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GAP
� � � �

GAP (Group, Algorithm and Programming) è , é , êeEJëw&Ýì<íIÇSN*&L8,9�&SîI)<&Ýï>¹bð7ñ�WPò(ó
«,ôIu . õ:ö5ôL÷kø*ùwú<ûSü^ýtu . þSþCôUè GAP4 &tÿ5mSR�� ����� ü^ýtu . GAP 3½4e1��
	FG�� , �
	,ê , �>¸SN>ê , Ç>N>ê , 
U6,üUè<ÈI&���&Ly*V.W q����^3����<6����F&,8,9��:®��½ôSu . 
��wý,ô! <N
8:9���"$#5ôSu&%�')(>N>ê���*$+<N>ê5ô^&(N�,<8:9J3>è$-5�:ý/.�0 .

GAP
��1&2�3 3�4�165�.kîIü/7>o�è , 8�95&�:<;�W=%�'?>Uò � ¿Im
~ ô*�,ýFu .

http://www-gap.dcs.st-and.ac.uk/gap

-(ÈS&A@�B:m�:<;�W
http://www.math.rwth-aachen.de/~GAP

http://www.ccs.neu.edu/mirrors/GAP

http://wwwmaths.anu.edu.au/research.groups/algebra/GAP/www/

ýIî , GAP &�C�D5ÜI«(q5è!E*&�:<;�W03$
g1wýFu .

http://www.gap-system.org/Manuals/doc/htm/ref/

1 � GAP World  �!$#
%

1.1 GAP F&GIHKJML�NPO�J

GAP
� h�Q7m
WPùR.e6I3Sè!S�Q7mA@�TIq��5ô gap -�QU;^rFuSú<V('$ýS6 .

% gap

þ>þ(ô return key
��W ug- , GAP &U¿�X5-ÌÁ*3

gap>

��Y�Z�3ÝÎkúUû , Þ&[]\�^I&�_�`�3SE^6 .

GAP
� /a'b.e6:îS)>3>è , quit; -�QU;UrFu½6 . c�d*E5þk-wè , e�f � �5üUî�')g�hUi]j�3lkm@,jI¿ �

;
�!n �<6kþk-Öô

U6 . GAP ô^è return key è�e�f�&Ý/Ko>ô^èSEp� , D�3�e�f�\m^ ��q<r u56 .
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gap> quit;

%

-ÝE�1 , GAP �,/Ko>u56 . s��J354]tLû^è , quit; &tÇ�u�1P3 ctl-D ( j � W ¿SmFq�ÛIm ��W @ÝE$��'
D
�vW u ) 3*4ltLûmwP/Ko>ô��:6 . x�@Ýû&y>û�9$ùFü . ýSî , z{'�%^&!|&}eô GAP &�~<{ ���
� ùR.

îIü]�kè ctl-C
���&� @wû 2 ªU�5û
V��^ü .

1.2 GAP ���K�������A��F&���RJ

GAP èÝs��S¶*&eð,ñ�WPòÝóU«:E>&7ô , Y$Z$�½ô5j � l,ÜFm
Q½-ÌÆ��.@CE���'08,9 � ~*):ût{�� . ÈI&t8
9��$� � ?�@Öû$�$%>EIü$- , GAP

� /<o$@Ýî�-L�F3t879��]�<����uSú>û$@týA� . BID*3Ý;S= � ?ku:+U�
è�8
95&½4<�C3U¿&�>ñK�R;Fq53���� � �g���A eþk-Öô

U6 .

gap> SizeScreen( [ 72, ] ); LogTo( "sample.log" );

þCúkè , km@,jI¿ � ; ô�¡!¢£'iúkî]¤Uî n &Re�f � Îku . i�¥*&�e]f�è , 8:9&�$� ��¦ { 72 &/:<;]§Sô
Y&Z�3/�m^�¨IuJþ½- , EJ&!e�fJè , Y�ZJ3(Î½úe6(�$©
�IN�© � ÈS&^ý>ýI&!ª5ô sample.log -wüp�tñK�
;,q53(����¨:u þk- , ô

U6 . « n &!e�f�è!¬M�=­�®�3(�*üSû�wÖ��ukE>ü . 8:9J3Lsku56R¯�fK%I'Ì8:9
�$�JýFô , quit; 3½4e1 GAP �t/J6SýFô/Y]Z<�/¬½û sample.log 3R°$±bùCúe6 . GAP

� /K²<îRj$S$þ
&Uñ���;Fq ��³�´ uIú�V , 879��]�<�/µUãJùÝú½6 . þL&Uñ
�v;Fq½èR¶InU®��eE>&7ô , j*3Uñ<��;Fq½&R·�g
d�Et§U¨ ��¸ @�¹Uú<V!��º$3�»km<Q/�U°�±�ùÝú�6 . E$� , GAP

� z½ª�%�¼A%b@tÈ,ú � µ�½¿¾$À$&^¿&�
ñK�R;,q½3�°�±�@wû<ü
�$VRÁ�@Cü$»^m�Q/�5ñK�R;Fq53Jë�0bë�0/Â&Ã ùÝúUûF{M�tþk-Ý3SEU6 .

1.3 GAP ���K�$Ä�Å�ÆK���

ý�h� <NJ&�Ç�@ 9 , È5�P9 , %��C9 � ��tLû&y*4K� . KK²�V , (9 − 7) × (5 + 6) è (9 - 7) * (5 + 6)

-�QU;^rLu56 . GAP è�8�95&54<�C3L8:9&��� ��É u .

gap> (9 - 7) * (5 + 6);

22

gap>

þSþCô�wU@ , i$je&Uk�@,j,¿ �U��Ê ú<û return key
��W u - GAP è > &�y � ¨/[�@ÌË�Í ��Î 6 . GAP

è�Ï*E^6CÞ&[ �lÐ î7up')\�^ � �<6I&:ô

U6 . Èkþ(ô , > &�j�3 , k�@7jI¿ � ;
� Þ&[Uu56*- ,

gap> (9 - 7) * (5 + 6)

>;

22

-)8$À*&L8,9K�/µ�Ñku½6 . @�%$@ , K<²&V�i$je&$Ò�ÊFj ) ��Ê úkîb1Äu56e- , þwúkèRÓ�@)Ô<��c5ü . GAP

è Õ×Ö�Ø 2]Ù ÖL)]0UE5ùLü , ô*�:ý/.�0�Ú -wü��¿uK�7ô ,
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gap> (9 - 7)*(5 + 6;

Syntax error: ) expected

(9 - 7)*(5 + 6;

^

- , ��Û*üU&�Ü>� ��Ý�Þ @ , ÈS&�ß<Ë � ¯�à�@wû��0úe6 . Syntax error -ÝèL���&��&l��ÛeüSô

U6 .

�½3 , �]��� &SóKBIm]%�'0õK	½3 � �=á�â$3LÞ�tLûb@Fý��7þ½-���
k6 . GAP è , â
@Cû�ã n %56½þ5-
&SESü/ä ��å )Iû$æ � ù(up'Cü , õ�ç*EF8:9 � @ � �<6I&:ô

U6 . þCú �$è�é�ê<ë/ì�í�î (break loop)ïñð #$ò*ô^è , Õôó&õ>é<Ú ?? ö�-wü>ü , brk> -wü��0Î>äK�
¨^6 . QJ}�;5V(q5mUrS&$÷Iô , ùK'(3Ió<B:m
�/øgþwú
V , brk_02>, brk_03> -Öü��L4��w3R|$`eè�ë�0 ë�0�ó�ù.@ÖûSüp� . Q�}�;UVÝq½m<r�%�'Ìú���¨
uk3>è ,

brk> quit;

-PuSú<V½4tü . 
U67üUè ctl-D -S@wû�w>4tü . GAP &Ur>¿ � r�W gap> �/µ�Ñ½u56 .

Ee3(Å:9e3 n üIû�ã>û�ye4�� . À*3<wi�½ü<î½4��w3 , GAP è�û:Ne&t879�3Sèvü r<� ä ùLEIü . 
��PýFô ,

¨>N�&�ý&þ�35þlÿUue6I&Iô

U6�� GAP è ,
� ²p'iú½ît¨>N ��� ¨�@ , � � ¨<N5ôFÎ5u . ùK'C3 , ��&U�

ü*þk-Ý3Sè , ¨>N�&�Ç�@Ä9 � ��'¿.>ú<V!S��>¨�@wû�ä�² � � � ¨SN�&�ª5ô É @wû��P6 .

gap> 12345/25;

2469/5

gap> 123/4567 + 234/5678;

883536/12965713

	�
 &L879 , KK²�V 3132 è 3^132 -�QU;^rFu56 .

gap> 3^132;

955004950796825236893190701774414011919935138974343129836853841

 <N�&tÅ:9J35476C±�1Pè mod ô7879eô*�:6 . 17
�

3 ô,ÅJ6*-0±�1 2 -CE^6I&7ô
gap> 17 mod 3;

2

�
�a'iú56 .

ýIî , GAP è�e����:N��K�
��@Ýü$% (true), ��Û�tLû<ük6U% (false)
��� ·½u56 . þCú ��� ¸>HS9�-

ü�� .

gap> (9 - 7)*5 = 9 - 7*5;

false

N
&���û�&����
3 è , =, <>, <, <=, >, >= � � ugú
6 . Èeú��*ú , a = b, a 6= b,

a < b, a ≤ b, a > b, a ≥ b & q<r ô

U6 .
� ¸>HS9�-R
Uu�.<û ,
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gap> 10^5 < 10^4;

false

4*16*��eE � ¸>HS9Jè!E*&½4<�C3SE^6 .

gap> not true; true and false; true or false;

false

false

true

ÈFú��Fú , Õ���@wüUÚk&! Is*èU��Ûeü , Õ��.@<�ÌûUSkµ��U3l�/Û*üUÚg-wüm�,þ^-ÝèIEIü , Õ���@Cü]%½ý:î
èl�/Û�ttû<üU6!Úg-wü��C&Sè�"½3#��@Cü ,

��q<r u56 . ÈFú>ô^è , E*èJë��wEU6U% . ä�² ��$$Þ @Öû�%�'
��tLû&ye4<� .

gap> not true or false and not not false or true and false;

GAP ôUè , �l© � ·SN�-:@Öû^ÈI&<ýIý�%£�Fþ^-��Sôe�76 . 8&9½3�&('56C��©SMSN�-wè]¡#)ku½6�g$d<��

6 . �]© a � ∗ � ·>N
-S@wû � üUî:ü/7>o�è ’a’ 
U67üUè ’*’ -+*�,�%�' ’ ô^è½ù/  .

gap> ’a’;

’a’

gap> ’*’;

’*’

î�ÿ�@bS ’ab’ -Ýè:ô*��h ,
¦ �]©�&]y . GAP èt�]©>·>NK�
-�@Cü$%!.*E^6U% ��� ·½u½6 .

1.4 /10m�IF&Ä�Å�Æ32

sSÃ>G Sn &Fã σ è� <N In = {1, 2, . . . , n} &tËSÍ

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)

-S@wûFÎbùÝúe6 . σ ∈ Sn ètÁ4��EF�]© ��5 ý:ESü(©5ª7ËSÍ�&#6
-S@wû ¦�q<3 3(ÎgùÝúe6 . KK²�V ,

(
1 2 3 4 5
2 4 5 1 3

)
= (124)(35).

þ>þ(ô,K<²�V (124) è 1 → 2 → 4 → 1 -CE^6w©5ª7ËSÍ � Î½u .

GAP ôkè , s>Ã<G�&,8I9��½ÈS&^ý<ýI&L;37kô:8:9*ô*�I6 . (1,2,3) - Þ
[^ue6�- , GAP èeþÝú � S3

&Ý©5ª7ËIÍ σ = (123) -S@wû�8:9½uk6 . σ &<;kã σ−1 èÝ©5ª7ËSÍ (132) 3SE^6�� , GAP ô^è½þCú �

gap> (1,2,3)^-1;

(1,3,2)
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- 8:9
@wû��Ìúe6 . ãSú<V(¨K%½6k4K�C3 GAP ô^è ^-1 � −1



, u^Elu�^�;kã.-S@wû/+>=53(¸>¯�@wû
�0úe6 ( ?:��El%UE]%kÈ��Cè({K%UEIü ).

�]© 2 3 σ = (123) �FxU¹.@Pû , σ(2) = 3 -CE^6I&>è , GAP ô^è

gap> 2^(1,2,3);

3

- 8:9�ùÝúe6 . σ(2) = 3 &(Ç�u
1P3 2σ = 3 -2�M�tþk-Ý3<@ q u56 . #>­ , σ2 = 3 -0�K%UESü -+A>xU¹
3IEm'ÖE:ü$� , j�B�&Ý�b�Ö+5è
Q�;Ur5@(3�� ü<&:ô , À�B �DC ¹�@ÝîIü . È:&SîS)>3 , Sn & In ¼k&Ýx<¹
è#E>xU¹ ��F ²k6 . þF&�7>o , Sn &#6�&L879Jè#AK%�'GEk¼�-Puk6kþk-Ý3SE^6 . îJ-�²&V

gap> (1,2)*(2,3);

(1,3,2)

-CE^6 . A>xU¹kô78:95uSú<V (12)(23) = (123) -CE^6:èlh<ô

U6 .

ýIî , N�&t| (1, 2, 3) 3 σ = (1, 2)
� ËSÍ
-S@wûFxU¹$ùR.e6*- ,

(1, 2, 3)σ = (σ(1), σ(2), σ(3)) = (2, 1, 3) -CE^6U� , GAP ô^è

gap> (1,2,3)^(1,2);

(2,1,3)

-CE^6 .

1.5 HJI LLKNM>OQP3RTS

GAP ôkè!U�V � ·�W�X , È�Y�Z�[]\�z�% ( [_^Ýè4`p'�a�b ) c3d�egf�h�ikjld(m�^�n�o]p4d . q�r1\ ,

Z�[J\<s:t�u�v>d�eJY�m�^�fxw�y4z>{�|~}�^�b�� . ���:� , �4� a f�Z�[�^4X��
��W(j�d���� , a:= ^���
. (a := o1���!b . ���1X : = Y<�]\ , �(\4�����4�>f�t3v:�3��b3��a�b ).

gap> a:= (9 - 7)*(5 + 6);

22

gap> a;

22

gap> a*(a+1);

506

gap> a = 10;

false

gap> a:= 10;

10

gap> a*(a+1);

110
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��� Y��(o , Z�[ a n��4W�u�v , ��m�\ (9− 7)× (5+6) = 22 n���^4X���s�tgu�v>d . 2 �Q #Y��lY��3�
\ , Z�[ a f!¡�¢�£L¤(� , GAP ����Y�� 22 fD¥�j . 3 �Q #Y#�(o�� , a = 22 ^�X�� a(a+ 1) f�¦L§�X ,

��Y#� 506 n�¨ª©«vld . ¬L� a \#­�X#b�� 10 f�s:t(j>d�\�� , a:= 10 ^ � ���l�!b . m�m#o a = 10

o��<s�t>\�a�©�a�bJm3^�\�®:¯(j�d . GAP o�� = �<°���n
±NX�b�²��!³�´!��b�d
²3Y<µ��J\#¶�·�v>d .

4 �N !Y#��� , a \��#� 22 n¸tg´��:b(d4Y4o , a = 10 �<¹xº»o3c¼º , GAP � false ^+½l�(d .

GAP o3� , �gf�s:t(j(dJ^»¾l\!¿JY#À1\���Y#�gf ��� .

gap> w:= 2;

2

b3Á¸b3Á�Z�[JY<��f �_�ÃÂ�Ä n�a�b!���ÆÅÇ���:��È�É�Ê�Ë�Ì(f�Í]d����Ja1Î ), ¿>Y��(��\LÏ1Ð¸Ñ4É�Ò¸fÓ«Ô¸Õ �¸� ��� ^ , Z�[JY#�>n¸¿JY#À1\ � ²4v(a�b .

gap> w:= 2;;

gap> w*(w+2);

8

GAP o(� , Ö:×>Ø(\3¬3ÙJ©«·ÚX � a�b�`~º , Î�Û�a¸����Ü�[��Q�DZ:[~^�X��L¶l��d . ��^��(� abc Ü
a0bc1. ¬�� , GAP �
Ý����~^«Þ:���gf4ß!à>jld�Y�o , a1 ^ A1 �!áJa�d�Z:[gf�â(·�j . X�²�X 1234

�#[�� 1234 ^�ß!à>n Ô ²�a�b�Y4o , Z�[~^�X��3�#¶l�:a�b .

