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Appendix

7 A supporting result

We first present an alternative characterisation of the projection operator Il which will be useful for the analysis
that follows. Throughout, for a probability measure v € Z(R), we write F), for its CDF.

Proposition 6. For each i = 1,..., K, define h,, : R — [0,1] to be the (possibly asymmetric) hat function
centered in z; defined by

ST forx € 2, 2i01]  and 1 <i < K,

Zi41—%Zq

s forxz€lzii,z] andl <i<K,
h.,(x) = 1 forx <z and i =1,

1 forx > zk and i = K,

0 otherwise.

Then defining ey = Zfil Ewmu[hz, (w)]02, for all probability distributions v € P(R), is consistent with the
earlier definition in (7) for mixtures of Diracs. Further, Fr..(z;) is equal to the average value of F, in the
interval [z;, zi41], fori=1,..., K — 1, and Fr,.(2x) = 1.

Proof. The consistency of the definition Ilcv = Zfil Eyvlhz; (w)]d,, with (7) follows immediately by observing
directly that the definitions agree when v is a Dirac measure, and then observing that the definition of Il¢ in
the statement of the proposition is also affine.

For the characterisation of Fi.,(z;) for i =1,..., K — 1, we note that

Fncy(zi) = Z ]Ewrw/[hz]- (w)]

K2

=Eup~v h,; (w)
Jj=1

Zi+1 — W
=Euw~r |:]lw§2i + 1w6(2i72i+1]m
1 Zi+1
= 7/ F,(w)dw,
Zit1 = Zi J 2,
as required. Finally, since Il¢v is supported on {z1,..., 2k}, it immediately follows that F.,(zx) = 1. O

8 Mixture update version of categorical policy evaluation and categorical
Q-learning

Here we give a precise specification of the mixture update versions of categorical policy evaluation and categorical
Q-learning, as described in the main paper in Section 4.3. The difference from Algorithm 1 is highlighted in red.
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Algorithm 2 CDRL mixture update

Requ1re nt Zk P Em a)ézk for each (z,a)
: Sample transition (¢, ag, r¢, Tr41)
# Compute distributional Bellman target
if Categorical policy evaluation then
a* ~m(-|zg)
else if Categorical Q-learning then
a” < argmax, B @0 [R]
end if
n(It,at (fn,ﬁ#ﬁizwhd )

# Project target onto support

nt(mt t) — Teh ’\(Itvat)

: # Compute mlxture update

—_ =
= O

: Generate new estimates according to mixture rule: nfjfl o) — = (1 — o(x,ae))my (o) 4 ay (T, a)n, plrean)
: return 74

— =
w N

9 Proof of results in Section 4
Lemma 2. The operator e T™ is in general not a contraction in Ep, forp>1.

Proof. We exhibit a simple counterexample; it is enough to demonstrate that II¢ can act as an expansion. Take
z1 = 0,20 = 1, and consider two Dirac delta distributions, v; = d,/4 and vy = d3/4. We have dy,(v1,v2) =
((1/2)P)4/P = 1/2. Now Hcry = 360+ 161, and Tlevn = 160+ 341, and hence d,,(Tlcvy, Hevs) = ((1/2) x 1P)V/P =
271/r > 1/2. O
Proposition 1. The Cramér metric s endows a particular subset of 2 (R) with a notion of orthogonal projection,

and the orthogonal projection onto the subset P is exactly the heuristic projection lg. Consequently, I is a
non-expansion with respect to {s.

Proof. We begin by setting out a Hilbert space structure of a subset of Z(R). Let M(R) be the vector space of
all finite signed measures on R. First, observe that the following subspace of signed measures:

v(R) = 0,/RF,,(9U)2dJ: < oo} ,

where F,(z) = v((—o00,x]) for each x € R, is isometrically isomorphic to a subspace of the Hilbert space L?(R)
with inner product given by

Mo(R) = {y € M(R)

(v1,v2)0, :/RFyl(a:)Fl,Q(a:)da:. (10)

Now consider the affine space dp + Mo(R) (i.e. the translation of My(R) in M(R) by the measure dp). This
affine space consists of signed measures of total mass 1, with sufficiently quickly decaying tails. In particular, it
contains the set of probability measures v € Z(R) satisfying

/O Fy(2)%de < oo and /000(1 — Fy(2))%dz < oo.

