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1 Helping Lemmas

Before proving the main theorems of the paper, we state one
known lemma and state and prove two lemmas that will be
used repeatedly in this proofs. The first lemma is known
as Breiman’s generalized ergodic theorem. The second and
the third lemmas concern the continuity of the saddle point
w.r.t. the probability distribution.

Lemma 1 (Ergodicity, [3]). Let X = {X;}°>°, be a station-
ary and ergodic process. For each positive integer 1, let T;;
denote the operator that shifts any sequence by 1 places to
the left. Let f1, fo, ... be a sequence of real-valued func-
tions such that lim,,_, o, f(X) = f(X) almost surely, for
some function f. Assume that Esup,, |f(X)| < oo. Then,

1 — ,
Jim ; fi(T'X) = Ef(X)

almost surely.

We denote by X £ [1 — B, 1 + B]".

Lemma 2 (Continuity and Minimax). Let B, A, X be com-
pact real spaces. | : B x A x X — R be a continuous func-
tion. Denote by P(X) the space of all probability measures
on X (equipped with the topology of weak-convergence).
Then the following function L* : P(X') — R is continuous

L*(Q) = inf supEg[l(b,c,\ z)].

(b,c)EB xeA

)

Moreover, for any Q € P(X),

inf supEgll(b,c,\,z)] =sup inf Egll(b,c, A\, x)].
il sup o [I( )] sup Jnf o [I( )]

Proof. B,A, X are compact, implying that the func-
tion I (b,c,\,z) is bounded. Therefore, the function
L: B x A x P(X)— R, defined as
L(b,c,\,Q) =Eqg[l(b,c,\ )], ()
is continuous. By applying Proposition 7.32 from [2], we
have that sup,c Eq [{(b, ¢, A, X)] is continuous in Q x B.
Again applying the same proposition, we get the desired
result. The last part of the lemma follows directly from
Fan’s minimax theorem [4]. O

Lemma 3 (Continuity of the optimal selection). Let B, A, X
be compact real spaces, and let L be as defined in Equa-
tion @]) Then, there exist two measurable selection func-
tions h®¢) b such that

(Q) arg(bI%IGIB r/{lea/)\( ( , G v@) )

Q) € in L(b,c,\,
(Q) € argmax ( o (b,c Q))
for any Q € P(X). Moreover, let L* be as defined in
Equation ({I). Then, the set

Gr(L*) &
{(u*,v*,Q) | u* € K™ (Q),v* € K}Q),Q € P(X)},

is closed in B x A x P(X).

Proof. The first part of the proof follows immediately from
the minimax measurable theorem of [8] due to the com-
pactness of B, A, X and the properties of the loss function
L. The proof of the second part is similar to the one pre-
sented in Theorem 3 of [1]. In order to show that Gr(L*)
is closed, it is enough to show that if (i) Q,, — Q. in
P(X); (i) uy, — U in B; (iil) v, — vso in A and (iv)
Uy, € KPP (Q,),v, € h*(Q,) for all n, then,

Uso € hP:©) (Qoo)vvoo € hA(QOO)-

The function L(b, ¢, A\, Q), as defined in Equation , is
continuous. Therefore,

lim L(unvvna(@n) = L(uooavoov(@oo)-

n—oo

It remains to show that u,, € h(P9(Qy) and vy, €
h* Q). From the optimality of u,, and v,,, we obtain

L(uooavoov(@oo) = lim L(Un,’l}n,@n) = lim L*(Qn)

n—roo n—oo
3)
Finally, from the continuity of L* (Lemma2), we get
which gives the desired result. O



Corollary 1. Under the conditions of Lemma 3. Define

L,(b,c, )\, Q)

note h(L]?L’C)(Qn), hy (Qn) to be the measurable selection

Sunctions of L. If Q, — Qo weakly in P(X) and
e b (Qn), 00 € b} (Qy), then

Ln(un; Un, Qn) — L(Uoov Voo, Qoo)
almost surely for us, € h®)(Qu) and voo € M Qo).