¬��ã�>��� quit � , ä>å3Y3Ñ�æ]Ògç<^�X��
è�é¼u<v���b(d�Y4o!Z�[~^�X����#¶l�:a�b . m
Y>�(��a!êë � “ ì4�lí
�~ç ” ^�X���ß!àÚu<vld . u>©�\ , GAP �:��Y3ËLî(ï:Ë]ð�\#ñ � Y#Z�[3Ü , ò¸[�f�ó�´��
b(d . m�vÚ©�Y<ê ë �<Z�[�^�X���¶l��a�b . X�²gX , GAP n
��W�X���b(d�ò¸[J�¸j�ô:�LÝ�����o�õ�¬�d
Åö¿�÷:ø�ù . �l�3� , Factorial, Gcd, Print agÎ ). �>m!o¸Þ����>oLõg¬�d<Z�[�f���Wljld
`~º�� , GAP

Y#Z�[3Ü:ò¸[~^+ú�û�j>d<ü�ý1��a�b .

1.6. þ3ÿ

GAP �<ê��>o � ²Lv(��È�É�Ê�Ë�Ì>f#ò��~^�bg� . ò��gf GAP ����ï��
	��
�������3j�d�� , ­���b��
ï��
	���� n�¥Qu<vld . GAP �����:d
ò���������Ø(a!¯ �!�4ò��gf#"%$�&J��d¸²��¸q4r�Ø3a1���4o3c
d . ò��'�#���(����� , ���:� Factorial( ) n�c:d . Factorial(n) ��)(*�+�� n ��,���� n ��-�.
n! = 1 · 2 · · · (n− 2)(n− 1)n f0/��(d .

gap> Factorial(50);

30414093201713378043612608166064768844377641568960512000000000000

j3a¸·lÁ 50! �#�gf<q�1(o!½l�3d . ò��'���!¾�� ( ) n�2�b , ��m3��b � Ô ²
����ï���	����»f ��� m
�0�>�Jº , ò��'�#½ ( �>ï��
	����54(n�¥¼´���6�d . �>��� , Gcd( , ) � Ó�Ô �0+��'� � Ý(7�8��gf�/
�(d .

gap> Gcd(1234, 5678);

2

ò��%���¸´#������ï(��	��9�»f�¥(j�s3·�º:��&�;~©D²
�0<�Í�f!j�d3�=����c:d . �(�:� , ò�� Print( )

��¦4§�>�?gf#@�A'��B�Á4£�u<¤ld�C!�#¶(·�vld .
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gap> Print(1234, "\n");

1234

m�m<o�DFE(� "\n" ��G3�!H4f#@�A'�:È�ð
ÒI���#��D%��J4À'�0K�L>o:c�d . m�v:n�a�bI�NM�OP�������
¦4§�>�?Q��RTS À'� gap> �:È�É�Ò¸È�� n�U(v:�I��¬1� .

gap> Print(1234);

1234gap>

VXW o�ò�� Å m��#�����
q�Y��T�Lò��
4�f���Z�j>d�[�\Ja�]�^]��_�` Åa,
b�4]f�â�j(c�d -> f�¶��
���4o3c�d . �>���Lò�� f(x) = x3 f0/��(d
ò�� f = cubed f���Zlj>d(��� , cubed:= x -> x^3; f
B�Á#e%$ (“cubed” �0f�]P�#¯ � ).

gap> cubed:= x -> x^3;

function( x ) ... end

GAP �hg ò�� function( x ) n<��Z�o�p�¬���� . �=E�� �ji � ½3��d (
Ó À¼  ). M�D , 3 .>� cubed(x)

o�k4§lolp4d .

gap> cubed(5);

125

gap> cubed(37);

50653

�Jº û�lla4ò��gf���Z�j>d�]�^T� Ô b��3��D'��mPn�j>d .

2 o p�qsrut vTwIxzy

{ Ü�|gf#}�� Ö�~%��a�d(�������>o3c�º , ���¸���4Ñ3Ò����L�!H!o����gf�Î0�>�(���#â�U(j>d¸²���b��
�4n�Ö�×(Ø�a��=�T��a3d . GAP o3�0M�O �0m!n�j�d3���#� , ���gfJð«�����0��àJa#�����(���3}�� . �
����� , ð«�����=�>��]9�#���#¶lb�]P���(v>d(m!��n Ä�� u<vld .

2.1 �T�
�������

Ñ3Ò�æ�o:ß=�~©«v , 4 �(���(o�¬�����©«v(���(ï���	����N���1¬gº�fF���ã}#��bg� . �T����� , ���gf�Þ
u�b3�'� 10 �Jag©«ô��>���3f primes �����gf Ô �L�Qð»�����Lj>d .

gap> primes:= [2, 3, 5, 7, 11, 13, 17, 19, 23, 29];

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 ]

ð»���G��G3��H!nLq4���� (o�a�©DÛ��#â Å ð»�¡�54(�'��¢]´!��b�b4n�&l��m��<­���b�G��
H�f#£1��¤>�
d 2 ¥xº¦�Lò��>n3c�d . q Ô ��ð«����� � D'��ð«���«f Ô a
§:d3���4o�ò�� Append n�¶(·�vld . �T�
��� , 29 �!¿%�0���J� 31 � 37 o3c�d¸n , primes ��DFE(��ð«��� [31, 37] f Ô �0¤l��� ,
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gap> Append(primes, [31, 37]);

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37 ]

ò�� Append �ÚðD��� primes �(G3�!H 31, 37 f�¤l�3�>����f�­¨��bÚðD��� primes �����¸¥>j . q
] , ð«����� � D'�
q Ô � Ä ��f Ô �0¤l�(d������ , ò�� Add f�¶~� .

gap> Add(primes, 41);

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41 ]

ð«��� primes ����© primes[n], c�dLb3�0+�� 1, 2, . . . , n, . . . ª'�Lò�� primes[ ] �¬«�d(mP�L�#o
p4d . �'����� , primes � ��� ²¼© 7 �N =��­ 17 �

gap> primes[7];

17

�����L¨ª©Dvld . primes[7] �!�¡������}_�¸m ��n�o1p�d . �>�(� , 3 ®¡���Úº , ò��T�#s�tQ���¼º«o
p4d .

gap> primes[7]*3;

51

gap> Factorial(primes[7]);

355687428096000

primes[ ] �>�Jº , ¯��¼u<v���°�±%��G3�!H�f�± � m!��n�oJp4d . �T����� , 41 �!¿%�0���1� 43 a��
o , 43 ��ð«����� � D'��°�±'� Ô �0¤l��©«vld . �3m�o�¬�²�ò�� Length �>�Jº , ð«����� � D'�=°�±
n�;��N �²>f#³�º , ���#¿%��°�±%� 43 f�t3vld .

gap> Length(primes);

13

gap> primes[14]:= 43;

43

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43 ]

ðD���X�0´Tµ(f�¶1�T��� , ðD�·���!�gf�s3t(jld(m �L�!oJp�d . �F����� 20 �� 3�0�
�1� 71 a
�4o ,

primes[20] � 71 fP�¸��� . j>d%�
gap> primes[20]:= 71;

71

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,,,,,, 71 ]

gap> Length(primes);

20
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��a3d . ¸ W a�Ñ(Ò<æ�n 5 �Jag©�Û:o:b(d¸n , m�v�� primes [15] ²¼© primes[19] ¬¸o�� 5 �%�!�
n
��Z¼u�v��:b:a�bJm!��f¬¹Q���:b(d . �%��� , primes ��º¼u 20 f�ó Ô ð«������»3d .

CAP ���(�:dgð«���+�=¼�¥T�3È�É:Ê�ËLÌ
ê��T�!ý�© (Array) ��½%¾�jP¿ . ��²I� ý�©�n�À�©�²IS0� n

��ª!Á ( ý�©��!¿
Â ) f#Ã�������²
»��
v��(»g©#»(Ä
����,�� , ð«���+�
q�Å���Z�u<v��F��¬L�:� , Î�Û
»#�
Æ��
�(ºÃ¨T¿ . m�v(��Ç�È�»3É3����������Ä��0Ê(² ¿
n , �!v�M�ª������'��© primes[n] ���(�#�Ë Á!� Õ � ©�f#}��G���'�0Ì
Í]f#Î�Ï�jP¿ .

��²I� , À
¿��!Æ3o��!�gf#¯:��jP¿�������� , �(�=�'��ð���� n¸��Z¼u<v3��Ä�»3�
v���»g©#»�Ä
�#Ä��
m!�0�<®�¯�jP¿ . �T����� , ð«��� lll n
��Z¼u<v:��Ä�»�Ä3Ð -:o 1 �N =�#�gf#¯���jP¿%�

gap> lll[1]:= 2;

Variable: ’lll’ must have a value

g ð«��� lll �#�gf�ó1��»�Ä . ;gf��>����� ¿(�4² i �+��Ñ]f�Ò:·�v�¿ . m�vJf¬Ó���¿�������� , ¬�²Ô ��� [ ] �����Qð«��� lll f���ZQ����� � . º¼u¸� 0 ��»�¿ .

gap> lll:= [ ];

[ ]

gap> Length(lll);

0

����D1� , ¼�¥T�#�gf#Õ~©«¤�¿(m!��n�oJp�¿ .

gap> lll[1]:= 2;

2

ð»���N��"1¬!vP¿���ï(�
	��9�G� , Î�Û�» H
î�È
o1�¸¬L�#á�»(´¸��H¸î�È��>�3�Ln=Ö
×�´!�l�XØ(·�»(Ä .

�>���

gap> lll:= [true, "This is a String",,, 3];

[ true, "This is a String",,, 3 ]

¬4��À�¿1ð»��� n3Ù��gð»���N� Ä �'�(»
¿3m
�¸�<olp�¿ . �L´ � , �DÛ�oJ�=»(Ä>m������ , ð ��� V:Ú f
����ð«����� Ä �¡�����¸t�v�¿(m!�L�#oJp�¿ ( Û
Ü�ð»��� ).

gap> lll[3]:= [4,5,6];; lll;

[ true, "This is a String", [ 4, 5, 6 ],, 3 ]

gap> lll[4]:= lll;

[ true, "This is a String", [ 4, 5, 6 ], ~, 3 ]

2 �Q ���K�Ll��ð»��� lll � 4 �Q ��0°�±P�gð«��� lll VXÚ f�s�t3¤1���¬Ä��
�3�4o�À�º , >�?1� � D
�#�'�>������»�¿ . m�m#o 4 �Q 3� tilde ~ � , ��m��3Ý�Þ¨��RTS4���4n¸tg´���Ä!¿(m!�
f#¹Q����Ä!¿ .

m�v(�:Á%ß ´ � W ²Qº:� � Ä�n , �����0à(�'��£L� � ¿ , á%�L�(´0â:Û
� �äã «�n
À:´!�3�(m=�0å�n���¬
º , Ü�n���æ(n�olp , �(� VXW �0á%��æ%�0¶>¢0elÛ�o V�ç j!¿=è!�0égf�¢�Ä3ê¼m�¤(� , ë�ì��:í�¬�¿4��E
� . À
¿�Ä��~çDË�î3Ò0ï3��ð3o , ñ Ô �äòP���!H�n�ó�É]ï�����Þ%ô�o�õ(v���Ä!¿�ö'��ï�� V:Ú �Dè��P÷
¿���AIø0¢ Ä:£�÷!�>�0ù�Ä . � ú���ï���n�U(v��T�¦÷P¿%� , ����U(v���ï��
��Þ%ô��>�äñ Ô �äòP��� H
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n�Ä!¿���²:o , � ú�ûl¬���ï��4n�U(v�¿!ú!�0��»Úº , ... ��ú�v��L¬���Û
Ü�ð«��� o�À
¿ . ú��>�����=Û
Ü�ð«���G��ü�ý�� Ú(þ »F��ú�E(�0ÿlnl´���Ä!¿ .

”This is a String” �>�(���!���%�����Fø ” o��l´¸�(���
ø3�x}=�	��
 ( ��
 ) �#Äg� . ���
ð�Ò¸Ê4�#¿
�>���#�'��� , ����»¼ð«��� ( ´'µ���� ��»�Ä ,

Ô ¬�ºLÎ�Û
»!��Æ �>�D�'�!tg´���Ä!¿ , ������ÆP�(«�²
©#»�¿�ð»���54�������}(·�v�¿ .

gap> s1:= [’H’, ’a’, ’l’, ’l’, ’o’, ’ ’, ’w’, ’o’, ’r’, ’l’, ’d’];

"Hallo world"

gap> s1 = "Hallo world";

true

gap> s1[7];

’w’

ð«��� n�/���©«v��T�¸p , ���	���·���ã}�ø¬­'�#��Æ'ø�µ=��� { } o3¯�� ÷P¿!ú!�0�>�JºÃ��Z ÷P¿ .

gap> s1 := lll{[1,2,3]};

[ true, "This is a String", [ 4, 5, 6 ] ]

gap> s1{[2,3]} := ["New String", false];

[ "New String", false ]

gap> s1;

[ true, "New String", false ]

��� ��¯�L1� , ð»��� lll � ��� � 3 ­>²¼©#»
¿�� W ð«���:ø s1 �D¤�� , �#Ä���ú!��o�À¼º , ¿J� , ð
��� s1 � Ó �N 
� 3 �N �ø�­Q��Ä(G3�!H�o�±�p��l�l�!�#Ä���ú!��o�À
¿ .

2.2 �������������

ð»��� n�/��g©»v:��Ä!¿P�
p , R'S3ð»�¡�Xø�ÍF¿�����à%�=�(�%�gð ���N�0�%�gð«�¡�Xø�s�t!÷�v3����Ä .

gap> numbers := primes;; numbers = primes;

true

ú�v�o
­¨��Ä numbers �#Ä��(ð«����� , primes ��G3�!H
n�÷�ô3�¸t�´¸�Pú �0��» ¿ . ��ú�ELn , ú��
���
¨_©Dv>��ðD�·� numbers �l� ���Úð«�·� primes �Dq Ú R3Þ , ��´��1�¬��v »�Ä�ò �F��»�´��
Ä
¿ . ( �������lo3� inseparable = à(vQ©«v!»�Ä = ) W�! Ø
�#Ä�� ) ��»�´���Ä!¿ . primes �#�Iø#Yl�
v>� , numbers �L�
v �3b�S<��Y(·�º , numbers ø0Yl�4v>� primes �¬Y�·�¿ . Ñ��
�!ø�Í�¿(���
Ý�"
������G3�
H(ø$#
�9���!­Q�#Ä!âFø�ÍT¿��(�#»#���J�4²g© , �(�'�
p��3Â!�<â�¬�%3Y3·1´<�F�!¬:´#�:� ,

÷Tú'&!¿#Ç�()%�À
¿ .

gap> numbers[3]:= 100;; numbers = primes

true

gap> primes[3];

100
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ú3���(�¦»'*�+-,3ê9ú�¿���� , M
O �	*�.P����¿ . �(�
����ð»��� primes ø���Z!÷P¿��¦Äg��ú!��� , Ñ
Ò����4�!H��0/�1Qð�����À
¿���2'�=��� (primes u!Û�4Tø Ô �L� , primes ò��'��G3�!HL��÷�ô���� ú
�	3�4Q����� � �¬Ä���ú
�$%�À�¿ . ��ú�E�, , numbers := primes �¦÷P¿P� , ­Q��Ä!��21�=��¯¼u�v�²
numbers u#Û��	5(ö¼� primes u<ÛI�#R'S0�3u�v:�F�!¬l� . ú�v6%�� , 2 É0,�R'S87�À:9$;Fø�ó]´#��Ä�¿
���¬»l�3���L²¼© , numbers u!Û�,���<Fø�¶~��� primes u!Û
�	=�<¼�?>]´��F��¬J���¬Ä��»·>��%�À�¿ .