— 00

As §p + Mo(R) is an affine translation of a Hilbert space, it inherits the inner product defined in (10) from
Mo(R), which is now defined for differences of elements. Now consider the affine subspace consisting of measures
supported on {z1,...,zx}. It is clear that this is a closed affine subspace (since it is finite-dimensional), and
therefore there exists an orthogonal projection (with respect to the inner product defined above) onto this
subspace, which we denote by II. Given a probability measure v € g + Mo(R), Iy = Zf; pi0z,, where the p;
satisfy Zfil p; = 1, and subject to this constraint, minimise (IIv — v, Il — v)y,. But note that

M=l =), = [ (P @) = Ful@)do. (11)
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By construction, Fyy, is constant on the open intervals (z;, z;41) for i = 1,..., K — 1, and also on the intervals
(—o00,21) and (zk,+o00). Therefore Fyy,, and hence Ilv itself, is determined by the values of Fi,(z;) for i =
1,..., K. The optimal values (i.e. those minimising (11)) are easily verified to be: Fu,(2x) = 1, and F,(2;)
is equal to the average of F,, on the interval (z;, z;11), for i = 1,..., K — 1. Note then that IIv is a probability
distribution (since Fy, is non-decreasing), and in fact matches the characterisation of IIcv obtained in Proposition
6. Therefore we have established that Il¢ is exactly orthogonal projection in the affine Hilbert space dg + Mo (R).
Further, we have verified that the norm between elements in the space is exactly f5, and hence it follows that
II¢ is a non-expansion with respect to £s. O

Lemma 3 (Pythagorean theorem). Let pn € P([z1,2k]), and let v € P({z1,...,2K}). Then
(s v) = £3(p, Tep) + 65 (Tep, v) |

Proof. Denote by F),, Fri.,, and F, the CDFs of the measures p, Ilcpr and v respectively. Now note

@mW:/W@M@—R@WM

Z1

= [ (Bl) = Frepe) + Ficy (o) - P (o)

5f7&w—ﬁwmﬂmafﬂmw—ﬂwuwm

21 21

—Q/W@M®—%W@MR@%%mA@Mv

Finally, observe that

/ — Frton(®))(Fu(®) — Frron(z))da
K—

1

Z Fch(zk)) /Zk+1 (Fu(w) - an(x))dx

£

:O 5
since by Proposition 6, Fii,, is constant on (2x, zx+1), and is equal to the average of F), on the same interval. [

Proposition 2. The operator e T™ is a /y-contraction in ly. Further, there is a unique distribution function
ne € PX*A such that given any initial distribution function ny € 2 (R)**A, we have

(HeT™) ™o — ne in lo as m — oo.

Proof. First, we show that the true distributional Bellman operator 77 is a ,/7-contraction in f5. Note that
through notions of scale sensitivity, as discussed by Bellemare et al. [2017b], the ideas here may be extended to
other distances over probability measures. Let 1, u € Z(R)**4. Then

GUTT )@ (T ) ) fz(/ Y. @2 )p(dr @, a)(frq)wn™),

(z',a’)EX XA

2 WW%ﬂW&V#ﬂ%“Xﬂnﬁﬂwﬁ”>

R (z',a")eX XA

/ Z w(a |2 )p(dr, &' |2, @) C2((frn) 0™ @), (fry) )

(z',a’)EX XA
/ > wda)p(dr, 2|z, a)yl3 ('), pe)
(z/,a’)EX XA

S 762 (77, /~L) 9
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with the first inequality following from Jensen’s inequality, and the equality coming from the follow general fact
about the Cramér distance and probability measures vy, 2 € P(R):

B ) ) = [ (s, o () = Fis (0P
= [P 0) = st @) ar
STNERNE
- V/R(Fm ") —F,, () dt

=yl (v1,v3).