€ h(®9(Qu) and ¥, € h*(Qu)

Proof. Denote i, € (
|Ln(una Un, Qn) - L(Uoov Voo, Qoo)
)
)

< ‘Ln(unavnaQn) - L(un,vn, n |
+‘L(ﬂn’@n?(@n) - (uOOaUOO7QOO | (4)

Note that for every n and for constant £ > 0,

||)\max||2

L(b,c, A EE—
B S
< min max L, (b,c, \,Q)

(b,c)eB AEA

= Eg[l(b,c, A\, X
(bniﬁrésrileaf( e [i(b, e, A, X+

II(b>C)|2—|AII2>

n

< L(b,c, A
i e 20 A D)+

Thus, for some constant C, |Lp(un,vn,Qn) —
L(tn, 0,,Q,)| < % and from Lemma 3, the last
summand of Equation[d]also converges to 0 as n approaches
o0, we get the desired result, and clearly, if h(®¢)(Q,,) and
h*(Q.) are singletons, then, the only accumulation point
of {(Vn, un) }221 18 (Voo, Uoo ) O

The importance of Lemma [3] stems from the fact that it
proves the continuity properties of the multi-valued corre-
spondences Q — h(®)(Q) and Q — h*(Q). This leads
to the knowledge that if for the limiting distribution, Q.,
the optimal set is a singleton, then Q — h(™)(Q) and
Q — h(Q) are continuous in Q.

2 Proof of Theorem 2

Theorem 2 (Optimality of W*). For any investment strat-
egy S € S, whose portfolios are by, by, . .. the following
holds a.s.

T
1
. s
hTmmf— E_l fbi, X;) >W

Proof. For any given strategy S € S, we will look at the
following sequence:

1 T
7 2 Ubic AL XG). 5)
i=1

= L(b,c,\,Q) + 7H(b’c)“:_”w2 and de-

where A} € WPy, xi-1) €
argmincex (c+ 25Br, |, |(~log((bi. X)) = o) ]).
Observe that

X;) | X7

1 I
‘) = TZE[ b“cz,)\*
i=1

1 « -
-7 Z(l(bi,cm:f,xo

—E [l(bl,cl,A;‘, )| X{*l}).

Since A; = I(b;, ¢:, \F, X

(R RIS ) E|:l(b1’ch:7 )|Xi_1:|
is a martingale difference sequence, the last summand con-
verges to 0 a.s., by the strong law of large numbers (see,

e.g., [9]). Therefore,

T
o1 a
ll‘rrgloréfle(bz,cz,)\ ; Xi)
3 i—1
_lﬁlogf—ZE[ bzycla)‘ Xi) | Xi }
T i ,
> liminf — min E [l(b,c, AT XG) | X{_l} )
T— 00 — (b,e)eB()

(6)

where the minimum is taken w.rt. all the o(X|™1)-
measurable functions. Because the process is stationary,
we get for A7 € hM(Py) -1 ),

1—1

T
| . “ 1
ﬁ) = hTrILlOI(ljf T 2 (b’rcr;lerg()E {l(b, e, AL Xo) | X,
1 I
= liminf - ZL*(PXUlX:i). (7)
i=1

Using Levy’s zero-one law, Pxo\ Xl P weakly as
i approaches oo and from Lemma [2] we know that L* is

continuous. Therefore, we can apply Lemma T]and get that
a.s.

() = E[L7(Peo)] = E [Ep,, [I (b, 5o, Ao, Xo)]]

Note also, that due to the complementary slack-
ness condition of the optimal solution, i.e.,
Ao (B, [e(bZ; ¢, Xo)] =) = 0, we get

(8) = E[Ep.. [u(bZ, i, Xo)l] = W™

1 * 1 ¢ *
From the uniqueness of A\%_, and using Lemma AL = AL
as ¢ approaches co. Moreover, since [ is continuous on a
compact set, [ is also uniformly continuous. Therefore, for



any given e > 0, there exists § > 0, such that if [\ —
then

Al <9,

[I(b,e, N z) —I(b,c,\,z)| < €
for any (b,c¢) € B and z € X. Therefore, there exists i

such that if i > ig then [I(b, ¢, A7, z) — (b, ¢, X5, )| < €
for any (b, c) € Band x € X. Thus,
llrglo%f—Zl b C AL, XG)

i=1

T
.1 «
_hTIglo%fTZl bz,Cw/\“ i)