@ fQ�#�BAFø�ó Ô ���]Î��(�#�g©¬Ä�Ä3�
E1��² . C1� ShallowCopy �#Ä���ò��),���¯¼u<v(��Ä!¿ . í
Ä�ò��'�(»�¿%� ! vQ©«v!»(Ä�²¼© , D�Ä�� ÔFE À(Ä
�'��¬��!ß���G , �#Ä���ú!��%I�!ß���² .

gap> primes[3]:= 5;; primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,,,,,, 71 ]

gap> numbers:= ShallowCopy(primes);; numbers = primes;

true

gap> numbers[3] := 100;; numbers = primes;

false

gap> primes[3];

5

ShallowCopy �>�L´�� H!«:£>u�v��#­Q�#ÄÚð«���+� , �!�0��ð«�¡���+à%�#��2Iø�ó�Á ,
@ f%»¼ð»���:ø

ÍF¿ . primes u!Û��>�!�3ø ! v�� numbers u!Û3� , ² � ���
­Q��Ä�ÉIH ��JLKIøNM�«:£�÷Tú��0��»�¿ .

2.3 OQP

GAP %3� , �P��»�ÄQð«��� ( ú�v%ø�R%»Úð«���=�:ÒN�X4�% , ú�û),�» � , Ã���©«v��=���T�	S>ÛI%�Ä!¿
����ø	T�U �#Ä¼� . �:�'� , ú��!����ð«�·�¦ø#Ø6VQ��� ¿�G3� H�,
RFSXW�YP�l���L% À
¿ Â�Ä ,�À�¿ .

�l�(�'V W ,��T�!�:� , [2, 3, 2, 5, 4] �¼ð��·�Z%!À�¿�,�&
ú<v'ø0�:�����<�
« ¿'� , ú:û�ø�[ E
Þ�u3Ä3�'�'S(ô�� [2, 3, 4, 5] ,����'��»!¿ . GAP ��� , ð«���\,
ú:û%» � Þ¼u3Ä3�'�	SJÛ�%�Ä!¿
(strictly sorted list) ²gÎ���²Pø�µ�� ÷P¿
ò�� IsSSortedList ,�À
¿ . ú�v0,
±Q��Ä(C , ð«���+�=���
������}3·�v�¿ . ¬��3/���©»v���ð«��� ²¼©N���Fø�ÍF¿
ò�� Set ,�À
¿ .

gap> number := [ 2, 3, 2, 5, 4];

gap> IsSSortedList(number);

false

gap> number := Set(number);

[ 2, 3, 4, 5 ]

gap> IsSSortedList(number);

true

ò�� Set(number) ��ð«�·� number ø#YJ��»�Ä'ú!�0�#®:¯Q����� � . Set ������� number ø�¨F¿(�
� , ª��'�>�����=± E�] u�»��
v���»g©#»�Ä .

ª¨�#R#�T� ú!�$, , ^3ðF_�`äò�a'���4����ð
ÒLÊ�ø�G3�
HP�¦÷ ¿�ð«����� Ô Ä��1��V�f ÷!¿ . ú��<��� ,

���1�6^=ðQ_)`¦ò�aT���Lò�÷P¿�b � ���� -%�À�¿ .



12

gap> animals := ["tiger", "puma", "giraffe", "panther", "tiger" ];

[ "tiger", "puma", "giraffe", "panther", "tiger" ]

gap> animals := Set(animals);

[ "giraffe", "panther", "puma", "tiger" ]

gap>IsSSortedList;

true

J�] , À
¿=Â0,����'��"]¬�v�¿¸²�Î:��²3� in �>�Jº µ��-% E ¿ .

gap> "giraffe" in animals;

true

gap> "jackal" in animals;

false

���%�<­��#Ä�Â%ø¬£J��¤>��¿���� , ò�� AddSet ø�¶�� . AddSet �����3ÂI,3�����0"]¬!v:��Ä�¿
²�Î��
²Pø�µ��Q� , "�¬�v���Ä�»3�
v�� , ����Â'ø#���'�T�#�L,l´��3�:±%»=°
±%�	c:t��!�����Iø�¥�÷ . �
� ,

����Â0,(÷6%���"�¬�v���ÄLv�� , �!����RTS����Iø�¥P÷ .

gap> AddSet(animals, "jackal");

gap> animals;

[ "giraffe", "jackal", "panther", "puma", "tiger" ]

gap> AddSet(animals, "panther");

gap> animals;

[ "giraffe", "jackal", "panther", "puma", "tiger" ]

"jackal" ,�Á�d!Û�� 2 �N =�#t]´!��Ä!¿
ú��0��®� ��4�(� . 3 �Ú =�0K�L-%3� , "panther" ��÷�%��0"
¬�v���Ä�¿(�L%���� animals ��Y6e��0»�Ä .

�¸�I,���ZI% E ¿�� , ¿3�¦�L�
§I%�À(E(� . GAP ��ú«vl�Xf1�#» � ú�»=÷ . GAP �
�!ò0� Intersection

( g(¥6� W ) � Union( h(��� ) ,��4¯¼u<v���Ä!¿ .

gap> wildcats := ["tiger", "panther", "lion", "cheetah" ];

[ "tiger", "panther", "lion", "cheetah" ]

gap> Intersection(animals, wildcats);

[ "panther", "tiger" ]

gap> Union(animals, wildcats);

[ "cheetah", "giraffe", "jackal", "lion", "panther", "puma", "tiger" ]

wildcats ���L��%���» � ðG�¡�i%�À(¿ Å �L��,���E¸´���Ä�»�Ä34 . �!v����kjQ©X² , ò3� Intersection

Ü Union ��¥P÷
�J����� Åa����,3��E:´!�(Ä�¿ ) �(»�´<��Ä�¿�ú!����®:¯!÷ ¿ . ú�v(�#â���+�ëIø=÷ ¿
� E ª�[��#¶l���	l'��f Ô �
E1� .

2.4 mFn

GAP %�� , o�p (Range) �<�#+��%��»�÷ ( q Á ) °�r���©�%�À�º , ��à%»�H¸î�È(�gð«�����0Ù%»]©#»(Ä .

ú3�<°�r(��©'ø�â�·�÷���� , ð ���0�(����÷�ô:�
�3Â�ø �_� s�·�ºä� , [
� ­ , s 2 ­ ..

� ä�­ ] � �
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�ut (�^v,�À
¿ . Y�w1�!¿%�#÷)%3mPn�÷�¿=ð>��È�x�§¡�0�Lò�yv%¸ú Ä %�À
¿�, , Y�w'�	z�{�Ø�»��Q���
��� , |Ã²�© õ]¬gº , 1, 2, · · · , 1000 � 1 ² Ô�} ¤���� , ���'�0� 1000 ¬B%'~�$�°�r���©0%
À�¿ . ú3���
��� , °�r),�|N�#���'��� , s Ó ­IøN������� , [1..1000] � t (%�#â ÷ . M�OP�!�Fø�À�§�¿ .

gap> [1..99999];

[ 1 .. 99999 ]

gap> [1,3..99999];)

[ 1, 3 .. 99999 ]

gap> Length (last);

50000

gap> [99999,99997..1];

[ 99999, 99997 .. 1 ]

1 �Q #�#°�r 1 �0Y�w , 2 �Q !�<°�r 2,
� DJ�#°�r −2 ��Y�w-%�À�¿ . ú�ú	% , Length(last) � � Ä:�

��� , ÷�� �%�<� (=last) ø!ò�� Length ��s�t�¤]���äÄg� ¯!��% . �%�<�FøD��Z!÷ ¿
ú��#» � ø�ù�% E
¿(�L%�(�#%»'��^v%�À
¿ .

ªP�äm
nT���¬Y�w [1..9999] � , À � ¬	%���^0%(À�¿<²]© , Y w V Þ�� [1, 2, 3 .. 999] �:ÄJ���!�]ð
�¨�j�?�gÙ0»�Ä . GAP �L� , /��]©Gv��1ð �¨�i,0Y wI%�À�¿#²JÎ�� ²�ø»µL�
÷
¿<ò�� IsRange ,�À�¿ . ¬
��YLw0,�ð �¡�#���D��/���©Gv3���4��������â��TøäªP�3�3�ä» t (P»��P��â�÷�ò=� ConvertToRangeRep

,�À
¿ .

gap> a:= [-2,-1, 0, 1, 2, 3, 4, 5];

[ -2, -1, 0, 1, 2, 3, 4, 5 ]

gap> IsRange(a);

true

gap> ConvertToRangeRep( a );; a;

[ -2 .. 5 ]

gap> a[1] := 0;; IsRange(a );

false

2.5 For ������� While �����

for ð>�(È%� While ðl��È�ø#ª
[%�!¶�Ä%ú�»�÷Iú!�$,JÑ3Ò����4� H��l��¿�k�§T�3Ã%�3['��»!¿ . ¬�² ,

for ð>��È¸²¼© m�n��4��� . pp ø�±��>²¼©#» ¿�ð«������� , ����ð«������"g¬�v���Ä!¿�÷:ô����=±��Iø� �<�(·�¤�¿!ú!�3ø��>�!¿ . GAP %3� for ð>��È�ø�¶�´��¸¿%�>������Ü%¿ .

gap> pp:= [(1,3,2,6,8)(4,5,9), (1,6)(2,7,8), (1,5,7)(2,3,8,6),

> (1,8,9)(2,3,5,6,4), (1,9,8,6,3,4,7,2)];;

gap> prod:= ();

()

gap> for p in pp do

> prod:= prod*p;

> od;

gap> prod;
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(1,8,4,2,3,6,5,9)

1 À� 3��K�LF%QðD�·� pp ø���ZQ����Ä!¿ . J�ÀT� � E �(v »�ÄI� E � , return key ø��¨���L¿T�#À�M
OP� � Ä���Ä3���>�=Ä . Ï�ÐLÑ�É�Ò ; ø#B�Á#eg¬�»(Ä(Á�º , GAP �B� > ø�¥P÷(��� %�&IJ Õ�E ��K�L
�T��ì�� ÷ ¿ . ð«������G3��HB%�À
¿0±��1��÷�ô��B�)��±��%�	�)%
â¼u<v���Ä!¿!ú!�0�<®:¯!÷P¿ . u!�
Y�� prod ø�¶�´��B�Iø0k4§P÷P¿ .

��� �¨��������°�±�� ( ) ø��0����� � . 5 ÀN �²g© 7 ÀN 
¬�%�,
for ð>��È %�À
¿ . p ø�ð>��È���Y��¡��� , ð«��� pp ��"�¬B�%¿=Â'ø#Þ��3Ä3�T��J Ô J Ô Õ�º��T� , Y
� prod �	�>²¼©�²(�L��Ä � . do ,�ð>��È(� �
õ�K�L)% , do ø$�T���#� od; ,�ð>��È(�#ä�º�ø�¯ ��÷
¿ . Ñ3Ò(���4�!HL� do � od; �L��ø p �	���T�'�#�L,l´!� , �#¿��#¿�� ¿!ú!�0��»�¿ .

For ð>��È(��JL�(Ø�» � �1� ,

for Y�� in ð«��� do K�L od;

%�À
¿ . for ð>��È(�>�Jº , ð»������"%� ��¿�÷�ô����3ÂP�=,�����K�L),�C�À�����¿ ( ð«�������0,�À(´
�J� , ��ú��0¶l�����LÜ>´#� � �P¿ . D-% W ²!¿3���¦� , úN��,(¬�À�CP�	���� PÄ�¡<ý�¢�»(� %
À�¿ ). ¡£ � , for ð)¤:È�¥�C�À!÷P¿ £6¦ %�§F¥�¨���»(Ä�©�ª , À:ª�©FS0�=kL«�>�?FøN��¬ ÷ ¿�Y(�0­6®��Fø0�L¯
�N°���©�» ¦ �v±�»�ª#»�Ä . ²v³:´�µB¶-%0¥¸·�¹ -> p, º�»�¼ -> pp, ½�¾ -> prod := prod*p;

%0¿�ÀB° , ÁL«6Â�Ã),�·�¹ prod Ä	Å E?Æ�Ç �-¡ .

JL�QµIÈ�É6Ê�Ë�Ì�Í�ÎvÏ0¥ , for Ð-¤IÈ�¥'ÑFµ	Ò�ÓNÔÖÕLµL×�Ø�ÙvÏ0¿IÕ .

for ·�¹ from Ú�Û to Ü�Ý�Û do ½�¾ od;

GAP µ	Þ�ß , à�á-¥	âÖÄ ãä·�å0æèçNé�êìë�íQî�º�»ï¼?Ó�ð)ñ�°Ié�Õ�µ�Ä'ò�ó�î�é . 2.4 ô)ÏBõ)ö-¡ , ·
å�ÓN÷-ø�ù�âFî'ú�û:ÄQü	¡ ×6ñI± , à�µ	ë�ívî'Þ�ßQ¥ ,

for ·�¹ in [ Ú�Û .. Ü�Ý�Û ] do ½�¾ od;

ç8Å�ý'à0ç$×�ÏFþLÕ . ¶)ñI± , 50! Ó for Ð)¤IÈ6ÓNÿ�ÀB°�ÁL«)ø)Õ�Ä�¥����-µ��-ê�Ä ø)Õ .

gap> ff:= 1;

1

gap> for i in [1..50] do

> ff:= ff*i;

> od;

gap> ff;

30414093201713378043612608166064768844377641568960512000000000000

à�à	Ï , for Ð)¤6È6ÓNÿ�ÀB° 1000 ���)µ��6¹Qµ�º�»ï¼ primes Ó	�:Õ�È�É6Ê�Ë�Ì)Ó	
�� üN°�
èý .

gap> primes := [];;

gap> numbers := [2 .. 1000];;

gap> for p in numbers do

> Add(primes, p);

> for n in numbers do

> if n mod p = 0 then

> Unbind(numbers[n-1]);
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> fi;

> od;

> od;

à�à	ÏBÿ�ÀB°6é�Õ�� ûQ¥ ã��-Ë ¼\»�����»0µ���Õ é æ6Ï0¿IÕ . 2 ©�ª 1000
Ç Ï0µ	¹Fµ�º�»ï¼ numbers

Ó��L¯-ø-Õ .
Ç��

2 ����¹�� ©�ª , ��¹Qµ�º�»ï¼ primes µ	Ü�ÚvÄ�
 ý . ÑFÄ numbers ©�ª 2 Ï! 0á)Õ
¹�Ó	"�#�$�%�ø)Õ . &�ÀB°6é�Õ�¹)Ï 2 µ'Ñ'� 3. (-à	Ï 3 Ó primes µ�º�»ï¼8Ä�)vñ , numbers ©�ª 3

Ï! IávÕ�¹ÖÓ	"�#�$�%�ø�Õ . numbers Ä�&:ÀB°6é�Õ�ÑFµ	¹'� 5. (-à	Ï 5 Ó primes Ä�)vñ , ... à�µ�*
�ÖÓ,+.-i¨-øQà0ç�Ä/�0-1��¹FµÖºk» ¼ primes ×�2 ªká)Õ . È�É�Ê�ËBÌIµ�3�Ä if ×�4L°vþ�5�× , àNá/�
fi: ç76)Ä�î0À'°�8�9�: ã if ½�¾0æ-Ó	;�<-ø-Õ . �'->=�?vî if ½�¾FÄ!@IéL°A�'Ñ�B 3.2 ô)ÏDC�E)ø-Õ .