Now by Proposition 1, Il¢ is a non-expansion in #5. Therefore IIo 7™ is the composition of a non-expansion in ¢,
with a ﬁ—contractlon in £, and is therefore itself a \/Y-contraction in l5. The second claim of the proposition
then follows immediately from the Banach fixed point theorem. O

Proposition 3. Let ne be the limiting return distribution function of Proposition 2. If nﬁ?’a) is supported on
[21, zK] for all (z,a) € X x A, then we have:

-2 1
ly(ne, ) < i J0ax (241 = %) -

Proof. By Lemma 3, we have:

7 xr,a
ly(ne,mx) = sup £ (néx “),772 a))
(z,a)eX XA
= sup [62( 2,0) , (eny )(x ‘1)) + 52((ch )(90 ,a) (af a))
(z,a)EX XA

—2 )
< 62(77C7HC777T) + 62(Hc7]ﬂ'7n‘ﬂ')
-2 -2
= éQ(HCTﬂnCa HCTﬂ’r]ﬂ) + EQ(HC’”T(’ 7771')
—2 -2
< (e ) + Lo (enr, nx) (12)

where in the final line we have used the contractivity of IIo7™ under £y from Proposition 2. Due to Proposition
6 (see Section 7) we have that Fy ) is constant on the intervals (z;, z;41) for i = 1,..., K — 1, and moreover,
due to the formula for the mass placed at the locations z1.x, we also have

Fchgrm’a) () € [anrz,w (2i), anrm,a) (zi41)] fori=1,.... K -1 F (.a) (zr) =1.

IIen
Therefore,
K—-1
f (ch(m a) (ma Zz+1 F (1 a)(ZH_l) Fnsrz‘a)(Zi))Q
=1
K—1
< { sup (zi+1 — } Z (F ) (zi41) — F e a>(zl))2
1<i<K =
K—1 2
< { sup (zi11 —zl} Z F<r o (2zit1) = F (z.0)(2))
1<i<K Pl
< sup (21— 2i),
1<i<K

for each (z,a) € X x A, yielding

—2
Co(Tlenr, ne) < sup (zig1 — 2i) -
1<i<K
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Thus, taking (12), applying the upper bound on ?E(chﬂ, 7r) and rearranging, we obtain

—2 1
Ly(ne,nx) < T~ 1?15[((214-1 —2).

O
Proposition 4. Let ne be the limiting return distribution function of Pmposztzon 2. Suppose 777(r @) g supported
on an interval [z1 — 6, 2k + 0] containing [z1, zk]| for each (z,a) € X x A, and nx (. )([ —0,21)U 2k, 2k +9]) < g
for some q € R and for all (z,a) € X x A — q bounds the excess mass lying outside the region [z1,zk|. Then we
have

—2 1
G(ne,nr) < T (lgég{(zzﬂ — )+ 2q25)

Proof. The proof proceeds as for that of Proposition 3, obtaining the inequality

-2 1 =
G (nesnx) < mgz(ncflm%f

We now bound the right-hand side as follows:

K-1
GBMen™,nE) < ¢* x (21 = (21 = 8) + ¢* (25 +6) = 25) + Y (zi1 = 2)(F e (2i1) = F e (20))
=1
<2¢%0 4+ sup (zig1— 2),
1<i<K
which yields the result as required. O

Proposition 5. The distributional Bellman operator T™ : P(R)¥*A — P2 (R)¥*4A js a monotone map with
respect to the partial ordering on P(R)¥*A given by element-wise stochastic dominance. Further, the Cramér
projection g : P(R)¥*A — P(R)¥*A is a monotone map, from which it follows that the Cramér-Bellman
operator IeT™ is also monotone.

Proof. Let n, u € 2(R)**4, and suppose that n < . This is equivalent to Fy@.a) > F, . pointwise, for each
(z,a) € X x A. We now compute the CDFs of (771)®®) and (T7u)® ), for each (z,a) € Z(R)**A, and show
that stochastic dominance still holds. Indeed, by conditioning on the value of the tuple (r,2’,a’), we obtain, for
each

(T )= (—o0,y) = / (dr, 2’|z, a)m(a’[2) (fr) ™) ((—00, 1))

(z’,a’)EX XA

r, |z, a)m (a2’ )n ) (=00, (y = )/7])

x
2
ZL’G,

e
/ (dr, /|, )@ )= ) (=00, (y — 1)/7)
/ (d

(z’
(

r,a |z, a)m (@ |2) (fr) i) ((—00, 1))
(z',a

X
2,
Ze

W

= (T"w) " ((—o00,y]),

as required, with the inequality coming from the fact that u(wl’“/) stochastically dominates 77(“7/’“/). This concludes
the proof that the distributional Bellman operator 7™ is monotone with respect to the partial order of element-
wise stochastic dominance.

