lemma 15. Let My, = (S, A, Ty, Rt,v") and My = (S, A, Ty, RT,71) be two MDPs with identical rewards that
either belong to [0,1] or equal —co and vT < 1. Let K be a subset of state-action pairs such that

1. for all (s,a) ¢ K, T1(s,a,-) = Ta(s,a,-),
2. for all (s,a) € K, ||T1(s,a,-) —Ta(s,a,-)|1 < B and

3. for all (s,a) € K, the neat state distribution (s,a) has identical support under both Ty and T5.

Then, for any (stationary, deterministic) policy m, and for any (s,a) and any H > 0, we have that, either:

T
QT (5,0, H) — QT (5,0, H)| < min (quT)Q,W) |

or
Qh, (5,0, H) = QY (s,a, H) = —oo0.

Proof. First, we note that for any (s, a) such that R'(s,a) = —oo, Q% (s,a,H) = Q% (s,a, H) = —oo for all H.
Hence, for the rest of the discussion, we will consider (s, a) such that Rf(s,a) # —oo.

We prove our claim by induction on H. For H = 1, for all (s,a), QF; (s,a,H) = QF,(s,a, H) = Ri(s,a).

Cousider any arbitrary H. First, we show that, if there exists a next state s’ in the support of Ti(s, a,-) such
that QF, (s',7(s"), H — 1) = —oo, then Q7; (s,a, H) = QF,,(s,a, H) = —oo. Note that, by conditions 1 and 3
of the Lemma statement, we have that for all (s, a), regardless of whether in K or not, the support of the next
state distribution is identical between T7 and T5. Hence, if there exists a next state s’ in the support of T} such
that Q7,, (s',7(s"), H — 1) = —oo0, then s’ would belong even to the support of 75 and, thus, we would have that

i, (87, m(s"), H—1) = —oo. Hence, by definition of Q-values, we would have Q7 (s,a, H) = Q7. (s,a, H) = —o0.
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Now consider a case where none of the next states s’ in the support of 77 (and T3, without loss of generality)
have Q-value Q7 (s',7(s’), H — 1) = —co. We will prove by induction that in this case,

T tH
Q7r - ¥ ﬁ 1 v
| Ml(s,av-H) 'QMQ(S,G,,H) < 1 ’YT ﬁ

Note that when H = 0, the right hand side above resolves to zero, which is indeed true.

Counsider any H > 0. Now, observe that for all (s,a), regardless of whether in K or not, we have ||T(s,a,-) —
Ts(s,a,-)||1 < B. Besides, since Rf(s,a) # —oo, we can upper bound the difference in the @Q values as follows:

|Q7]T\/Il (Sa CL,H) - Q;{/[g (87 a7H)‘

ZT;L(S,7r(5’),s')Q§{41 (s',m(s'),H—1) — ZTQ(S,W(S/>,S/)Q?\;&(S/,W(S/),H —1)

<At

ZT;L(S,W(S’),S') (Q}Ql (s'm(s"), H—1) — Qfy, (s, m(s"), H — 1))‘

+ 4T Z (T1(s,m(s"),s") = Ta(s,m(s"),s") Qy, (s, m(s'), H — 1)

ry

T 1 —~TH-1
S’YT 7B ) Y +’-YT B
1—~t 1— At 1— At

ol (7*(1—7“"1) +1)

T 1At 11—t
_ B 19"
1—At 19t

Here, the second step follows by a simple algebraic rearrangement that decomposes the difference in the Q-values,
in terms of the difference in the transitions and the difference in the next-state Q-values. In the third step, for
the first term, we make use of the fact that in this case, the next state s’ has a Q-value that is not —oo; this
means that (s’,7(s’)) does not have any next states with Q-value —oo and therefore the induction assumption
holds. By applying the induction assumption for H — 1, we get the first term. For the second term, we make use

of the fact that the total sum of transition probabilities equals 1. Furthermore, we also make use of the fact the
maximum magnitude of the Q-value is at most 1_% if it is not —oo; this is because, if the Q-value is not —oo, it
is a discounted summation of expected rewards that lie between 0 and 1.

Hence, our induction hypothesis is true. Our main upper bound can then be established by noting that 1 —~# < 1.

To prove our other upper bound, we consider the induction hypothesis:
|Q7J(/[1(s,a,H) — QX/IQ(s,a,H)| < BH?.
Then, in the third step above, we would instead have:
Qs (5,0, H) = Qf, (5,0, H)| <7 (B(H - 1)%) ++18H

< B(H —1)*+pH
< BH?.