ÑFÄ while Ð�FIÈ�ÄG@Ié�°DEIH�ø)Õ . while Ð�FIÈ�µ	Å�þ	���

while 8�9 do ½�¾ od;

µ	Ò�Ó)ç'Õ . While Ð�FIÈ���8�9)×�JA5IK�ávÕ�LM- , ½�¾vµ�N�Ó	Ð�FIÈ�Ï�OM-QPSR6Õ . for ÐIFIÈFç�T�U
Ä while Ð/FIÈ�� od; Ä��'-uÝ�V�ø�Õ .

ÑÖµ�¶S� , WFñ�ª$á05�X�¹Öµ�Y0¹ ç'î-Õ���¹�Ó�øIö�°�Z0[-Õ0ÈIÉIÊ0Ë Ì0Ï-¿�Õ . àIàBÏI� , �0¹Öµ�÷
primes Ó�\�� ü�°LÁ�«vøFÕ . for Ð0F0ÈQç while Ð�F�È ×�ê Ç ý]60J�ßI^_K	á0°Ié-Õ�µ6Ä�`baIü�°!c
ü�é .

gap> n := 1333;;

gap> factors := [];;

gap> for p in primes do

> while n mod p = 0 do

> n := n/p;

> Add(factors, p);

> od;

> od;

gap> factors;

[ 31, 43 ]

gap> n;

1

��¹vµ�÷�×I¿�ÕDLd- , n := 1333 Ó$·-ñIÕ0à6ç�Ä/�0-�´fe6î�¹ n Ä�g�ü$°0hi��j	¹�×�k�l-Ïvþ�Õ . while

ÐIF6È�����¹ p Ó!m�lèü�5Fç�þ , (�µ�¹)× p ÏDnIO! 6á)Õ�© , øIî!^�o n µ��'j'¹FÄ p ×�n�p�q�á)Õ�©
Ó�ÁL«)ø-Õ�µ�Ä	ÿ/^�áI°6é0Õ .

( r ) GAP Ä���N0ÏD�QÀD5$½�¾ factors ç,T'sG�Iê$Ä , t]u�¹ n µGj�¹�v�C:ÓwW�ñIÕ	®�¹ Factors(n)

×�xQÄ�l�yzK�áI°6é�Õ .

gap> Factors(20160);

[ 2, 2, 2, 2, 2, 2, 3, 3, 5, 7 ]
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�6¹Qµ	÷�Ó�\A�0ø)Õ/h-êf{A@�µ'¶ ç�üN° , |�}��I¹�Ó�ZI[0ÕIÈ�É6Ê�Ë�ÌvÓ	~/�A��
 ý . p ç p+ 2 ×��
Ä��6¹Qµ:ç�þ , (p, p+ 2) Ó	|�}��6¹ çNé�ê . |�}��6¹����IL!p����-ø)ÕFç����zK�áA�6é�Õ�× ,

Ç ����H
�IK�áA��é6î�é .

gap> twins := [];;

gap> for p in primes do

> if p+2 in primes then

> Add(twins, [p, p+2]);

> fi;

> od;

gap> twins;

[ [ 3, 5 ], [ 5, 7 ], [ 11, 13 ], [ 17, 19 ], [ 29, 31 ], [ 41, 43 ],

[ 59, 61 ], [ 71, 73 ], [ 101, 103 ], [ 107, 109 ], [ 137, 139 ],

[ 149, 151 ], [ 179, 181 ], [ 191, 193 ], [ 197, 199 ] ]

gap> Length(twins);

15

àBµ	¶�Ï�� , |�}���¹Fµ	÷ twins ��ºk» ¼ [p, p+2] Ów<�v ç�ø-Õ:º�» ¼ZÄ�î�À���éIÕ .
Ç 5����-µ�º

» ¼]� , primes Ó 200 ���)µ���¹ ç�üw� , twins Ó�ÁG��K��/5�Â�Ã-ÏI¿6Õ . 200 �A�)µ���¹FÄ�g�üw�A� ,

15 pQµ�|�}��6¹)×����-ø)Õ�àIç$×�v��-Õ .

K���Ä , p, p+ 6, p+ 12 ×D�6¹QµQç�þ , (p, p+ 6, p+ 12) Ó���}��6¹ ç$é�ê�à�ç�Ä ø-ÕFç , ��}��6¹��'Ñ
µ��-ê�Ä'Á���K�ávÕ .

gap> trios := [];;

gap> for p in primes do

> if p+6 in primes then

> if p+12 in primes then

> Add(trios, [p, p+6, p+12]);

> fi;

> fi;

> od;

gap> trios;

[ [ 5, 11, 17 ], [ 7, 13, 19 ], [ 11, 17, 23 ], [ 17, 23, 29 ],

[ 31, 37, 43 ], [ 41, 47, 53 ], [ 47, 53, 59 ], [ 61, 67, 73 ],

[ 67, 73, 79 ], [ 97, 103, 109 ], [ 101, 107, 113 ],

[ 151, 157, 163 ], [ 167, 173, 179 ] ]

gap> Length(trios);

13

2.6 �����f�A�_�z���S�

2.5 ô)Ï!�����z�Nî0ÕÖº�»ï¼ pp Ó	l�y ü , pp Ä�� Ç ávÕ��)µ���Ó�Á�� ü�5 . ��� GAP Ä�� , º�»ï¼8Ä
� Ç ávÕ��)µ���Ó�Á��)ø)ÕD �¹ Product ×�xQÄD��¡zK�á��6é�Õ . à�áFÓ��-é�Õ)ç ,



17

gap> Product(pp);

(1,8,4,2,3,6,5,9)

gap> Product([1..15]);

1307674368000

2 ¢£a	µ'¶0�	X�¹Qµ�ºk»ï¼ [1..15] Ä� �¹ Product Óf¤A��ü	��é0Õ . à$á6Ï , 15! = 1307674368000 ×
Á��vÏFþLÕ . {�¥QÄG �¹ Product � , (�µ�º�»ï¼8µ��)Ä��)×�l�yzK�áA�6é�Õ�LM- , º�»ï¼8µ��Iø�öA�0Ä
^I5IÕ��ÖÓ�Á��)ø)Õ�µLÏ0¿6Õ .

{�� , ºk»ï¼ZµD�-Ä�¦)×Dl�y§K�áA��é á�¨ , T�UQµ! �¹ Sum ×Bÿ)ñ0Õ . ¶0ñA¨ , 1 + 2 + · · ·+ 100 = 5050

�����)µI�-ê�Ä	ÅSR6Õ .

gap> Sum([1..100]);

5050

© Ä��:ý«ªQÄ�¬�@�  ¹ ç6ü�� List ×�¿0Õ .  �¹ List ��º?»ï¼'ç,  ¹�ÓN·6¹ ç�ü���­_o , (�µ� �¹�Ó
º?» ¼Xµ!�vÄ��/�§K����!2®�?ávÕ�º?»�¼�Ó�¯ ç�ü��!°vø . ¶vñ�¨ , ��±Al�y ü�50�vê�Ä cubed Ó!  ¹
f(x) = x3 ç?ø)ÕFç

gap> cubed:= x -> x^3;;

gap> List([2..10], cubed);

[ 8, 27, 64, 125, 216, 343, 512, 729, 1000 ]

ø0îG^0o , 2 �z� 10
Ç Ï0µ	¹ x Ä�gèü , x3 Ó,²�öI5�º�»ï¼\×�2³��áQÕ .  �¹ Product ´ Sum � , ·�¹

ç�ü	� , º�»ï¼ [2..10] ç, �¹ cubed ÓNÔÖÕ�à0çGh	ÏFþLÕ .

gap> Product([2..10], cubed);

47784725839872000000

gap> Sum([2..10], cubed);

3024

(�á�µ�á ,  �¹ cubed �z�]2³��áI5�º�»ï¼ [ 8, 27, ..., 729, 1000 ] Ä�g�ø)Õ�� ç�¦�Ó�Á�� ü	�
é�Õ .

��¹Öµ�º$» ¼ primes ×�¶Fñ/¨ 1000 �I�vµD�0¹�Ä�g ü��GlAy£K'á/��é)ÕQçIü�� , (Iµ�3��d�¶{�l�µ
8�9�Ä6¿�ê¶�:Ó�Ô·-,4Öü��G¸S56Ä�º?» ¼�Ó��·-	5�é . à�µ0�)ê�î�ç þ�  ¹ Filtered ×�ÿFñ)Õ .   ¹
Filtered ��º�»ï¼	ç , �QÓNÔ.-f4Lø�¹�ºQÓ�W-ñ�Õ� B¹ çBÓ , ·�¹ ç�ü	��­I@ . ¶)ñA¨ , 30 �A�)µ��6¹�Ó
Ô.-f4:ü�5�R�áI¨ ,  �¹ x -> x < 30 Ó�ÿ ê .

gap> Filtered(primes, x -> x < 30);

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 ]

��±�õ�ö�5�#�v ºk» ¼XÓ	�:Õw*�� { } Ó�»�é���(Qê . àBµ�*��'��ºk» ¼ìµ�¼��ÖÓ$·�¹ çLü	� , (�µ�¼��
Ä�
/R6Õ:º�»ï¼8µ��QÓ	¯ ç�ü	�D°)ø .

gap> primes{[1..10]};

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 ]
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2.7 ½£¾¿�ÁÀ·Â�ÃSÄ

GAP Ï�� , Å�Æ0Ç³ÈÊÉ ç���T�ËQµ����z�Nî0Õ�ÌFî�º�»ï¼�Ó	¡IÍ�ø)Õ . ( ú�û�N , ÎAÏ'Ð ¼ Ð§�'-,��Ñ/Ï
Ð ¼ Ð0×DÒ�ÓQÄ�î0Õ . Î�Ï'Ð�¼ Ð��'ÑFÄ�E�H�ø)Õ	Ñ�Î'Ô	ë�ÕFî'Þ�ßèç�ü	��Ö ê .)

gap> v := [3, 6, 2, 5/2];; IsRowVector(v);

true

IsRowVector( ) �DW-ñ§��áI5�º�»ï¼Z×�Ñ/Ï'Ð ¼ Ð��§×6êw�)Ó	Ø�l-ø)Õ� �¹FÏ0¿IÕ . GAP ��Ñ/Ï'Ðè¼
Ð)Ä�gèüw� , )�û , »�Ù�Ë�F�Ú , Û��ÖÓ�Á��)ø)Õ .

gap> u := [1, 3, -2, 4];;

gap> v + u;

[ 4, 9, 0, 13/2 ]

gap> 2 * v; v * 1/3;

[ 6, 12, 4, 5 ]

[ 1, 2, 2/3, 5/6 ]

gap> v * u;

27

ÑFÄ�Ñ�ÎÖÓwl�y-ø)Õ . GAP Ï���TSs7ÜzK�Ó	­�ÀG5�º�»ï¼�Ó���ç�ø)Õ�ÌFî�º�»ï¼�Ó	Å�Ý ç$é�ê . 5:çNñ
¨ , Ñ'� 3 Ñ 3 Î'Ô�Ñ�ÎÖÓwl�y-ø)Õ .

gap> m := [[1,-1, 1],

> [2, 0,-1],

> [1, 1, 1]];

[ [ 1, -1, 1 ], [ 2, 0, -1 ], [ 1, 1, 1 ] ]

gap> m[2][1];

2

ÑIÎ m Ô (i, j) <Av§� m[i][j] Ï�Wvñd��áÖÕ . 5�ç�ñ�¨ , Ñ/Î m = (mij) Ô (2,1) </v m21 �
m[2][1] = 2 ç�î0Õ . Ù�Þ0Ô��-ê�Ä , Ñ�Î'��)�û , »�Ù-Ë�F�Ú , ß�û�Ó	­I@ . 5��Qü , à�uFî�×��iáIâ�ã
×0¿!^�î�R�áI¨�ä��S�LÏFþBî�é .

gap> n := [[3, 4, 6],

> [0,-2, 1],

> [2, 4, 1],

> [1, 0, 1]];

[ [ 3, 4, 6 ], [ 0, -2, 1 ], [ 2, 4, 1 ], [ 1, 0, 1 ] ]

gap> n * m;

[ [ 17, 3, 5 ], [ -3, 1, 3 ], [ 11, -1, -1 ], [ 2, 0, 2 ] ]

gap> m * n;

Vector *: <right> must have the same length as <left> (3)
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m * n ÔBÁ��vÏ�� , å ç7æ�Ô�áIâ�ã6×�ß/^�î�é�ç�é�ê�ÔLÏ�@Aç_s�ÓGèAéS�?á , êSëwâ/Ð	Ð'FIÈ�Ä�ìíé ÆÇ á��:ü Ç ê . {��GÑ�Îèç7Ï0Ð�¼ Ð/Ô�ä��zh,îGï�ÏI¿�Õ . üw�:ü�àDÔ�Þ�ß , o0ð ÀIç]ñ�òvî�à0ç!hió�à�Õ .

gap> [1,0,0] * m;

[ 1, -1, 1 ]

gap> m * [1, 0, 0];

[ 1, 2, 1 ]

Ü�Ú'Ô�ô���Ø�Ù�Ô�ÑAÏ0Ð�¼iÐ�çÁÑ�Î0Ô'ÁG�'� × , 2 ¢£a�Ô�ô�ÏA��Ø�Ù , àDÔ�õ�¢-Ï�Ñ�Îèç]Ñ/Ï0Ð�¼iÐFÓD�
R�Õ0à0ç	� ÏvþBî�é . �'� GAP � [1, 0, 0] Ó	ÎAÏ0Ð�¼iÐ�çwJ�îFüw� , Ñ�Îèç	Ô��ÖÓ�ÁG�èüw�èýìá)Õ
Ô ÏI¿6Õ . öø÷�ùvévà0ç�Ï���¿6Õ�× , ú�û�ÏFà�ê$é�êÁü�ýÖÓ$Å)é�5�� , þ�ÿI� GAP �A´SK0ü0ý?¿§- Ç �
e ).

GAP ��X�¹6Á!����NFÄ�÷�L��-ÏAÔ'Á��ÖÓw2�¡ ç�ü,��é0Õ . 5FçNñ�¨ , ��¹ p Ä�g ü]X�¹ Z Ó pZ Ï� QÀ
5������ Z/pZ ���QÄ�î0Õ . à�áFÓ	÷IL�� , ¿IÕ éA�	Ü�Ú�Ô�	�
���
0É���ÄAoLî�e�Ï�
0É���� , çNé�é ,

CAP Ï�� GF(p) ç\÷0ø . GF ��
�É���� (Galois Filed) Ô���Ï6¿�Õ . 5Fç$ñ�¨ , GF(5) �	X��:Ó 5 Ï� vÀ
5��b- {0, 1, 2, 3, 4} Ä mod 5 Ï�� çÁ¦FÓ,l�y�ü�5�h�Ô�Ï6¿�Õ . �I-«{D¥vÄ GF(p) Ô	÷�L'Ñ���� ö n Ñ��
� ) � q = pn p'ÔD�vÓ	­/@�÷/L�� GF(q) Ówl�y0ø)Õ . ÷/L�� GF (q) Ô	ß�û�� GF (q)−{1} = GF (q)∗

��¼�� q − 1 Ô��IO��QÄ�î�- , (�Ô�ÿ�<��QÓ GAP Ï�� Z(q) ç8÷-ø . (q ×D��� p Ô	Þ�ß , Z(q) �����
p Ô��� �! ç#"/¨�á)Õ .)