The monotonocity of the Cramér projection Il may be established from the expression given for the projection
in Proposition 6. Suppose we have two distributions v, 2 € Z(R), and suppose further that v; < vo. Then
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recall from Proposition 6 that we have F,,, (w) and Fiy,., (w) equal to 0 for w < z; and equal to 1 for w > zk.
For w € [z, zi+1) for some ¢ € {1,..., K — 1}, recall again from Proposition 6 that we have

1 Zi41
Frip, (w) = 7/ F,,(t)dt, forj=1,2. (13)
z

Zi+1l — &4

7

Since by assumption we have F,, > F,, pointwise, it follows from (13) that Fr.,, > Fm.., pointwise, and
therefore Ilery < Tlews, as required. O

9.1 Proof of Theorem 1

Theorem 1. In the context of policy evaluation for some policy 7, suppose that:

(i) the stepsizes (ai(x,a)|t > 0,(x,a) € X x A) satisfy the Robbins-Monro conditions:

o Y oai(z,a) =00
o Y0 i (z,a) < C <0
almost surely, for all (x,a) € X x A;

(ii) we have initial estimates n(()m’a) of the distribution of returns for each state-action pair (x,a) € X x A, each

with support contained in [z, zk].

Then, for the updates given by Algorithm 2, in the case of evaluation of the policy m, we have almost sure
convergence of ny to ne in o, where ne is the limiting return distribution function of Proposition 2. That is,

lo(ne,me) — 0 ast — oo almost surely.

The proof structure is based on that of Theorem 2 of Tsitsiklis [1994]; our Lemmas 5 and 6 are variants of
Lemmas 5 and 6 of Tsitsiklis [1994]. The high-level argument of the proof proceeds as follows.

Define:

U = L& =6,

ZK Y

1 1 1 oy 1o
Uit = U + ST U LS = L 4 S (T L)

iteratively for each (x,a) € X x A.

Lemma 5. We have Uy1 < Uy, for each k € No, and L1 > Ly, for each k € No. Further, we have Uy — nc
in by , and also Ly — ne in £s.

Finally, we argue that, for each k € Ny, the return distribution functions U, and Ly sandwich all but finitely
many of the return distribution estimators 7, in a sense made precise by the following lemma.

Lemma 6. Given k € Ny, there exists a random time Ty, taking values in Ng such that

Ly <n < Uy forallt>Ty, almost surely.

Now, from Lemma 6 the conclusion of Theorem 1 is reached as follows. Let € > 0, and pick k € Ny sufficiently
large so that £2(Lg,7nc), f2(Uk,nc) < &, which can be done by Lemma 5. Note then by the triangle inequality
that £o(Ug, Li) < 2¢, and further, we have:

Lo(ne,me) < lo(me, L) + Co(Li, Ug) + 2 (U, mc) -

Since, by Lemma 6, we have that L;, < n; < Uy, for all > T}, almost surely, it follows that fo(n;, L1,) < fo(Ly, Uy)
for all ¢ > T}, almost surely, and so we obtain

la(ne,me) < 209(Ly, Uy) + lo(Up,me) < 5e for all t > Tj, almost surely,

which yields the statement of Theorem 1. It now remains to establish Lemmas 5 and 6.
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9.2 Proof of Lemma 5

We firstly show that Uy < Uy for each k € Ny. The proof that Li,1 > Ly, for each k € Ny is entirely analogous.

First, observe that U; < Uy, since each distribution Ul(x’a) is supported on [z1, 2|, and Uéx’a) was chosen to

stochastically dominate all distributions supported on [z1, zx]. For the inductive step, suppose Uyy1 < Uy for
some k € Ng. Then by monotonicity of ¢ 7™, we have [I¢T"Uy41 < IIeT™Uy. Hence,

x,a 1 T,a 1 T xT.a 1 x,a 1 T x,a z,a
U15+’2) - §Ul§+1) + i(HcT Up1) " < §Ul§ '+ §(H0T Uy) ) = U1£+1)7

which completes the inductive proof. To establish convergence of Uy, to n¢, we make use of the following general
result.