T
nTIgiO%f;;ubz,cl,A* . Xi)
1 T
+11;nj;pfg (b, ¢k, X5, X5)
1« d 4y
> liTnLioréfT;lb“cl,/\* 2:: AL X
> —€ a.s.,

and since ¢ is arbitrary,

M=

1
lim inf —
T—o0

I(by, ¢5, N5, X;)

i=1

1 I
> liminf — , X
2 limin T;lbhcl,)\ i)-

Therefore we can conclude that

T
1
.. * N > W* a.s.
ll%nlnf—TiE:IZbZ,cl,)\ X;) > W* a.s

We finish the proof by noticing that since S € S, then by
definition

1 T
lim sup — E mln <c +
i:

T — o0

Ee ,_y [(—los((bs, X)) fc)ﬂ) <v
—a XX,

a.s. and since A% is non negative, we will get the desired
result. O

3 Proof of Theorem 3

Before proving Theorem 3, we will prove the following two
lemmas:

Lemma 4. Assume that for any vector w¥ € R¥ the random

variable || X} — w¥|| as a continuous distribution. Then,
there exists a countable set of experts { Hy, , } for which

T
- : . i i *
lim lim lim T g LBl s Chohs Moy Xi) = W aus.,

k—00 h—o0 T— 00 —y
i=

where (bz,h7 c};,h, A};,h) are the predictions made by expert
Hy, 1, at round 1.

Proof. We start by defining a countable set of experts
{Hy, 1} as follow: For each h = 1,2,. .., we choose pj, €
(0, 1) such that for the sequence {pp }52 ¢, limy—,00 pr, = 0.
Moreover, set h = |npr | For expert Hy, j,, we define for a
fixed k x n-dimensional vector, denoted by w, the following
set,

Bkh”) 2 (z | k+1<i<t X'~} isamong the h

t—1
nearest neighbors of w among Xl,...,Xt_k ,

where X;+k £ (X, .., Xjqk) € RFX" where

L Xjpx) € RFXT

Thus, expert Hy, ;, has a window of length k and it looks
for the / euclidean nearest-neighbors of w in the past. This
results in a set of market vectors Bw ‘(1) " This set can
also be seen as a conditional probablhty over the space of
possible market vectors. Then, each expert recommends the
actions b, c € B and A € A, which are the corresponding
minimax solution. More formally, we define

h}lg,h’ C(Xf_lv ’LU) =

1
arg min | max ——— g lii(bye, \, x;
g(bc)eB AEA |B’w7(1,t)| 1t(D, ¢, A, i)
k,h zieBy Y
and

hg,h(Xfil? w) =S

1

argmax [ min ———— g

ACA | (bo)€B | BTy b t)| )
€8

lk,l,t (b7 c, )‘7 xl)

for

lk,h,t(bv C, /\7 xz) é
) w1 1 1
l(b’chami)J’_(H(bac)H _||)‘||) ;""E""E )

Using the above, we define the predictions of Hj, j, to be:

HP e p(XTYH) = 0P e n(XITL XI5, 9)

t=1,2,3,...
Hp (X1 = hp (X1 X020, (10)
t=1,2,3,...

We will add two experts: Hy o whose predictions are always
(bo, €0, Amax) and H_; _; whose predictions are always
(b07 €o, O)



Fixing k, h > 0 and w, we will define a (random) measure

]P;kljjh) that is the measure concentrated on the set B;f’h(o’l_j ) s

defined by

B, (4) = Zxeppiors 1al)

J,w

)

w,(0,1—j
B )

where 14 denotes the indicator function of the set A C
[-B, B]".

In other words, P;fi'uh) (A) is the relative frequency of the
the vectors among X;_ 4, ..., Xo that fall in the set A.

Let 74 ;(w) be an arbitrary radius such that
P(|X = — wll < rig(w)) = po

Applying Lemma[T] and using similar arguments as in [3],
it is straightforward to prove that for all w, w.p. 1

]P)(kvh)

iw . Pl 1x-

p—wl||<rp, (w)

weakly as j — oo, where PXOI x- ) denotes

—w||<r,(w
the distribution of the vector X conditioned on the event
1X =5 — wl] < ria(w).