X��ÖÓw<�vèç�ø-Õ	Ñ�Î�´�Ï'Ð%$iÐ)Ä�÷/L�� GF(q) ÔD� Z(q)^i Ó'&�Ù0Ë�FQç�ü	���AR6Õ0à�ç�ÄI�'- , Ñ
ÎA´�Ï'Ð($ ÐFÓ	÷IL���Ó	<�vèç�ø)Õ	Ñ�ÎA´�Ï0Ð($ Ð-Ä�)�� ü , (-à�Ï Á��ÖÓ�*�[0Õ��-ê�Ä�ø)Õ�à�ç�×�Ï
þLÕ .

gap> m * One(GF(5));

[ [ Z(5)^0, Z(5)^2, Z(5)^0 ], [ Z(5), 0*Z(5), Z(5)^2 ],

[ Z(5)^0, Z(5)^0, Z(5)^0 ] ]

à6à	Ï One(GF(5)) ��÷�L�� GF(5) Ô'â�¼/� 1 Ó�÷-ø . GF (5) = {0, 1, 2, 3, 4} ç$ø�áI¨ , +)ø)Õ�Ä 1

Ï�¿IÕL× , à�áQÓ��/R0Õ�à�ç	Ä���- , Z �£� Z/5Z Ä-,�Ñvø)Õ�à-ç�Ä�î0Õ . 5 Ô-�� �!�� 2 Ï-¿0Õ!�z�
Z(5) = 2 çi»ÖÀD���'é . àDÔ�Ñ�ÎÖÓ {0, 1, 2, 3, 4} Ô�3�ÏB÷�q ü�5�R�áI¨ ,  �� Display Ó$ÿ ê .

gap> Display(m * One(GF(5));

1 4 1

2 . 4

1 1 1

à�áI×�h�ç�Ô�Ñ�Î m Ô-.�<�v�Ó mod 5 Ï�Ô�ÀG5�÷IL�� GF(5) N�Ô�Ñ�ÎFÄ�î0Õ ( /�01$ . ��2)É6Ó	¡
Í�ø)Õ ). 3�4 Z(2) ´ Z(4) Ó��/R�ÕFç ,

gap> Display(m^2 * Z(2) + m * Z(4));

z = Z(4)

z^1 z^1 z^2

1 1 z^2

z^1 z^1 z^2
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5�6 îvà0ç�Ä�� , Z(4) Ó z Ï!��þ,�)ñ�� , z Ô�7Fç�ü	��ZI[IÕ�Ñ�ÎÖÓNÅ�þ���ü	� ý8ávÕ�ÔLÏ0¿IÕ .

W-ñ§��á�5�Ñ�Î0�z�98�ÑAÎÖÓ	��Õ	*��S� , :;&<$«���]#�v<:=&<$�Ó��ÖÕ���ûvÏ , ����Ô0�-ê�Ä	ùIâQÄ�Ñ
îG^�ávÕ .

gap> sm := m{ [1, 2]}{[2, 3]};

[ [ -1, 1 ], [ 0, -1 ] ]

gap> sm{ [1, 2]}{[2]} := [[-2], [0]];; sm;

[ [ -1, -2 ], [ 0, 0 ] ]

Ü�Ú�Ô�ô-Ï�� , 3 Ñ�ÑAÎ m �z� 1 Ñda , 2 ÑdaIç 2 Î£a , 3 Î£a�Ó?>0e�Ï���ÀG5 2 Ñ0Ô'8�Ñ�Î sm Ó�Z�[
��é0Õ . 2 ¢�a�Ô�ô�ÏA��à-êLüw�D�:À�5 2 Ñ�Ñ�Î sm Ô 2 Î�aBÓ	ÎAÏ0Ð@$ Ð [[-2], [0]] ÏD��þf�)ñA5
Ñ�ÎÖÓ sm ç�ü	��Å�þ�4:ü	�6é�Õ .

��A:ÄG �B ü�5G �� ç�ü	� , GAP �DW-ñ§��á/5���Ô���Ô�¼���Ó�ÁG�)ø)Õ� �� Order( ) Ó	­�ÀD�6é�Õ .

÷IL���ÔD�QÓ	<�v ç�ø)Õ�Ñ�Î'Ô�¼�����÷IL6Ï0¿§-\Ñ'Ô��-ê�Ä�î0Õ .

gap> Order(m * One(GF(5)));

8

gap> Order(m);

infinity

Ü�Ú�Ô�ô'� , Ñ�Î A = m * One(GF(5)) Ô�¼��)× 8, @ Ç - , Am = I ç�î0Õ�Ü�8'Ô��)× 8 Ï0¿IÕ�à�ç
Ó?C ü	��é�Õ . Ñ'Ô�ô-Ï���X���Ñ�Î m Ô�¼��)×��IL���ÏI¿IÕ�à�çBÓ?C ü	��é�Õ .

���IÄwÑ�Î�ÄD  øIÕwËED�Ô� ��QÓB¿�é��G
�ý . Ñ�Î A Ô=F��!Ñ�Î tA Ó	Z�[�Õ�Ä�� ,  �� TransposedMat

ÓNÿ ê .

gap> TransposedMat( [[ 1, 2], [3, 4]]);

[ [ 1, 3 ], [ 2, 4 ] ]

gap> TransposedMat ( [ [1..5]]);

[ [ 1 ], [ 2 ], [ 3 ], [ 4 ], [ 5 ] ]

2 ¢da�Ô�ô-ÏA� , [[1..5]] � [1, 2, 3, 4, 5] Ó	Ñ�Ï'Ð($ Ð ç�ø-Õ 1 Ñ 5 Î'Ô�Ñ�Î:ÓN÷-ø . ü�5L×�À
�/(�Ô�F���Ñ�Î'� 5 Ñ 1 Î'Ô�Ñ�ÎFÄ�î0Õ .

n Ñ�â�¼�Ñ�Î In �G �� IdentityMat(n) Ï�÷zK�ávÕ .
Ç 5 , m Ñ n Î'Ô�G�Ñ�Î'�G �� NullMat(m,n)

ÏGW-ñ§�kávÕ .

gap> IdentityMat(3);

[ [ 1, 0, 0 ], [ 0, 1, 0 ], [ 0, 0, 1 ] ]

gap> NullMat(2,3);

[ [ 0, 0, 0 ], [ 0, 0, 0 ] ]

H �GÑ�Î A = (aij) Ä�gèü , Tr A =
∑

i aii Ó A ÔI$DëwF�& (trace) ç$éÖê . Tr A �! '� TraceMat Ï
Á��vÏFþ Õ .
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gap> TraceMat([[1,2,3], [4,5,6], [7,8,9]]);

15

gap> I:= IdentityMat(3);;

gap> TraceMat(I);

3

H �GÑ�Î A Ô�Ñ�Î�J detA 
0�-K.Ñ�Î A Ô�L�� r(A) ��(Bá�µBá� '� DeterminantMat, RankMat Ï
Á��vÏFþ Õ .

gap> a:= [[1,2,-1], [2, 5, 0], [3, 3, 1]];

[ [ 1, 2, -1 ], [ 2, 5, 0 ], [ 3, 3, 1 ] ]

gap> DeterminantMat(a);

10

gap> b:= [[4,1,2], [3,-1,4], [-1,-2,2]];;

gap> RankMat(b);

2

ü	��ü , Ñ�Î�J/´�L��SÔBÁ��í��Ò�Ó�M)Ä�Ñ�Î�Ô�Ò�Ó�)�ÒQÄ�ÒENIé��Ié�Õ�Ô�Ï , ��þ�î!á�â�ã�Ô�Ñ�Î'ÔBÁ
�:Ä���O�P6×����-Õ .

H�Q Ñ�Î A Ä�gèü , A Ô�R�Ñ�Î A−1 �'Ñ0Ô��-ê�Ä	ÅSR�¨��	é .

gap> a^-1;

[ [ 1/2, -1/2, 1/2 ], [ -1/5, 2/5, -1/5 ], [ -9/10, 3/10, 1/10 ] ]

2.8 S1T%UWV�XZY\[

GAP Ï/�']I@A�/Ô�^�F�_6Ó�=�ßEM�`'ú�a£K�����
 ýcb�d ç�ü�� , e'f�gih ( ú�a ) ×���¡£K	áA�Ié-Õ .

:;&j$	ç	TSsG�0ê�` , ë-kGFl/wh¶#�vnm/ê�o�p�Ð($ ( ë-k!Fq/ <�vèçNé�ê ) �z�?Ïvþ���é�Õ . ü	�Öün:r&
$]Ô�#�vnmIê�o�p�Ð%$u× primes[1], primes[2] ÔI�Iê?`�¢�sZ`I��t��!W�ñí�ká-Õ�ÔFçvu)îz- , ë�k!F
/\Ï�� , .�<�v)×�3�4�w�±)Ï�x�y§K�ávÕ . ô-ñA¨�zr{SR�`G �ø)Õ�^�Fn_�Ó?|�� ü	��
�ý#`��

gap> date := rec(year := 2003,

> month := "June",

> day := 14);

rec( year := 2003, month := "June", day := 14 )

ç�ø)Õ . à�á0Ï , year, month, day Ó	<�v ç�ø)Õ_ë-kGF}/\×�l�y�K�áI5 . ë�k�Fq/�Ô'.�<�v�Ó?x�y�ø
Õ�`�� ,

gap> date.year; date.month; date.day;

2003

"June"

14
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ç�ø�áI¨I�'é . ë-kGFq/�Ô�3�` , K���`�~ üNé�^�Fn_�Ó�ë-kGFq/�ç�ü	��{SR�)vñ�Õ�àIçGh	ÏFþLÕ .

gap> date.time := rec(hour:= 19, minute := 23, second := 12);

rec( hour := 19, minute := 23, second := 12 )

gap> date;

rec( year := 2003, month := "June", day := 14,

time := rec( hour := 19, minute := 23, second := 12 ) )

à�ÔI�-ê�` , ×we§×,e�¸ ü�é�^�Fn_�Ó#{SR�))ñ���ë-k!Fq/�Ó���<zK����6é ý�^/R��L×��ZO�ç�ü	�zë-kGF
/�Ô�3�`S×weIî'Ûda�×Z�ntG5����0áA��ü Ç ê . (GeIî'Þ�ß�� ,  �� RecNames `��'-�ë-kGFq/�Ô-.�<�v
Ó?x�y-ÏvþLÕ .

gap> RecNames(date);

[ "year", "month", "day", "time" ]

ô)ñA¨��Aÿ%z�Ô�^�Fn_�Ó?�0[���|�� ü	��
èý���êNî'Þ�ß�` , ë-k!Fq/���÷��)ÏZ�IÕ .

3 � �������@���%�W���

3.1 �n�I���<���
��� ` hello, world. çi:���Ó?��ý7 ����	Ñ'Ô��-ê�`�l�yzK�á)Õ .

gap> sayhello:= function()

> Print("hello, world. \n" );

> end;

function ( ) ... end

GAP Ô! '�'������oE��Ô��Lû�ÔZ�Z�� �ÔI�-ê�î�h�Ô Ï , "�¨�á)Õ)çr��¡6×A4��Fþ��-¢�£ÖÓw��Ñèü , Ý:Õ
ç��n�� �`�¤�tD�Ié ý . ¥ ýwÔ	Þ6ßI ��SÔ�¯�Ó	°)øI× , NSÔ�ô-Ï/� Print ¢�£�Ó���Ñ-øFÕ�Ô�J�ÏZ�0Õ .

ø0îG^0o 2 Ñda�Ï hello world ç ��� `���þ , Ñ)é�Ï�¦�Ñ “\n” ø)Õ .

 ����'Ñ0Ô���J)Ï�����ávÕ .

function ( )�� ) ¢�£ end

§ �
, function Ï� ��:Ó�¨�Íèü , (�Ô��0Ô ( ) Ô�3�`! ��0Ô�)�� öª©���«�FZ_?¬vÓ , k���­�Ï�® 6 t��

��ý . )���Ô�����N�Ô���ê�` 0 p)Ï�h'é�éÖü , n�p)Ï�h=¯zK�ávÕ . function( ) Ô��±°�`���²±³�k�´��
Ó?���Iî�é .  �´�µ���¶��	Ü���` end; ç9��ý'à�ç�`��'-uÝ�V�ø)Õ . l�y ü�5G �� sayhello Ô�3'·ÖÓ

)Õ�`��	Ñ'Ô��-ê�` ø)Õ .

gap> Print(sayhello, "\n");

function ( )

Print( "hello world. \n" );

return;

end
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sayhello Ô��±°�`�¦�Ñ�¸�£ "\n" Ó�@�R�î�é�ç , endgap> Ô��-ê�` , Ü���Ô end çXÑ'Ô GAP Ô� �´
�� I$ gap> ×�@0î�×¹tD��ü § ê .

¸ ü-ýQl�yzK�áI5G �� sayhello Ó	��Ñ�ø)Õ�`�� sayhello(); ç9�SR�¨��'é .

gap> sayhello();

hello world.

3.2 If º¼»

Ñ'Ô�ô'��X���Ô H�½ Ó	Ø�l�ø)Õ�¾�ßI ���Ó	l�y�ø)Õ� �´�µ���¶�ÏZ��Õ .

gap> sign := function (n)

> if n < 0 then

> return -1;

> elif n = 0 then

> return 0;

> else

> return 1;

> fi;

> end;

function( n ) ... end

gap> sign(0); sign(-99); sign(11);

0

-1

1

¾�ßI �� sign(n) ��X�� n × H ,
½¿§ 5�� 0 `:ü�5�×EtD�!¯ 1,−1, 0 Ó	°)ø . à6à	Ï�ÿ�^�áA�Ié�Õ

ÔL× if ¢�£)ÏZ�IÕ . if ¢�£'�'Ñ'Ô���J)Ï�÷zK�á , 8�91`���tD�Bí�á�À�Ó?¸�l-ø)Õ .

if 8�9 then ¢�£ elif ¢�£ then ¢�£ else ¢�£ fi

elif ��h!o�°!e else if ÓD@0î�é�5�Á�Â)Ï , Pn` é ý�@�ÃIáA�'h'é�é�×�Ü���� , else ÏFþ�o�t)çvÄ'[
Õ . Å�+-×IîAR�áI¨ , 2.5 ô�Ô�ô'Ô��-ê�` elif h else h=Æ���ÇFþLÕ .

È Ô�
�âj/iê¹0�Ð�Ô�3�` , h0ü È Ô�3�Ç�É�`-Ê�tG5í��×6ê�ø)Õ!��çNé�êvË¹Ç , É�Ó�Ì�Í ü	î�é'�vê�`�ÎÏ Ç'Ë ü	�/R0Õ , h0üD(�á�Ç�Ðda���tG5í��(:ê�Fnt)ç9Ñ�áFÕ , h0üD(�á�Ç�Ðda���tG5í�vÅ�Ò±`�îEt��Dì
é�Õ , hIü�('á�Ç'h;Ð£a��Zt�5��vÓ�`�ÔQÕ , hIü�(Bá�Ç'h=Ð�a��nt�5S�ÖÕ�`�×¹K�Ø'ç , hIü�(Bá�Ç�h;Ð£a
�Zt!5'�vÒIeA����-NÓBø�Õ , ..., ç$é�ê	Ô ×Z��t!5 . hIü9Ðda��nt�5S��ç�n�O�h?Ù�t���éIÕvç à�°6Ó-
-Õ
çvÚ��dtr·zh�à�á�Ç�Û���ÕFç��D»�t��6é6î�é0�-ê=ÇZ�6Õ . (Ih!(�h=ÒIe�����-�Ó-ü	�'Û��_�Nî��Et!5-Ü
Ô�ËS��ÝIR�î6é��z�8Ü��SÔ�� ûF×§×�Ô-��Þ�÷����Shfv0�z�Nî�é�× , ç�`��èýBà�á0×�ß�à¹M0î if ;A:nÇ
�IÕ .

3.1 ôEÇ ,  ����Z�n�� �Ô�á�Ô��-êNî0h�Ô��:ç;Ù1tG5�× ,  ���Ó	l�y-ø)ÕNò���� , â�D/t;·-×n���Zã��E�ä âq$]Ô�å�æ�`�×EK�Ø0çvà0ç�çw¡/Í�ø�è . function(a, b, c) ç¶ ���é'¨�ê_K�á/5�O�ënÇ , â±DD��ì!o
��Ô�å�æ0�z�v)�� a, b, c ç?í�î���ï�å�æ�`�Ññð . end ¢�£¹Ç� �´�µ���¶�é�ò�V¼ó�h�ô�Ô�å�æ�`�¤nõ
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è�é ,  �´�µ���¶�Ô�ö�÷�Ç�ø�ù¼ç�ú¹î��Dìíé���û±ènìnô�ü�Ç�ý�è . þ�õ�é return ¢�£EÇ , ÿ�Ô�ô�Ç�� ,

þ�õ�µ�õ -1, 0, 1 ô7��`�������æ�`�¤�t���û±è�Ô�ÇZ��è .