Lemma 7. Let (1), be a sequence of probability measures over {z1, ...,z }, with the property that vy, < vy
for each k € Ng. Then there exists a probability measure v* over {z1,...,zKx} such that vy — v* in {ls.

Proof. We work with CDFs. Denote the CDF of v, by Fj, for & € Ny. Recall that the stochastic dominance
condition vg41 < vy implies that Fj1 > Fj, pointwise. Therefore for each 2 € R, we have that (Fj(z))ken, is an
increasing sequence, trivially upper-bounded by 1. Therefore the sequence converges, and so there exists a limit
function F': R — R, defined by F*(z) = limy_, oo Fi(x). It is straightforward to see that this limit function takes
values in [0, 1], is non-decreasing, right-continuous and is constant away from the set {z1,...,zx}. It is therefore
the CDF of a probability distribution v* supported on {z1, ..., 2k }. Since F* is constant away from {z1,...,2x},
v* is supported on {z1,. .., zx }. To show that v, — v* in f5, we must establish that [¢(Fj(z) — F*(z))*dz — 0.
Since v* < 41 < vy, for each k € Ny, it follows that [, (F(z) — F*(x))?d is a non-increasing sequence, and so
it suffices to show that it is not lower-bounded by a positive number to establish the sequence’s convergence to
0. To that end, let £ > 0. Pick k € Ny such that |Fi(z;) — F*(z;)| <e¢, for each i = 1,..., K — 1. Then observe
that

K-—1
[ Fl@) = P @)de < 3 (i - )¢,
i=1

which demonstrates that no positive lower bounded exists, as required. O
Applying Lemma 7 to each of the sequences (Uéz’a))zo:o, for each state-action pair (z,a) € X x A, we obtain

the convergence of (Ug)gZ, to some set of return distributions n* in 5. Finally, due to the continuity of II¢7™
with respect to f2, this limiting set of return distributions n* must satisfy n* = 1n* + 31I¢7"n*, implying that
n* = e T™n*, so the limiting set of return distributions is indeed the fixed point e of I 7T™. Analogously, we

may show that Ly — n¢ in ls.

9.3 Proof of Lemma 6

z,a)

We prove this lemma by induction. The result is clear for £ = 0, as in this case U; "’ stochastically dominates

all distributions supported on [z1, k], and Léﬂc’a) is stochastically dominated by all distributions supported on
[21,2K]. Now assume the result holds for some k > 0; that is, there exists some random time T} such that
Ly < n < Uy for all t > T, almost surely. Here, we follow the structure of the proof of Lemma 6 of [Tsitsiklis,
1994] closely. We will show there exists a random time Ty such that 1, < Ugyq for all ¢ > T4q almost surely;
the claim that Ly < n for all £ > Ty may be proven analogously.

Now define

H;i’a) = U,iz’a) , Ht(i’la) =(1- at(%a))Ht(I’a) + ay(x,a) (M TUL) @ | for t > Ty, (14)
Wi =0e MR), WY = (1 - aul@, )W +as(w,a) [ Me(fro)gm) =) = (T ) =) for ¢ > T,
where M(R) is the space of signed measures on R, and 0 € M(R) represents the zero measure; that is, the

signed measure that assigns measure 0 to every Borel subset of R. Note that the process (W;)>7, takes values
in the space of collections of finite signed measures indexed by state-action pairs, each with overall mass 0; that

is, Wt(z’a) (R) =0 for all (z,a) € X x A, for all t > T},.
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We now argue that nt(m’a) < Ht('r"a) + Wt(m’a) for all t > T}, and for all (r,a) € X x A almost surely. For ¢ = T,
this following from the definitions in (14) and the dominance relation np, < U;. To complete the proof, we
proceed inductively. Suppose that 77,537’“) < Ht(m’a) + Wt(m’a) for all (z,a) € X x A, for some t > T},. Then note,
assuming oy (z,a) = 0 if the distribution corresponding to the state-action pair (z,a) is not updated at time ¢,
we have

(z,a) (z,a) z’,a’)

0o =(1 = ag(a, @)™ + ay(a, a)e(frq) e
(1 — (@, @)™ + ag(, @) M T 0) @ + (2, a) We (fra)gns” ) — (T ) @)