By definition, (h::,cl(Xl__lt, w), hy (X1, w)) is the min-

imax of l; 3.5, W.I.L. IP’gi;Jh). The sequence of functions I; i, 5,
converges uniformly as ¢ approaches co to

1 1
Len(b,c, A, z) = U(b, e, A\, 2)+(||b, c[[* — ||A[|?) ( + ) .

h ok

Note also that for any fixed Q, Ly p(b,c,A\,Q) =
Eg [lk,n(b, ¢, A, X)] is strictly convex in (b, ¢) and strictly
concave in A, and therefore, has a unique saddle-point (see,
e.g., [7]). Therefore, since w is arbitrary, and following a
Corollary [T|of Lemma[3] we get that a.s.
(bi,h,c}i,h) — (b?;h,cz,h) /\Z,h - /\;’Z,h,

where (b;yh, Cn )\,*c,h) is the minimax of Ly, w.rt.

w(kh) &
P x-1 =

. Thus, we can apply Lemma |l{ and conclude
that as T" approaches oo,

T
T Z (B, s s Mo Xi) = E[UDS 4y 5 s My X0)] -

i=1

a.s.. We now evaluate

hm E I:l(szl’ C;:;,h’ )\27}“ XO)] .
h— 00
Using the properties of the nearest neighbour estimates (see,
e.g., [5]), we get that

]P)*(k,h)

xo1 7 Pixgxony

weakly as h — oo. Moreover, the sequence of functions
li,», converges uniformly as h approaches oo

[[b, ef|* = [IAII?
p :

Note also, that for any fixed Q, Lk(b,c,A\,Q) =
Eg [Ik(b, ¢, A, X)] is strictly convex-concave, and therefore,
has a unique saddle point. Accordingly, by applying Corol-
lary [T]again, we get that a.s.

(b s €n) = (b cg)

lk(b7 ¢, )‘7 ZE) = l(b) c, >\7 1‘) +

* *
Akh = Ak

where (b}, ci, A%) is the minimax of Ly w.r.t. P{X()'X—l}.
—k
Therefore, as h approaches co,

LBk 1> Che s Men Xo) — LB, ¢y Ay Xo)
a.s.. Thus, by Lebesgue’s dominated convergence,

lim E [l(b;;,m clt:,hﬂ )‘z,h’XO)] =E [l (bks s Aks XO)] :

h—o00

Notice that for any Q € P(X), the distance between the
saddle point of L w.r.t. Q and the the saddle point of L
w.r.t. Q converges to 0 as k approaches co. To see this,
notice that

. ||)\max||2
T O A
< min max Li(b,c, \,Q)

= (b,c)EB AEA

E
< mi L(b,c, A -
< (e R oA Qg

for some constant F, since B is bounded. The last part in

our proof will be to show that if (bi, cr, X,’Z) is the min-
imax of L w.rt. P{XO‘X}{}, then as k approaches oo,

E [l (bAz?cAz, )\Az, XO)} will converge a.s. to W* and so
E [l (blta 027 )‘Zv XO)]

To show this, we will use the sub-martingale convergence
theorem twice. First, we define Z;, as

Zr 2 min E[maXE[Z(b,c,A,XOHX:;O] P.aE

(b,c)eB() AEA()

where the minimum is taken w.r.t. all o(X ~})-measurable

strategies and the maximum is taken w.r.t. all o(X "L )-
measurable strategies. Notice that Zj, is a super-martingale.
We can see this by using the tower property of conditional

expectations,
E{Zes1 | X} =E[E [Zea | X7} ] | X

and since Zy 1 is the optimal choice in 5 w.r.t. to X :,1_1,

<E[E[Z: | XZ{_,] | XZ}] = E[Z | X2}] = Z.



Note also that E[Z] is uniformly bounded. Therefore, we
can apply the super-martingale convergence theorem and
get that 7, — Z, a.s., where,

Zoo =E[I(b};

5+ Coos Ao XO) | X:;o] =W,

and by using Lebesgue’s dominated convergence theorem,
also E[Z] — E[Z] = W*. Using the same arguments,
7y, defined as

in E[l(b,e\Xo) | X~
o in, [1(b,c,\, Xo) |

SIE=

where the maximum is taken w.r.t. all o(X ~})-measurable

strategies and the minimum is taken w.r.t. all o(X "1 )-

measurable strategies, is a sub-martingale that also con-
verges a.s. t0 Zy, and thus E[Z;] — E[Z,] = W*.

We conclude the proof by noticing that the following relation
holds for any £,

E[Z;]

=E {max E { min E[l(b,c,\, Xo) | XZ
AEA() (b,c)eB()

5] IX:;”

< [ 8 B[ (5 n ) 1 x22]

—-F [/{Iel?\}(()E [l (t;,’;,cA’,g,A,Xo) ‘ X:;H

_E [z (t{;,éz, X;,XO)} ,
and using similar arguments we can show that also

E {l (b:cz, XZ,XO)} < E[Zy],

and since both E[Z] and E[Z}] converge to W*, we get the
desired result.