2.1 �EÇ�	�
q:;&j$c`
������������é , CAP Ç������±ç�������è����! �÷�Çnþ� "���$#;·�ç�%'&�ìnô#é
Ç¹ý�è . ì�õ�� , `�(%ô�)ré"*�+�,né�*�+¼ô-�.&0/�1qô�ü32�465
��7�é�8��9�Zè�:�&�;�é , <�=�>�Ç����? õ���@9A±ç-BC&�ô�ý�7ED��"�1ì�Fnè�G9HnéI:�� . J�K� �L!��MON�P�Q.RTS"@�A1ç�U"VW��X9Y9Z9[9\�]^�_ X .

gap> fib:= function(n)

> if n in [1,2] then

> return 1;

> else

> return fib(n-1) + fib(n-2);

> fi;

> end;

function( n ) ... end

gap> fib(15); fib(20); fib(30);

610

6765

832040

`�` ^ � , a�b�c�d fib(1) = 1, fib(2) = 1 ô�M�N�P9Q.R-S
@�AE �<�=�> (5 egf ) h�iEî�X�;�j ^ ,

fib(n) h������"U
VIó-�(ð9õWX . óT+±ó�Y�Z9[�\�]���k<ðl��m%ý�n���j-õoD , 	�
Op�q6 �rE8���Y9Z9[
\�]� �s!t�Y9 
u"@E��v�wW�WX . þ ` ^ Y9Z�[9\�]� �x�y , �Wz.{|UOVW}�~����ñð�7W8��±ó�zI& . x9y
 
���OUOVoh��!X��9��5�� , �±ô���Y�Z�[�\�]����ið�7�8��1ü�	�
�p�q ^ ��7(ð , ��{��qó0p9qoh�%�8
��Y9Z�[�\�]�5�ó������I:��������9����� .

3.3 �6�E�6�

�! �L!� 2 �� ���@ a, b  ����O�9��@ gcd(a,b) h���t��I�"RI�| � W¡�¢.h�£����
U"VW��X�Y9Z9[�\
] ^�_ X .

gap> gcd:= function(a,b)

> local c;

> while b <> 0 do

> c:= b;

> b:= a mod b;

> a:= c;

> od;

> return c;

> end;

function( a, b ) ... end

gap> gcd (30,63);

3
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a ¤ b  ������9�9@.h�¥���X�59� , ¦ (a,b) h a’ = b ¤ a h b
^"§ 8
��¨�{ b’  �¦ (a’, b’)

^
© ý�ªW��X!¤-�.&¬«�­®hT�¯{°�²± , b’ ��³�ZO5�7�8��I¤�ý� b ���9�O����@®h�i���X .

`-´ h�µ�¶W5�e
7�·�&�¤��WX!¤ , UOVE �¸�÷ ^ b  �¹.h�º9» ?�¼ �9·$½T���95 , D�&
±���ü�ü�&0¾���¿9@ c ��À9ÁI5�7
X .
`  �¿�@6� , ��@6 �������m�+ ´ �9��X�Â���Ã , ��z®{�Ä�\�Å�Ä�Æ-Q�Ç'È| ���Ã ^  OÉ�Ê�Ë�h-Ì���¿

@ ^�_ X .
`�´ h�Y�Z�[�\�]� �Í6� ^ local c; ¤�±���Î9ÏC± , Ð�Ñ�Ò9Ó ¤���& . Ô�Õ�¿9@I� ,

_ ½�z^
gcd(a,b)  ��9Ã ^  �É�Ê�Ë!h�Ì��� ^ , ÖI ��9Ã ^�×EØ ¿9@ c h�%�8��IÙ3Ú9ÛI��Ü6Ý�7�� .

`�´�Þ
��ß67 ` ¤ ^ , function  ��9� Þ"à ? ´ ����X"+"á$#0â ^ �9�g±��E¤9±��IÙ�ã�ä Þ�å ������7��� O�æ ^�_ X� ^ , Ô�Õ9¿9@I5I±��9·�j�Ý `
çIè  ��9Ã ^�é�ê ±���ëoì�7�¿9@.h�%!��X� ^�_ X . �6 �L ^
¿9@ c  �¹W��¿�=²±�7�� ` ¤�h�í���îg±�� .

gap> c:= 7;;

gap> gcd(30,63);

3

gap> c;

7

Ô�Õ9¿�@.h�%�8�� , M9N�P�Q�R-S�@�A6 �J�ïð:6{�x�yI "���ñ�ò±-+.±óJ9ï�:6{�ô9õ!7��6Y9Z�[9\�]Wh�­
X ` ¤-� ^ ìOX .

gap> fib := function (n)

> local f1, f2, f3, i;

> f1 := 1; f2 := 1;

> for i in [3..n] do

> f3 := f1 + f2;

> f1 := f2;

> f2 := f3;

> od;

> return f2;

> end;

function( n ) ... end

gap> List([1..10], fib);

[ 1, 1, 2, 3, 5, 8, 13, 21, 34, 55 ]

4 ö ÷�øWùðúüû!ýÿþ������

GAP
^ �"@��6Y�Z�[�\�]Wh��9�'±	�®Ù , ¾�
 GAP h
����� ´ Ý `�´²è  
�
@��IY9Z�[9\
] Þ���� ?´ �.±�z�� , �65�%C&�¤"ì Þ z����9�g±�7�· ? 7�j ´ Ý�7 è 7�� . z���UOV ? ´ ����t���Ù�����¤ × }

5 � ? ´ �®±�z6& . ¾�
O�9�²±��"��@��6Y�Z9[�\�]�h GAP 5�� ´ � 5�! " ?�¼ , ��#6 ���t$��h GAP

5�%6É'&®z ¼ X�����5 Þ M�(�Ç"sIh6&�z.½�%�(�7�j ´ Ý�7 è 7�� . J�KIM�(�Ç"sW �%)�"�Ih+*�,9�WX .

4.1 Read
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L!��Ý , 2.5 - ^�. �Eì�/�0�@�h�U�V!�!X�Y�Z�[�\"]6h
1$2'±���·Iì�/��o¤-�!X . 39 '4�H , 5�6�7$7
�WN��
t�h�%�88� , �6 �:�&�5�M�(�Ç"s myfile.g h�­®X . ( 9�:�; Þ ÂI5 .g ^ 7o½<�IÙ���� ).

###### myfile.g ######

primes := [];

numbers := [2 .. 5000];

for p in numbers do ### prime numbers less than 5000

Add(primes, p);

for n in numbers do

if n mod p = 0 then

Unbind(numbers[n-1]);

fi;

od;

od;

M�(�Ç"sW �ã ^ Þ , p�q Þ µ9e ? ´ 7��� ^ , J9ïI W:�&�5 primes := [];; ¤ 2 =I �>@?�A�Z�Æ�5
�
X�À9Á Þ 7 � . z�/ GAP  9ã ^ Þ #

Þ�B�C�DFEHG  �Iðì�h��6X . J9e ^ # J�K Þ�K$L ? ´ X� ^ #

h�%�88��Y9Z�[9\�]�5�A�M�Æ.È3h8N�j�X� O�PO�Q ^�_ X .

gap> Read("myfile.g");

¤T�WX ` ¤�5!:SR , myfile.g  �T8U�� GAP 5�%6É'&�z ´ X . VI5 , �XW È primes 5 Þ 5000 J�KW 
0�@I 8YW�[Z!� è�´ X . Y�Z�[�\�]!h	\$]��!X�49H , L!��Ý 5,000 h 10,000 5E±�/�+�8�/ è M�(�Ç
s
myfile.g h+\ ]g±�^ ¼ Ý"��� .

`�´�Þ
GAP  �ã ^ \ ]9­ _.h��WX�:SR Þ ,

Þ X�+�5�` a ^�_ X .

7�· , #3â�£! �M�(�Ç
s myfile.g h GAP  'b ç
c@d }�56#<e�f�5'%6É8&.z ¼ X ` ¤
Ù ^ ìOX . g�t
] �WN�h��$È"�-5�MS(�Ç"s .gaprc h�­iR ,

`9` 5�M�(�Ç"sW �%IÉ'&IÉ�� , �g½¬%C&kj9�.h�J�K6 W:�&
5�m����9·�j�ÝW:�� . GAP

Þ�l e�}�5��9aI5 .gaprc h+%6É�5��$½� ^ ,
`9` ^ À9Á!7���t�������m$�

GAP 5�%6É'&.z ´ X . L���Ý

Read("myfile.g");

a:= [[1,2,-1], [2, 5, 0], [3, 3, 1]];

b:= [[4,1,2], [3,-1,4], [-1,-2,2]];

4.2 PrintTo

4.1 - ^ U"V²±
/ 5000 J�K� 	0�@! ®�nWCÈóh'��t$��¤O±o�'1�2$±+�O·ð½�5 Þ , p�@ PrintTo hT%g& . 1.6

-I5 . �6ì�/�p"@ Print ¤� �qS� Þ , r sI5�t ç . �[u�(vR�5�M�(�Ç"sW5�moì . �o¤	��& ` ¤ ^�_ X .

p"@ PrintTo
Þ

PrintTo( filename, obj1, obj2 ... )

 �m9>.h-Ì�N . obj1, obj2, ...
Þ M�(�Ç�sW5�moì . � w�x�y�z9�$È3h	Y�{ .

gap> PrintTo("primelist.g", primes);
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`�´ 5W:SR , �<W È primes |�T8U�� , M�(�Ç�s primelist.g 5���t��W¤�±	�81 2 ? ´ X . �65�}�m!X
p"@ AppendTo ¤�|�qS� Þ , PrintTo

^ Þ µ9e ? ´ X�/�~�5���t���� c moì ? ´ , J9ï�|���t���� ���? ´ X�|�5��ð± , AppendTo
^ Þ

, J�ïS|P��t��8|����
5
�²±+����t����8�6j�wW� èl´ � ��½ ` ¤ ^9_ X .

4.3 AppendTo

AppendTo
Þ�� j²±�/�M�(�Ç"s�5���t���h	�9���6j�wW���81 2²±	� �$½�p"@®h	Y�{ . J�K�|�m9>Eh�Ì�N .

AppendTo( filename, obj1, obj2 ... )

5 ö GAP ��� ûS�������

5.1 �������'�S�S�
G h+� , S h G |���â�]�H'¤�{�X . S h+��� G |�� �)|���â��Eh H h S

^��[� ? ´ /���â �²¤+�.& .

H
Þ

, S |P�$¤ , 3�|� ��Ih�ëoì�7!:�&�5 , �$½kN�+P¡Ej�H�( ¼ � .'¢ X'��|�£�¤ ^�_ X . H = G ¤�7
X�} , S h G |8¥�¦$§ , S |P�Ih G |P¥�¦$¨$¤	�ª© . LW��Ý , G = Sn h n � ��« �'¤o{�X . G |P� Þ¬ u © ª�|'­'¤9±	��¾OÊ�f�58Y ? ´ X (1.4 ��� ). 3 ` ^ S h Sn | ¬ u © ª�£ ¤�|�]�H'¤+{WXI¤ , SÞ
G | ����® 5�7�X . ¾�� , ¯9Ê�| ¬ u © ª Þ  9ª�|�­'¤�±+�PY ? ´ X . LW��Ý ,

(1, 2, 3, 4, 5) = (1, 2)(1, 3)(1, 4)(1, 5).

3 ` ^ S′ h� 9ª £�¤�|�]9H'¤o{WX6¤ , S′ Ù G | ����® 5�7�X .
? è 5 ,

S′′ = {(1, 2), (2, 3), . . . , (n− 1, n)}

¤�·²½ . (1, 5) = (1, 2)(2, 3)(3, 4)(4, 5)(3, 4)(2, 3)(1, 2) ¤
�ª©
:�©�7 ` ¤�5�°�Ê�{WXI¤ , S′′ Ù Sn | ���® 5�7�X ` ¤-��â�±�X . , è ±�5 ,

S′′ ⊂ S′ ⊂ S
^�_ X . � G 5�p {WX
²�³�|�´¯½ Þ , 3�| ��� �W5'�²±	� � b�{WX ` ¤�h	µ�±�� ´ Ý , ¶<e�f�5�£ ¤ ^� b�{�XW¤+��©·4OH��8´�� . 3�|�Ê�¸ ^ ,

�[� ® Þ ��|
¹�@��8º!7��'» , x�y�f ^�_ X . ±+±E± , Õ�¼ ,
�

��® ;�j ^ £���|�½!��{$�'¾ ^ Ù"7ð½ , � G £ ¤I5�N$���P¿�À'±O:�©9¤<Á���Ý , G |P�Ih S |P��|'­
¤�±+�[Â�¤�f�5�m ½�À�ÁoÙ
z�/ � � X ^�_ ��© .

` ©-7�X!¤ ,
c |�L�± è Ù�â�±�X�:�©-5 S �[� ? �®¤

��©	| Þ 2�Ö65�Ã�ÄW7 ` ¤ ^�_ X . ÅÇÆP/�X Þ Ü!Ý�È
X��8É²± , ÊW�95�ËS|�ïS|
ÌSÍ ×EØ , ¤+�@© ` ¤ ^_ X . Ù ç �[Î , f	f�Í6Ù Ï
X�| ^�_ X"� , D ´ �PÐ�6�Í"��� ����® ±�D�©o± Þ µ Þ�Ñ ±���ÒPÓ ^�_ X .

f�Ô)|�Õ�Ö�Í�×�Ø ´ � é�Ù Í�ÚªÛ8� Þ ��j�Ü��
Ý � , Sn | ��� �Ih Ý è Í�Þ è 3�©�¤X{WX!¤ , 1 ¹ ^ Þ�K�ß�à ± è , � á�â 2 ¹ Þ À�Á ^�_ X . 2 ¹ ^�.¢ X à ��©o± . µ Þ .�¢ X�| ^�_ X . Sn

Þ
a = (1, 2) ¤ b = (1, 2, . . . , n− 1, n) |�ã·¹�|8� ^���� Ý ´

X . µ�¶ , UOV'±	��É�X6¤ ,

b−1ab = (2, 3), b−2ab2 = (3, 4), . . . b−n+2abn−2 = (n− 1, n)
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¤
Ü�X ` ¤-��â�±�X . ±�/O��Û8� , a, b
^���� Ý ´ / Sn |��9â � Þ ����® S′′ h	�WÉ , Sn Í�¾�ä�{WX .

` |�Ï)©
Ü'å�æSÜ�L.h�Ù8� _ 3�F ` ¤ Þ , ÅFÆ[/�X Þ ... |'ç9Ï�|'É¯½ , è���Ü8é�êEh	ë ½íì î@|�Ï�©
ÍWÙ+Á���X�| à � , µ ÞW`�´ ��Ê�Ö'¤kï�Í�b�N�| ^�_ X . 3 ´WÞ GAP |�Ð�³�Í�p[ðg±
����X . µ�±�Í
GAP

Þ �S|�U"V.h	ñ�òSÍ'�SÛ��ð½ ´ X . ó@ô�� _ X	�)Í[p�{�XP��t$��h�i�� ´ Ý , 3 ´ Í[p®±+�"UOV.h
± , L���Ý��9â ��Í�p {WX[��t���h-�'±	� ¢ X . ±	±.±�3 ´ ^ Þ , õ�|�Ï�©
ÍI±�/ è GAP Í�� G h+ö÷ Ý�¼ X ` ¤-� .P¢ X�| à ��©o± . 3!±
� , GAP

Þ õ�|)Ï�©
ÍI±�� , 3�|�ø!� ^�_ X
��â � H hoóùô
Í�ú���X ` ¤�� ^ ì
X�| à �S©X± . 3�|�û®h�üEX�|
� ��� ®�^9_ X . GAP

Þ © ª)Í[p�{�X	ý�V.hXö ÷ {
X . N�z�R , GAP |�ã�Í Þ ,

K âP¹�|'þ�ÿ {1, 2, 3, . . .} ÍPp�{WX © ª � S∞ ��r@Û'� ��X6¤kÁ�Û'�6Ù�Ï
� . 36±	� , ��â�� G h���â�¹�| © ª�Í�Ï�R ��� Ý ´ / S∞ |���â � (

` |�Ï�©
Ü'�.h������C¤
�ª© )

¤�±+�8ö ÷ {�X .
`�´ � GAP |���Ã ^ � G h	j
	�{�X ` ¤
|�Ê�¸ ^�_ X . óªô Þ ,

��� ® h � j�{WX` ¤
Í�ÏSR , GAP Í�� G h	ú!� , GAP
Þ UOV�|�ø!��h ,

��� �6h�i���X ` ¤ ^ ó@ô[Í��'±	� ¢ X�| ^_ X . ¾�
 � G �8j
	 Ý ´9´ Ý , � Þ G h�� ¤'¤�±	�
�ªô�|���«�­�������Í�Ü�X .