—~
INE
S

(1= ay(z,a)(H® + W) + ay(w,a) e T UR) S + ay(z, a)(Te(fra)pn” ) — (T ) @)
(1= ay(x,a)) H® + oz, ) T T U) @D + (1 — ay(, a)) W5
+ (@, a)(Te(fra) g™ ™) — (e T ) @)

=HS Wiy,

as required. In the above derivation, (i) comes from the stochastic dominance relations n, < Hy + W, (by
induction hypothesis) and 7 < Uy and the monotonicity of IIc7™. Note that we have the following expression

for Ht(m’a):
t—1 t—1
Ht(x’a) = ( H (1-— aT(x,a))> Uk + <1 - H (1-— aT(as,a))> (e T Uy )&
T=T}% T=T%

Since by assumption we have >~ ax(z,a) = oo for all (z,a) € X x A almost surely, we have that there exists

a random time Tj41 such that Ht;:lTk(l — a(z,a)) < 1/4 for all (x,a) € X x A, and for all t > Ty almost

surely. Since [IoT7™Uy < Uy, for all ¢ > Tk, we have:

ne < Hy + W,

1 3
< ZUk + EHCTﬂUk + Wt
1
4
1
=Upy1 + Wi — Z(Uk —eT™U) . (15)

1 1
= §Uk + §HCT7TUI€ + Wy — —(Up —HT™Ug)

Now note that if Ukw’a)((oo,zi]) = HCT”U,iw’a)((oo,zi]), then we have U,Ei"lz)((—oo,zi]) = Ukl’a)((—oo,zi]). Let

8, then, be the smallest non-zero value of |(Ie7™Uy)®® ((—o0, 2]) — U,gz’a)((—oqzi])\ across all state-action
pairs (z,a) € X x A and all support points z; € {z1,...,zx}. Crucially, we observe that the additive “noise”
term appearing in the definition of Wt(jf’la) in Equation (14) is mean-zero, in the following sense: as a random
measure, the expectation of the noise term is the 0 measure. More concretely for our purposes, we have, as
stated in Lemma 4 in the main paper, for all z; € {21,...,2x}:

Eparar | ((He(fr)gn) ™) = (T ) =) (=00, 21]) = 0.

Standard stochastic approximation theory (e.g. [Tsitsiklis, 1994]), via Assumption (i), then yields that
Wt(w’a)((—oo,zi]) — 0 almost surely, for all (z,a) € X x A, and for all z; € {z1,...,2x}. We can now take
Tit1 > Tpir sufficiently large so that |Wt(w’a)((—oo,zi]))| < ¢/4 for all t > Ty and all (z,a) € X x A. Then
(15) yields that n; < Ugy; for all ¢ > Tgy1, completing the inductive step, and therefore completing the proof of
Lemma 6.

9.4 Proof of Theorem 2

Theorem 2. Suppose that Assumptions (i)—(ii) of Theorem 1 hold, and that all unprojected target distributions
ﬁzt’at) arising in Algorithm 2 are supported within [z1,zk| almost surely. Assume further that there is a unique
optimal policy ™ for the MDP. Then, for the updates given in Algorithm 2, in the case of control, we have almost
sure convergence of (nt(x’a))(%a)e/\»xf\ in £y to some limit ng, and furthermore the greedy policy with respect to

ng is the optimal policy m*.
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Proof. We first note that the updates induced by the algorithm on the expected returns are exactly those of
standard (non-distributional) Q-learning. More precisely, denoting the expected returns E Reon(®®) [R] at state-
t

action pair (z,a) € X x A at time ¢t by Q¢(x,a), we have that these Q-values follow the standard dynamics of
Q-learning. This holds because the maximum and minimum possible estimated rewards lie within the support of
the parametrised distributions, by the assumptions of the theorem. We may therefore apply the non-distributional
theory [Tsitsiklis, 1994] to argue that the expectations (Q¢(z,a)|(z,a) € X x A) converge almost-surely to the
true optimal expected returns (Q™ (z,a)|(z,a) € X x A). Since the state space and action space are finite, this
convergence is almost-surely uniform across all state-action pairs. Therefore, given € > 0, there exists a random
variable N such that for ¢ > N, we have

sup  |Qi(z,a) — Q™ (z,a)| < ¢ almost surely .
(z,a)eX XA

Now take € to be equal to half the minimum action gap across all states for the optimal action-value function Q™ ;
that is, take ¢ = %minxex[Q”* (2, 7 () — MaXqtre(g) Q™ (z,a)] (which is greater than zero by the assumption
of a unique optimal policy and finite state and action spaces). Then for ¢ > N, the Q-learning updates are exactly
the same as policy evaluation updates for the optimal policy 7*. Under these updates, we proved in Theorem 1
that the return distributions converge to the approximate return distribution function n¢. Note however, that

N is not a stopping time; we must be particularly careful with the analysis that follows.