O

Lemma 5. For {Hy, ,} the following relation holds a.s.:

}fnﬁll;njolip Zl bk h,ck h,)\z,X) < W

T
< supliminf = Zl b;, c;, 2,h,Xi) )

k,h T— o0
i=1

where (b;, ¢;, \;) are the predictions of CANN when applied
on {Hk,h }

Proof. Set

f(b,c,Q) = maXEQ [1(b,c, A, Xp)].

We will start from the LHS,

mfhmsup Zl bkmckh,)\“X)

kh T i=1

Y

and similarly to Lemma[2] by using the strong law of large
numbers we can write

( —1nfhmsup— E
) -ppiman 1321

T
fz (ble,n> s P, x1) a.s. (12)

1;,h’ Cz,h’ )‘iv XU) | X;jz]

< inf lim sup
k T~>oo

For fixed k,h > 0, from the proof of Theorem (ED,
(bzh,c};’h) — (b} 4sCkp) as. as i approaches oo, and

from Levy’s zero-one law also P Xolxrt P, weakly.

From Lemma|Z| we know that f is continuous, therefore, we
can apply Lemma([T]and get that

" = infE [E [f( Z,mcz,mﬂ”oo)]]
< hm hm E [f((b} s ¢k ps Poo)] -

k— o0 h—00

13)

From the uniqueness of the saddle point and from the proof
of Theorem (@), for fiked k > 0,

lim (b, ¢4 = (b, )
a.s.. Thus, from the continuity of f we get that
lim f(by 4, ¢k py Poo) = f(bgs ¢k, Poo)
h—o00
and again by Lebesgue’s dominated convergence,
[T3) = Jlim E[f (b} cf, P

lim E E 14
- Jim B paxEr. (1

1 (b cf. A,Xon} |

Now, from Theorem [ we know that every accumulation
point of the sequence { (b}, ¢})} is in the optimal set

arg min (maxEp_
(b,c)eB \ AEA

[ (b,ec, )\,XO)]> .
Therefore a.s.

lim maxEp_ Abos

L(b},ci, A\ X E
Fosoo AGA [( ko Cko N 0)]_> Poo

L (b%,, c

o<} oo )
and using Lebesgue’s dominated convergence,

(14)

Using similar arguments, we can show the second part of
the lemma.

=E[Ep,, [l (b c

[o'op] 007

AL Xo) = W

O

Xo)l,



We are now ready to state and prove the optimality of CANN

Theorem 3 (Optimality of CANN ). Assume that for any
vector wi € RF the random variable || XF — w¥|| as a
continuous distribution. Then, for any v > 0 and for any
bounded process {X;}>°,.: CANN is a y-bounded and -

universal investment strategy.

Proof. We first show that

lim sz bi,ci, Ai, Xi) = W* a.s.  (15)

Applying Lemma 5 in [6]], we know that updates of CANN
guarantee that for every expert Hy, p,,

3 Ly Ch.n
T0 bl7c’“)\“‘r T l(bz 7ciA 7)\i7xi)+ :
T0 g T; k,h> “k,h \/T

(16)

T T /

T (s i, Ai, 1) (bi, iy Al 1) — —r,
I‘jgz jé: kb Ti) JT
(17)

where Cy, 1,, C}, bk > () are some constants independent of 7.
In particular, using Equation (T6)),

T
E bl7027)\’ux’b

! Ck.n
}f; <T Zl(bk h:ck h» )\1,.131) + ﬁ) .

i=1

ﬂ’ﬂ\

Therefore, we get

T
thllp l b’mclv)\l?x’b
T—o00 ; )
r C
< limsupinf  Chops Ny Ti) + e
st (3t )+ 2

< inf lim sup
T kh T

T
, C
Zl bk h7c?c,h7>‘iaz ) + M)

1=

Eh T oo

T
< inflimsup( Zl ,'C,h,c};’h,)\i,xi)> ,  (18)
i=1

where in the last inequality we used the fact that lim sup is
sub-additive. Using Lemma (3], we get that