Ý � Sn ho` aSÍ�j�	²±�Ï�©�¤nÁ�ÛP/ è , 2 N�|8� a = (1, 2) ¤ b = (1, 2, . . . , n) h ��� �o¤�±+�"i�� ´
Ý�Ï�� .

����® {a, b} � ß À�f�Í���£�±ªõ ©X± Þ Âg¤�±	� , GAP ��|
ú������g¤�±+� Þ ,
`�´ ���oÙ3x

y�f ^�_ ��© . µ�¶)ÍP��Û8�9É�X6¤ ,

gap> s8 := Group((1,2), (1,2,3,4,5,6,7,8) );

Group([ (1,2), (1,2,3,4,5,6,7,8) ])

`�´ Í�Ï�R , 8 þ�ÿ {1, 2, . . . , 8} | © ª��'¤�±�� , ��«�� S8 �Pj
	 ^ ì[/ . J � , ��« � S8 h�� ©
ÍÞ
, a�Í s8 h���~ . ¼ Ý�Ï'� .

GAP
^ Þ � s8

Þ ]��'¤�±	�'j
	 Ý ´ X . 3 ` ^ � s8 |��
�.h��EX�Í Þ , ]
��|P��|�¹
�.h�i���XPp
� Size h	Õ�£�{WX . J�K�|�Ï�©
Í |S8| = 8! = 40320 �
� è3´ X .

gap> Size(s8);

40320

gap> Size(s8) = Factorial(8);

true

ã��²f'|� �! Þ , GAP Í S8 |��
�W� 8! Í� g±
��±Wh�"$#�����X . ø!� Þ %'& ±
�)( . Size
Þ

, ¾�*
Í�]
��|�¹
�.h�i���XPp+� ^�_ X"� , ��|�4�� , �
� (order) h�i���XPp+�ðÙ-, © ` ¤-� ^ ìOX .

gap> Order(s8);

40320

Ý � G |'��â�� H ¤ K Í8�g±
� , H ∩ K Þ
, z�/ G |8��â ��Í Ü�X . 3 ` ^ GAP

^ Þ
, ��â��

H ∩K Þ a�Í Intersection(H,K)
^ j
	 ^ ìOX .

gap> H := Group((1,2), (1,2,3,4));

Group([ (1,2), (1,2,3,4) ])

gap> K := Group((2,3), (3,4,5));

Group([ (2,3), (3,4,5) ])

gap> L := Intersection(H,K);

Group([ (2,3), (2,4,3) ])
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gap> IsGroup(L);

true

IsGroup(L)
Þ

, i�� èl´ /
]�� L �'� ^�_ X'±@õ�©X±�h/.�j�{�X8p�� ^�_ X . ¤ ` � ^ , 0�]�� H ∪KÞ Ù ç ��ÎP� ^ Þ Ü � . H ¤ K h	�)���$�S| G |���â � , {$Ü�Ø ç H ¤ K
^���� Ý ´ /���â �.h

GAP
Þ

ClosureGroup(H,K) ¤�±+�O¥���X ` ¤-� ^ ì"X .

gap> M := Union(H,K);;

gap> IsGroup(M);

false

gap> M_1 := ClosureGroup(H,K);

Group([ (1,2), (1,2,3,4), (3,4,5) ])

gap> IsGroup(M_1);

true

gap> M_2 := Group(Union(H,K));

<permutation group with 42 generators>

gap> M_1 = M_2;

true

c |�! Þ , M1 �[µ�±�Í�0 ]1� H ∪K ^���� Ý ´ X
�9â���Í"¾�ä�{6X ` ¤�h�2'±	�$��X . ±�±.± , M2

ÏSR�Ù M1 |�����x�y�|"����­iR|� ^�_ X ` ¤�Í�°�Ê�{WX . 3®¤�/�~40$]
� H ∪K h�5®X6¤ , ��|467 Þ � ´��$è3´ , a�Í 42 ¹�|P�$± è Ü18
]���Í�Ü�Û'�E±�zS© . 3 ` ^ M2
Þ

42 ¹�|8� ^[��� Ý ´ /��
¤
ÜùR ,

��� ��Y
2 Þ�Ñ ±�½�Ü98�| ^�_ 8 .

H h G |��9â �'¤o{:8 . G |P� g Í'�²± , g−1Hg = {g−1xg | x ∈ H} Þ G |��9â ��Í�Ü98 . g−1Hg

h H |�;�<1=
>�� (conjugate subgroup) ¤	�ª© . g−1Hg = Hg ¤
Ù�Y�{�� , GAP ?IÙ�@P|�!9A9?+B
ï �9â �DC	j
	:?6ì�8 .

gap> H := Group((1,2), (1,2,3,4));

Group([ (1,2), (1,2,3,4) ])

gap> g := (1,4,2,3,6);

(1,4,2,3,6)

gap> H^g;

Group([ (3,4), (2,4,3,6) ])

H
Þ

, � (1, 2) ¤ (1, 2, 3, 4) ? ��� Ý ´ /'�:?9E�8+F , B�ïSÜ'�9â � Hg Þ , � (3, 4) G (2, 4, 3, 6) ?��� Ý ´ /��9â ��Í�Ü98H@9GIF�â�±$8 .

Ý � , H GP3 |8��â$� L CKJ�ï$j�	 Ý ´ /P�LG	{M8 . g ∈ G ÍP�C± , L |+B�ï���â�� Lg Þ À � ±
Ù H |'��â ��Í Þ Ü è Ü�� . GAP ? Þ � G G � H ÍP�²±
� , H F G |'��â ��Í�ÜH8[±ùõ�©+±:C
IsSubgroup(G,H) Í�Ï�Û8�
. jM?6ì�8 . / à ± , µ1N�f�Í Þ G Ù H Ù/B�O�|�� Ω |��9â �:?9E�8�4
�:F�P�Ü |�? , a�Í G ∩H F H Í4Q�ä�{:8[±ªõ�©o±Pµ�±�R)S�Ý�{$�T@HGI?�E�8 .
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gap> g := (1,2);

(1,2)

gap> IsSubgroup(H, L^g);

true

gap> g := (2,3,5);

(2,3,5)

gap> IsSubgroup(H, L^g);

false

5.2 UWV�� �1XMY$ZT[��

/ à 3WG+N�|[�9? ��� Ý ST8
�WC�\$])� (cyclic group) G
�ù© .
¬:^ �`_�acbd6 7 |�`$a�Ü'�M?9E98 .e:f�g

,

gap> H:= Group((1,2,3,4,5));

Group([ (1,2,3,4,5) ])

gap> Order(H);

5

H _�� (1, 2, 3, 4, 5) ? ��� Ý SM8h�
� 5 | ¬:^ �:?HE�8 . Q�*�Í , � G |P� g Í'�ji	� , g ? ��� Ý
SM8 ¬:^ ��|��
� , {�Ü�ØMk , gk = 1 G
Ü98ha��S| & |Kl1�mC g |�n
opG	�ª© . GAP Í g |��
�mC�qr Í
_ , s`t Order CI, f�g Ï'� .

gap> g := (1,2,3,4,5);;

gap> Order(g);

5

� G F ¬:^ ��±ªõ�©o±$C��D8�Í
_ , IsCyclic(G) C�, © .

gap> IsCyclic(H);

true

@KSM_ , 3
S:u@õnï@Í'b�/ Ü ��±`bd�$S�Ü � . v9w GAP ?H_ , �WC ��� �H?
xpihy ¢ 8�|�? ,
��� �

F�Q�N�Ü{z , |:R�y�q9}
y9~:81��?`b[Ü r , 3+S:_ ¬T^ �T?HEH8 . J � , �1� n | ¬M^ �WC Z/nZ G
Y�{ . ( @�|4�HAS|4��¸$_'�@Í��M��{M8 .) ��|'ý
��F�����Ü[� , {�Ü�ØTk , ¯1��| x, y ∈ G Í'�jiKy ,

xy = yx F �����$� G+� , G C����)�
��� (abelian group) ���
_+�����LGh}ª© .
¬:^ ��_1�1�+�����

?�E18 . �+����?+� f z�SH���$F9���
���)��±@õ ©�±�_ , Qm��?���±$8MG/}�©
b��)?1_�Ü�} . GAP ?�_ ,

IsAbelian(G) CI, © .
e:f�g

,

gap> elab := Group((1,2),(3,4));

Group([ (1,2), (3,4) ])

gap> Size(elab);

4

gap> IsAbelian(elab); IsCyclic(elab);

true



31

false

gap> IsAbelian(s8);

false

� (1, 2), (3, 4) ?��)� Ý S9��� K =elab _���� 4 �1���
���)�:?1E18+F , S8 _1���+���+�:?�Ü�}T@9G
F+��±M8 . ��� , K _ ¬M^ �:?H_ Ü�}9��? , K ' Z/2Z × Z/2Z ?HE�8 . K C
 �¡+¢�£
¤:¥�¦§�¨Gh}©

. Q�*�Í , p CIª1�LG�i��`G+� , « ^ � Z/pZ � r ¬��
­�® (Z/pZ)r ¯ s4°SÜ4�mCh±�²M���)�
� (p-)

� (elementary abelian group) G�} © . GAP ¯ _
� f z-S$�4�:F
³
´`���)�����:µW¶ © µ:C�.
·$¸:8¹
º
IsElementaryAbelian F9E�8 .

gap> IsElementaryAbelian(elab);

true

K =elab _ , ³�´`���+��� 2 �pGh» � , ¼:µ ¯ K ' Z/2Z × Z/2Z ?9E�8H@HGIF
�$µM½)� .

5.3 ¾`¿MÀÂÁ+Ã$ÄTÀ

G CK�¨G�¸TÅ . xyx−1y−1 (x, y ∈ G) ¯TÆ ½�y
���ÈÇ�ST� G ��ÉH��� G′ C G ��Ê9Ë1Ì (derived

subgroup) ���
_ÎÍ�Ï�Ð�Ì (commutator subgroup) GIÑ�Ò . Ó��
Ô
�D�4Õ
Ö�_ , xyxıy−1 ��×��+��C
Ó��
ÔpG�} © @HGIµczÙØ:y1}$Å . xyx−1y−1 = [x, y] GÛÚM}�y$Ü1Ý+Þmß`àá®pG/Ñ�Ò�@HG)bdâT} . ã$@�? ,

G1 = [G,G] GÙä9¸�@9G+b�E
Å . GAP ¯ _�� f zåSH�K�T�hæ1Ø��DChç)�$¸HÅ�è
é DerivedSubgroup F
N��{ÇKS1y1}HÅ .

An C�Í�ê�Ì , ¸9»�ëMkhì1í
�
î
ïMµ{z�»HÅ Sn ��É
��� , G/¸:Å . J9ð9ñ$_ , Ó�ò
� An F Sn �Kæ1Ø
� ¯ »$½�y1}HÅ$óHG�C�ôHNci�y , GAP ¯ An C/õ�ö{ÇK÷MÅ:óHG ¯ i Æ © . �
ø , An F Sn �Kæ1Ø
� ¯
Q�ùH¸:ÅHó$G�ú�û
ü ¯ �:�Wi�y
ý r . G = Sn G/ý r . x, y ∈ G ¯4þ i , Ó��
Ô xyx−1y−1 _)�ÿz/µ ¯
ì1í��:ñ9E�Å . i���FT½�y xyx−1y−1 ∈ An. ���H�9F��D��SMÅ)µ{z G′ ⊆ An F
�:µ$Å . �`�����$è��
An ⊆ G′ ú	�$¸ . ã��
��

(*) An _��{Ç 3 �K« ^ í��:ñ����{ÇKSMÅ
óHG�ú	�`ã © . �{Ç 3 �K« ^ í���_�ì1í��:ñ9E�Å .

e:f�g
, (1,2,3) = (1,3)(2,3). An �
�:_�ì1í���
�µ

z , (a, b)(c, d) ��×T�4�9ñ)���WÇhSMÅ . ã$óhñ , (a, b)(c, d) F��WÇ 3 �K« ^ í��$ñ��)�WÇKS$ÅHó9G4ú���Sg Æ } . ��� {a, b, c, d} �
�:��¬
é�� 3 ¬:µ 4 ¬$µ ¯�� t�y (a, b)(c, d) _������������ � ¯ �:µ�STÅ .e:f1g
, (1,2)(2,3) ���
_ (1,2)(4,5). Ö�!��#"�� , (1, 2)(2, 3) = (1, 3, 2) _��{Ç 3 �K« ^ í�� . $�!��#"

� , (1, 2)(4, 5) = (1, 2)(2, 4)(2, 4)(4, 5) = (1, 4, 2)(2, 5, 4) ñ�óhSDb O.K.

ã9ó�ñ , An ⊆ G′ ú%�9¸ ¯ _ , �mÇ 3 ��« ^ í+��� G′ ¯ ���KS$Å
ó'&Kú(��÷ g Æ } .
e9f
g

g = (1, 2, 3)

&-¸9Å�& , g = (1, 3, 2)2 = (1, 2)(2, 3)(1, 2)(2, 3) = xyx−1y−1 &�äDÇ�S:Å . �)
Mi , x = (1, 2), y = (2, 3).

i��)�M½4y , g ∈ G′ &h» � , An ⊂ G′ bd� � �$� . *�+:ñ G′ = An &h»9ÅHó�&,�
�$µM½)� .

*�+���-�.Mµ{z , Ó�ò
� An ú Sn �Kæ1Ø
�/&
i�y
·�0MñT��Å)ñT��ÅHó1&,�
�:µ�½)� . Æ r32 f y���Sg
, Ó�ò
�WúM¶ ©54 ½4y
·60$¸:Å+µ9_�ã87�» ¯ û
ü:ñ9_�»1} . ì1í�����î
ï/&�} © �9ú GAP ¯ �:µ{z
÷MÅ��
_ , µ�» �:9�; »:ó�&Iñ6<�Å . = ¯ b(>@?���»�}�ë�A+ñ9_�»�}�� , þ�B �T�Kæ1Ø��/&�} © �)� , CD >m½,E �GF }8H8IMñ <'J © .

Ç4y , Ó�ò
� A8 ú�·�0ji Æ © .
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gap> a8 := DerivedSubgroup(s8);

Group([ (1,2,3), (2,3,4), (2,4)(3,5), (2,6,4), (2,4)(5,7),

(2,8,6,4)(3,5) ])

gap> Size(a8);

20160

IsAbelian(a8);

false

Ó�ò�� A8 �+í�� (1, 2, 3), (2, 3, 4), (2, 4)(3, 5), · · · ñ+���{ÇLK$�K�/&�iIy
·�0{Ç	K , a8 &åÕ�Ö1��MNA�z
K$�
��ñ <�Å . ó
ó�ñ 2 OÈ�4��ä���_ , < r �+ñ�������ú�äHë{i�y1}HÅ���ñ <H½�y , a8 �
��ú�î
É
ÚM}
y
}9Å��+ñ9_�»�}Mó & ¯#P �H¸$Å . A8 �LQ
éM_ 20160 ñ'<1Å
µWz��MúIî�É�Ú:}���zSR)TM»Mó & ¯ »�Å .