We therefore proceed according to a coupling argument. We define the following set of independent stochastic
distributional Bellman operators: (7,") across all deterministic policies 7, and timesteps ¢ € N. The idea is
to define a 7* categorical policy evaluation algorithm with these operators, and also a categorical Q-learning
algorithm, and couple these processes together with probability tending to 1 as the number of steps of each
algorithm increases. Since the return distribution ensemble computed by the policy evaluation algorithm will
converge to the approximate return distribution function 7ne associated with 7* almost surely, we will then be
able to argue that the same is true of the distributions computed by the Q-learning algorithm.

More precisely, we first construct the 7* categorical policy evaluation algorithm by taking an initial return
distribution function (né‘r’a) |(z,a) € X x A), and defining:

M1 = T T

for each k > 0. We construct the Q-learning algorithm by taking the same initial return distribution function
(néx’a)|(x, a) € X x A), and defining the following updates, letting 7o = no:

Let m be greedy wrt 7 ,

N1 = Hcﬁf’“ Mk 5

for each k > 0.

By the remarks above, we have 7y, = 7* for all k sufficiently large almost surely. Let Ay = {m; = 7* for all | > k},
for each k € N. Then Ay C Agi1, and P(Ag) 1T 1. Let B be the event of probability 1 for which the policy
evaluation algorithm converges. Now, on the event B N Ay, we have

-2
52(7”,776) -0,

where 7 is the limiting distribution function for the policy 7*, as in Theorem 1. Note then that if Zz(ﬁl, m) —0
on this event too, then by the triangle inequality, we have ¢5(7;,7¢) — 0, and hence Q-learning converges on
A N B, and since P(A; N B) 1 1, the statement of the theorem immediately follows. We first observe that
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05(My,m), for | > k, is eventually a non-increasing positive sequence on the event Ay:

G )

Tt~ T,a Tr* T,a 2
= ([ = e, @)™ 4 o, a)(MeT ) ) = (1= e, @)™+ o, a) (T m) )

2
2
=(1 — oy(x,a))? Hﬁlm’a) - m(x’a)

2 T* ~\(z,a T z,a
@0 | (M7 ) ) = (T ) e
2 2

+ 200 (z, a)(1 — aa(, @) @™ =™, (He T i) &) — (e m) ),
S(]‘ - Oél(il', a))2z§(ﬁlv 771) + al(1'7 ay’ﬂz(ﬁl, nl) + QQZ(ZE, a/)(l — OZ[(.’E, a))ﬂzg(ﬁl, 77[)
=(1 = (@, a)(1 = 7))Lt m) - (16)

Therefore, on this event, fo(7;,7;) has a limit almost surely. Denote Z as the limit of the sequence, and on the
event that Z > 0, pick § > 0 such that /7(Z +0) < Z. Letting 7 > 0 such that lo(7;,m) < Z +6 for all [ > 7,
we observe that for [ > 7, following the calculations in Equation (16), we obtain the inequality
62 ~(z,a) (z,a) < (1-— 262 ~(z,a) (z,a) 2 746 2 1— 746
2(myr smyn ) < (L=, a)) G007 ) + au(@, a) ™y (Z + 6) + 20u(, a) (1 — au(z, a))\/v(Z +0)
< (1= 20(,0) + an(2,))BA ") + Qau(w,a) — culw, a)2) (2 +6).

By Assumption (i) of the theorem, we have lim sup; ég(ﬁl(x’a),nl(x’a)) < VVZ +0) < Z for all (z,a) € X x A, a
contradiction. Therefore Zg(ﬁl, 1) — 0 holds on Ay N B almost surely, as required. O