(18) < wr
1 N
<su liminf—E I(bs,ci, \i, X)) . (19)
k}l) n—o0 Ni:l ( k.1 )

Using similar arguments and using Equation (T7) we can
show that

T
1
< liminf — e ).
1) < llTrgloléf T ;l(bl,q, iy ;)
Summarizing, we have

lim sup — Zl (b, ciy Aiy i) < W™

T—o0 i=1
1 X
< liminf — i Cis Ny L)
< lim in ],ZE;l(ln,cz,Al,xz)
1=
Therefore, we can conclude that a.s.
1

lim —
T— 00

=W

M=

l(bla Ci, >\le7)

i=1

To show that MHA is indeed a «y-bounded strategy and to
shorten the notation, we will denote

gb,e, N\, z) &\ <c+ ﬁ (wb,z) — )t = 7> .

First, from Equation @ applied on the expert Hy o, we get
that:

lim sup T Zg b;, ci, /\maxvxz)

T—o0 i—1

T
< lim sup f Z g(bs, iy iy x;).

T—o0

(20)

Moreover, since [ is uniformly continuous, for any given
€ > 0, there exists > 0, such that if |\ — A| < 4, then

[I(b,c, N, x) — l(b,c,\,z)| < €

for any (b, c) € Band x € X. We also know that

lim lim lim )\k h= Ak
k—00 h—o00 i—00

Therefore, there exist ko, o, io such that [A}, , =5 <0
for any ¢ > ip. Since hmk_><>o AL = AL there exists ko
such that [A; — A% | < 5. Note that limp, 00 Af, , = Mgy
— Aol < 2. Finally,
since lim;_, o A}Co,lo = /\Zo,lo’ there exists i such that if
i > g, then [A} ;= Af | < ¢. Combining all the above,
we get that for kg, hg, ig if 7 > ¢, then

so there exists hg such that [Neo o

Nsol < Nig o
kol + 1A%

- )\Z‘O,ho |
A5 < 0.

|/\§€o,h0 -
A kg.ho —

Therefore,



Nl
Nl
.MH

<
Il
—
<
Il

lim sup I(bi, ci, Ao, i) —

T — 00 1

Nl
.MH
Sl
'M“]

s
Il
-
<
Il

l(biyci,)\);c,xi) -
1
lim sup l(bi,ci,)\};oyho,xl —
T— o0

lim sup <
T — o0

Nl

’ﬂ \

1

-
Il

From the uniform continuity we also learn that the first
summand is bounded above by ¢, and from Equation (7)),
we get that the last summand is bounded above by 0. Thus,

21) <,

and since ¢ is arbitrary, we get that
T

T—o0 i—1

<0.

Thus,

hmsup Zl bzacu)‘zoaXi) < W*7

T—o0

and from Theorem 1 we can conclude that

T
Tlggo Z: bzycu z) =W

Therefore, we can deduce that

limsup — Zg b, ci, Ais ;)

T—o0 i—1

T
1
— lim sup T Zg(bi, Ciy Ao, Ti) =

T—o0

lim sup — Zg b, ci, Ais ;)

T—00 i=1

MH

1

liminf — % —g(b;, ¢, \og, @
+imin T & 9(bs ¢, Ao, 2:)
T

T
1
< hmsup g bwcl,)\z,lﬂz - bucz-,)\’;m
T 1 T
= limsup l bzacu)\uxz - = l biach)\:oa i
2 | Z (

:0,

l(biych)\hxi)) <
l(b'u Ci, A;‘Co,h07‘rl‘)> +

T
Z blycl7)\l7xl >

T
1 1
lim sup (T g U(bi,ciy Ao, @) — T g I(by, iy Aiy i)
i=1

which results in

T
lim sup — Zg (bi, ci, iy x3)

T—o0 i—1

< hmsuprg bucza)‘oovx )

T—o0 i—1

Combining the above with Equation (20), we get that

lim sup — Zg b;, ¢, /\maxvxz)

T—o0
T
g bzacm o0s T )

< lim sup
T—)oo

Since 0 < A% < Amax, We get that

T
lim sup — Z 9(bi, ¢iy Amax, Ti)

T—o0 i—1

<.

Since the choices of ¢; are not necessarily optimal w.r.t.

P

XolXZ}_,

we get that CANN is y-bounded. Using Equa-

tion (I3), we get that CANN is also y-universal.

O
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