To get the first term on the right hand side, we again make use of the induction assumption. For the second term,

we simply upper bound the sum of the maximum discounted rewards to be H. Finally, we make use of the fact
that’yT<1ande—(H—l)z22H—12HwhenH>0. O

Lemma 16. Suppose that as input to Algorithm [1, we set 67 = §/(2|S||Alm) and all confidence intervals
computed by our algorithm are admissible. Then, for any B > 0, there exists an m = O (‘% + ﬁ—lz In ISHA‘) such

Bo
that || T(s,a,-) = T(s,a,-)|1 < B holds for all state-action pairs (s,a) that have been experienced at least m times.
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Proof. See Lemma 5 from |Strehl and Littman| (2008)). O

Lemma 17. Let Mt = (S,ART,T, A/T> be an MDP that is the same as the true MDP M, but with arbitrary
rewards R' (bounded above by 1) and discount factor v1 < 1. Let K be some set of state-action pairs. Let
M' = (S, A, RT, T',~') be an MDP such that T' is identical to T on all elements inside K. Consider a policy 7.
Let Apsr be the event that a state-action pair not in K is encountered in a trial generated by starting from state
s1 and following w for H steps in M (where H is a positive constant). If, with probability 1, the agent starting
at s1 and following m in MT will receive only non-negative rewards then,

Vi (s1, H) > Vi, (sl,H)—min( ),H) P(An).

bt
(1—=oT

Proof. This proof is similar to that of Lemma 3 from |Strehl and Littman| (2008). The only aspect we need to be
careful about is the magnitude of the rewards.

The two MDPs MT and M’ differ only in their transition functions, and moreover, only outside the set . Then,
observe that, for a fixed random seed, if the agent were to follow 7 starting from si, it would receive the same
cumulative reward for H steps in both Mt and M’ if it remained in K for all those H steps. In other words, the
value of 7 in these two MDPs differs only because of those random seeds which led the agent out of K in MT.
Thus, the difference V}, (s1, H) — Vi (s1, H) cannot be any larger than the respective cumulative rewards. Our
claim then follows by lower bounding the cumulative reward in MT and upper bounding the cumulative reward in
M'. More concretely, note that cumulative reward in MT can not be any lower than zero, since we assume that

the agent receives rewards bounded in [0,1]. On the other hand, in M’, the agent can receive a reward of 1 in all

H steps, so the value function can be upper bounded by min (ﬁ, H)
O

Lemma 18. Consider an MDP MT = (S, A, Tt, Rt y") with rewards bounded above by 1, and a stationary or
non-stationary policy m and state s. Then, for any H > 0, we have:
(Y

Vipi (s H) > Vi (s) — At

As a corollary of this, for H > ﬁ In ﬁ, we have:

Vit (s, H) > Vi (s) —e.
By the same argument, in the case that the rewards are bounded below by —1,

Vir (s, H) < Vi (s) + e

Proof. This proof follows the proof of Lemma 2 from [Kearns and Singh/ (2002).

Observe that by truncating any trajectory to H steps, the cumulative discounted reward for this trajectory can
drop by a value of at most:

i (vht = oh™
t=H+1 Lot

which happens when it receives a reward of 1 at every time step after H. Thus for any H such that the
above quantity is lesser than or equal to €, we will have V™ (s, H) > V™ (s) —e. This is indeed true for

1 1

Lemma 19. Suppose that all confidence intervals are admissible. Let MT = (S, A, T, RT, ') be the same MDP
as M except with arbitrary rewards that are upper bounded by 1 and discount factor vf < 1. Let @ denote the
optimal policy i.e., Vs, T (s) = arg maxqe 4 @T(s,a). Let M| denote the optimal MDP. Then, for oll H > 0 and
for all (s,a), we have:

?T *

i (8) = Vi (s)
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Figure 3: Full map of the Unsafe Grid World environment. The green circle marks the goal, the blue triangle
marks the initial location of the agent s, and red circles correspond to dangerous states.

Proof. See Lemma 6 from [Strehl and Littman| (2008]). Note that this proof also applies to MDPs with negative
rewards.

O

E Experiment Details

E.1 TUnsafe Grid World

The first domain we consider is a grid world domain with dangerous states, where the agent receives a reward of
—1 for any action and the episode terminates. The agent starts on a 7 x 7 island of safe states and is surrounded
by four 5 x 5 islands of safe states in all four directions, separated from the center island by a one-state-thick line
of dangerous states (see Figure [3). The goal is placed on one of the surrounding islands. The agent can take
actions up, down, left, or right to move in those directions one step, or can take actions jump up, jump down,
jump left, or jump right to move two steps, allowing the agent to jump over dangerous states. There is a slipping
probability of 60%, which causes the agent to fall left or right of the intended target (30% for either side).

The initial safe set provided to the agent is the whole center island (except for the corners) and all actions that
with probability 1 will keep the agent on the center island. The distance function A provided to the agent is
A((s,a),(5,a)) =0if a = a and s and § are within 5 steps from each other (in L., norm) and A((s,a), (5,a)) =1
otherwise. The analogous state function « is simply a((s,-,s'),(5,)) = (vs + (s — s),ys + (Y5 — ys)), where
the subscripts denote the state to which the attribute belongs.
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E.2 Discrete Platformer

We also consider a more complicated discrete Platformer domain. The states space consists of tuples (x,y, Z, )
where x,y are the coordinates of the agent and &,y are the directional velocities of the agent. The actions
provided to the agent are the tuple (Zgesired,j) Where Zdesirea 1S the desired & and ranges from —2 to 2, and j is
a boolean indicating whether or not the agent should jump. While on the ground, at every step & changes by
at most 1 in the direction of Zqesired and § € {1,2} if j = 1 (otherwise y remains unchanged). While in the air,
however, the agent’s actions have no effect and gravity decreases g by one at every step. When the agent returns
to the ground, ¥ is set to 0.

There are three types of surfaces in the environment: 1) concrete, 2) ice, and 3) sand. These surfaces change
how high the agent can jump. On concrete, when the agent jumps, ¥y = 2 with probability 1; on ice y = 2 with
probability 0.5 and ¢ = 1 with probability 0.5; and on sand ¢y = 1 with probability 1.

The environment is arranged into three islands. The first island has all three surface materials from left to right:
sand, ice, then concrete. The next two islands are just concrete, with the last one containing the goal state (where
the reward is 1). The regions surrounding these island are unsafe, meaning they produce rewards of —1 and are
terminal. The islands are spaced apart such that the agent must be on concrete to make the full jump to the next
islands (and visa versa).

The initial safe set provided to the agent is the whole first island and all actions that with probability 1 will keep
the agent on the center island. The distance function A provided to the agent is A((s,a), (3,a)) =0 if a = @ and
s and § are either both in the air or both on the same type of surface and A((s,a), (5,a)) = 1 otherwise. The
analogous state function « is simply «((s, -, s’), (8,-)) = s’ where s’ has the same y, &, and g values as s’ with the
x value shifted by the x difference between s and s.

E.3 Baselines

Here we describe the details for the baselines we compare against. We note that all these baselines make use of
the distance metric and analogous state function to transfer information between different states, just like our
algorithm. For all of our “unsafe” algorithms, we set all negative rewards to be very large to ensure that they
converged to the safe-optimal policy. To improve the runtime of the experiments, the value functions and safe
sets are only re-computed every 100 time steps.

MBIE MBIE (Strehl and Littman) |2008) is a guided exploration algorithm that always follows a policy that
maximizes an optimistic estimate of the optimal value function. As noted above, one of the motivations of our
method was to construct a safe version of MBIE.

R-Max and Safe R-Max The next algorithm we compare against is R-Max (Brafman and Tennenholtzl [2002]).
This algorithm sets the value function for all state-action pairs that have been seen fewer than m times (for some
integer m) to be equal to Viax, the maximum value the agent can obtain. In order to ensure that all states are
sufficiently explored and still make use of the analogous state function, we set the value of any state-action pair,
(s,a), to Vinax = 1 (since all goal states are terminal) only if there is a state-action pair similar to (s, a) with a
transferred confidence interval length greater than some ¢’ > 0. In mathematical terms, all state-action pairs
in {(s,a) € S x A:3(3,a) € S x Awhere €y (s,a) < € and A((s,a),(3,a)) < 7/2} are set to Vipax. Clearly,
this requires at most every state to be explored m times, but in most cases decreases the number of times each
state-action pair needs to be explored. In our experiments we set ¢ = 7/2 to give R-Max the most generous
comparison against ASE, since ASE requires that a state-action only have a confidence interval of 7/2 before it
can be marked as safe. However, note that in many problems 7/2 may be much larger than the desired confidence
interval.

Our safe modification of this algorithm, “Safe R-Max,” simply restricts the allowable set of actions the agent can
take to Zgafe-

e-greedy and Safe e-greedy Another classic algorithm we compare against is e-greedy. This algorithm acts
according to the optimal policy over its internal model at every time step with probability 1 — ¢ and with
probability € the agent takes a random action. For our experiments we anneal € between 1 and 0.1 for the first N
number of steps (N = 5,000 for the unsafe grid world and N = 20,000 for the discrete platformer game). Our
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safe modification of this algorithm, “Safe e-greedy,” simply restricts the allowable set of actions the agent can take
to Zsate-

Undirected ASE We also compare against a modified version of our algorithm “Undirected ASE.” This
modification changes Algorithm [3|such that Zeqge < {(s, @) Ascafe |s € ZAsafe}7 removing the use of Zgoal. With
this change, “Undirected ASE” simply tries to expand the safe set in all directions, instead of only along the
direction of the optimistic goal policy. This baseline is to illustrate the efficacy of using our directed exploration

method.