����� ¯$Æ Å�ä�����U�V ¯#W�X �@Y�}�µ4�:µHÅ@
6J © . ������ú�� f ÅHó & ¯$Æ � ��_�Z�î ¯�[ ·{ÇLK
Å+µ{z , ��� a8 ú�ä��H¸:Å ¯ _$óLK�ñ)\��$ñ <�Å . ä�]�^ ¯ _L_�KH»�}@� , ` a@b)c�� � ¯ _�î$y9�
�
��d àhß�e1ÇLK1y�ý � , f@gM»N&
� ¯ f@gT»
�Tú,hW½Ky�`'a@b)c
� ���)ç)�mú/v�OÈiIy r K:Å)��ñ'<1Å .ikj �T� ¯ �'l1»�}�&)ó8J
ñ8R@TT»�m'n���»:ÇLK�y1}HÅ���ñ�¸�o .

+T��pHµmz�q-�$µHÅ Æ © ¯ , GAP r�ç+�`�#s�t�upzvK1y��DúK�+��� ¯$Æ ½4y�ä��xw/y iyj ¯Lz ¸ . wIµ
w , q8{�J�7 GAP ��| ¯ r��x}�~ ¯ è
¸:Å�î:y9���@�����m½4y1}HÅ���ñ <H½�y��@f�g1� <�K1�
ã�KTú
E �%� ¸`ó1&,�
ñT��Å . �'� , ÷�½4µx� ���
ñT�+�
��ñ <�K1� , ���9�$»D¶�&�A6{���Ç��Tó1&�ú	�Hë1ø ,

î1������ú/Ú{� � w	�@�9�@�N&	� ©3�6� ¯ µ��vK:Å��1q(���Hñ <
Å . ã�71»y&
��r)è�é Elemnts( ) ú
h © ó�&	�
ñT��Å . w�µ�w , ���8�1��è+é Elements ú s8 � Æ © »�Q
é���Rm����� ¯4þ w	����� Æ ©
&�w	� r)� A�»�� . ���M»�s�t ¯ »9ÅHó�&��6����ñ <�Å .

gap> s3:= Group((1,2), (1,2,3));

Group([ (1,2), (1,2,3) ])

gap> Elements(s3);

[ (), (2,3), (1,2), (1,2,3), (1,3,2), (1,3) ]

GAP rK� s3 ú,����&@w(��� © µy� , s3 ����r#� D ¯#� ½����17�ñ��9Å . +T�#"��c¶ © � ©� �¡ ¯$Æ ½
��� D � [ ½��6�HÅ���
'J © µ . ã�K1r�+���¢��Túhí��/&�w	�
ä�w(�6�HÅ�& Æ � �:µ$Å .

(
1, 2, 3

1, 2, 3

)
,

(
1, 2, 3

1, 3, 2

)
,

(
1, 2, 3

2, 1, 3

)
,

(
1, 2, 3

2, 3, 1

)
,

(
1, 2, 3

3, 1, 2

)
,

(
1, 2, 3

3, 2, 1

)
.

ó
��� D r�é�£ 1,2,3 ¯ è
¸:ÅL¤
Ú�¥��6¦$ñ <1Å . ó
��§���� GAP �
�múM¶ ©�¨�© w	�6�HÅ
µ:ú�Y/�
ä/w#�'�$Å . �1ª ¯ &
½��)�Nr , ã
�6|�ñ������K½ � �9� � , «�KT� � , �1Ô���¬6­/wL� �$Å��6�D���® � ¯)��<9Å8� , GAP ¯ &
½���r , ü ¯ ¤1Ú6¥'�'¦ ¯ �1°��%K:��í
�D��± ¯�²´³ »��H��ñ1<9Å . `�a
b)c����+��µ ¹ &#r���l , {y¶ ½�&S·�wL��¸�qh¸:Å .

Ç�� , � G ¯4þ w	� , ã��hæ1Ø
� G′ r G ��¹   É��
� ¯ »9Å . ó
ó�ñ�º�»�¼�½�Ì (normal subgroup)

��·�0mú	¾ ¿Àw	��ý�ó © . G �KÉ
�
� H � G ��¹   É
�
�/&#r g−1Hg = H �
î��1� g ∈ G ¯4þ w
�
� � �$� ó�&�ñ <�Å . óLK1r , g−1hg ∈ H �
î��9� g ∈ G, h ∈ H ¯4þ w	�)� � �$� &S�W½���q�ÁyÂ
ñ <�Å . H � G ��¹   É��
���)Ã , H / G &SÄ$¸ . GAP ¯ r
�1lk�%K$��É1�
���Å¹   É
�
� ¯ »9Å
µW¶ © µ$ú	Æ
·$¸:Å
è+é IsNormal( ) � <1Å . C � ¼�õ/w	�6�HÅ�& ,
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gap> IsNormal(s8,a8);

true

gap> IsNormal(s8,s3);

false

¼:µ ¯ , A8 r S8 ��¹   É
�
�:ñ <�ÅHó�&,���:µM½)� .
� ��ñ ¯ , S3 r S8 ��¹   É
�
�:ñ r�»�� .

æ1Ø�����·�0:µ��-¸�Ç �:µ$Å Æ © ¯ , G �H���+���)����"�� , æ1Ø
� G′ r�ü�Q�� {1} ¯ »�Å . ��r , G

�9���
���)�$ñ'<1Å�ó &�& , æ
Ø��1��ü�Q�� ¯ »�Å9ó &@&Lr@Á�È$ñ6<1Å .
��É �/»@��p�
�A�KW¶ , e�Ý��

a��1Êh�)� elab ñ)ç��/w	�6�HÅ�& ,

gap> DerivedSubgroup(elab);

Group(())

óLK1r , elab �Kæ1Ø
��� () ñ��+�{Ç#KMÅh� , ¸1»)ë�{hü�Q
�:ñ <�Å9ó�&�ú	��w	�6�HÅ .

G ú	Ë1Ì
�/&/¸:Å�&+� , G �Kæ1Ø
� [G,G] ú G1 &Ûä$¸ . G �hÉ
�
����±

G = G0 ⊃ G1 ⊃ · · · ⊃ Gn ⊃ · · ·

ú Gn = [Gn−1, Gn−1]
¯:Æ�Í ·�0xw , G ��Ê
Ë6Î (derived series) &	� © . ¢ Gi r Gi−1 ��¹   É
�

�:ñ <�Å . Ë�Ì)����Ï�gT»�e
Ý�dk&�w	���)Ð�Ì�� <�Å�� , æ1Ø6±�r�Ñ © � ¯ »9Å����1��Æ
·�Ò�ÓWúK��l
Å . G � æ1Ø6±���Ë Ì�ÔH�#$ , ü�Q�� {1} ¯�Õ�Ö ¸:Å9ó�& , × É Í <1Å n ≥ 1 ¯4þ w,� Gn = {1} &h»
ÅHó�&,� , G �)Ñ © ¯ »9Å����1��f�g Ø���Ò)ÓMñ <�Å .

GAP r4��ly�5KH�K�T�Iæ
Ø�±`ú�ç8Ù$¸$Å�è�é DerivedSeries( ) ú,ÚD½#����Å . p l6� , G = S4 �hæ
Ø6±Dú	Û °'�6�HÅ�& ,

gap> s4:= Group((1,2),(1,2,3,4));;

gap> D := DerivedSeries(s4);

[ Group([ (3,4), (2,3,4), (1,2)(3,4), (1,4)(2,3) ]),

Group([ (2,3,4), (1,2)(3,4), (1,4)(2,3) ]),

Group([ (1,2)(3,4), (1,4)(2,3) ]), Group(()) ]

gap> List(last, Size);

[ 24, 12, 4, 1 ]

GAP r , æ1Ø6± ¯ _�KMÅK�múNÜ�d�à�&�wL� z wL�6�HÅ . D[1] = G0, D[2] = G1, D[3] = G2, D[4] = G3

ñ <�Å . Ö Ý9ñ þ�B � S4 �Kæ�Ø6±DúKç)Ù/w , _Hë�KMÅ�É
�
�mú�¸�°6� [ ·�w	�6�9Å . w�µ�w , óLK�ñ rÞ {'ß Þ {'ß1w	����àÀ�,����ñ���$'Ý�r , æ1Ø6± ¯ _�KMÅh����Q
émú	��°'���áÜ�d¨àdú	âW½�� <�Å . ó
K1r G =s4 &/¸:Å�&�ã ,

G = G0 ⊃ G1 ⊃ G2 ⊃ G3 = {1}
ñ <H½�� ,

|G0| = 24, |G1| = 12, |G2| = 4, |G3| = 1

ú	�xw	���HÅ . w�ä��:½�� , G = S4 r�Ñ © �:ñ'<�Å . Á)Ã ¯ , A4 q	Ñ © � ¯ »9Å9ó�&%�
�$µ$Å . +���±
ñ , G0 r�q8{�J�7 S4, ã�w	� G1 = A4 qd�:µM½��6�HÅ . G2 r�Q
é 4 ���:ñ6å'ä)×H�
���9��ú	ÚW½��
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�HÅ . [G2, G2] = {1} ñ <�Å+µ�� , G2 r6æ�ç�è����:ñ <�Å . G2 r e
Ý8��a��1Ê���� ¯ Á4°T»1��ñ r
»
µ1J © µ . �'� ,

gap> D[3];

Group([ (1,2)(3,4), (1,4)(2,3) ])

gap> IsElementaryAbelian(D[3]);

true

é ¯ , s8 �Kæ1Ø6±Dú	Û�°'�6�9Å�& ,

gap> DerivedSeries(s8);

[ Group([ (1,2), (1,2,3,4,5,6,7,8) ]),

Group([ (1,2,3), (2,3,4), (2,4)(3,5), (2,6,4), (2,4)(5,7), (2,8,6,4)(3,5)]) ]

gap> List(last, Size);

[ 40320, 20160 ]

óLK1r , G = S8 �Kæ1Ø6±1� ,

G = G0 ⊃ G1 = G2 = · · ·

&K»$Å$ó�&
úL�/w#�'�$Å . ����ê�l@K�� , G0 = S8, G1 = A8 ñ$ã
��$yr , [A8, A8] = A8 &�»HÅ���ñ ,

G1 = G2 = · · · &
¶�ó É ñ�O{½���q/ü�Q
� ¯ r Õ�Ö ñ�ã
»�����ñ <�Å . w�ä)�M½�� , S8 q , A8 q	Ñ ©
�:ñ r�»�� . GAP ¯ r , ­)ë��1lk��K1ä����)Ñ © �:µW¶ © µ:ú	Æ
·$¸:Å
è+é IsSolvableGroup( ) �
<�Å .

gap> IsSolvableGroup(s4);

true

gap> IsSolvableGroup(s8);

false

��r , n � 5 *�+M��Ã , Sn r�Ñ © � ¯ r�»N��»@�Mó &(��ìí�5K6���9Å . ã�K6� , 5
é *�+T�hò
é'H8î�¥ ¯ï �#ð�¥1��ñ�ò´wK»@� ( ó ï &�Ê ¡@ô Ù ¯HÆ ½�� © A�»�� ) &,� © æ�ç�è@õ , ö ÷@æ@ø ¨ .Nø ï�ù ¯ »H½

���9Å . Æ�Í ¹�¼ ¯ ��l6� , Ó)ò�ú An r n � 5 *�+�ø�&�ã , ü@û�ú ¯ »�Å . G ��ü�ý�Ì�&Lr , }vþ´}5~
&Ûü�Q�ú�*�ÿ ¯ ¹   É�þ�úmú	Ú�ä�»���ú�ø:ó'&�ú�� © . G ���'Ñ��T»4ü�û�ú�
N&/¸:Å�& , [G,G] r�¹  
É�þ�úT»'ø�ñ , [G,G] = G

É ä�r [G,G] = {1} ¯ »9Å . w�µ�w [G,G] = {1} &/¸:Å�& , G r6æ�ç�è�õ
ú ¯ »9Å . w�ä)�M½�� G = [G,G] &h» Í , G r�Ñ © ú ¯ r�»���»�� . �'� , ��J8� J�»����1ñ
ü�û�ú�r
Ñ © ú�ø6{N¶ © ¶ þ	��¯ <�Å�

��& 2 lHÅ9ó�&(�
ñ�ã�Å . Ñ © ú�r)�´�S×1µ'ø6æ�ç�è�õ�ú ¯ þ © ñ�ã)Å
& 2 l��vK:Å�� , ü�û@ú�r , ã�K�*@+�r#þ © ñ�ã�»@��ª
��Ô�ø Æ © »1q�ø)ñ'<1Å . Ë Ì�ú�ø��	�Dú,Û °:Å��� r�â �(ø�"�� , ü�û�ú ¯��	� ¸:Å . GAP r��1lk��K1ä�ú���ü�û�ú:µW¶ © µ:ú�� Ã ¯ w	��Æ
·$¸:Å .

gap> IsSimple(a8);

true

gap> IsSimple(s8);

false

gap> IsomorphismTypeInfoFiniteSimpleGroup(a8);

rec( series := "A", parameter := 8,

name := "A(8) ~ A(3,2) = L(4,2) ~ D(3,2) = O+(6,2)" )
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��� ø�ó�&-»���� , Ë�ÌKü�û�ú ¯ r��+Õ
Ö6��×@���8��Å . IsomorphismTypeInfoFiniteSimpleGroup(a8)

r�Ë�Ì+ü�û�ú a8 ¯ ×'�@�6�9ÅKÕ�ÖDúNÜ5d¨àSæ$ß��
¸$Å
è
é:ñ'<�Å .  "!�ø�Õ�Ö A(8) r �#� Ó�ò�ú A8

ú����
¸MÅ . ó
ó�ñ�r , Ó�ò�ú An µ��/ñ�ã�ÅLË1Ì+ü'û�ú�ø#$�Ì&%�±Dú ′′A′′ ñ
ä�wL�6�HÅ . A(8) *('
r , A8 ��=�økÜ,ç#)�ø�Ë1Ì+ü�û@ú L(4, 2), O+(6, 2) &LÁ�):ñ'<�ÅHó�&�ú	��w	�6�9Å .

( *,+ ) óLK É ñ ø�-�.Mñ r , þ�B ú Sn ú�-�.0/�ú	hW½����
.�w , Ó�ò�ú An ú�ã�øKæ1Ø�ú/&�w	�
·�0
w#ä . ó,K1r , V@§�q21"3mú�÷�ø(46{6ß�7N&@}vþ$ñ�âm½��@�
»:Ç�� , &,�6587
9(:�;
<=4 Æ Å q�ø)ñ <9½
ä . w�µ�w , ó�ø�>Tñ���?9µ�w
ú�w	�1ýx�8& , ��r GAP 4�r , Sn q An qA@B4�C���D É K'�'�HÅ . ó
K´�4ú�Ñ,E � ¸�ø
4�r é ø Æ 5�4)¸�K1��Y � .

gap> s50 := SymmetricGroup(50);

Sym( [ 1 .. 50 ] )

gap> Size(s50);

30414093201713378043612608166064768844377641568960512000000000000

gap> a8 := AlternatingGroup(8);

Alt( [ 1 .. 8 ] )

gap> Size(a8);

20160

5.4 FBG=H
G ú	ú , H ú�ã�ø4É�þ�ú/&I¸:Å�&�ã , ��� Hg = {hg | h ∈ H} ú H ø�I
J
K
L (right coset) &	�M5 .

G 4 g ∼ g′ ⇔ g′g−1 ∈ H 4 Æ�Í Á�È9è��1��·@0mÇLK:Å . ó�ø�&�ã , g ∈ G ú(��N�Á�È@����O"P	Q@� Hg

4�C)ù�¸HÅ . Á�RS4#T	J&K"L gH q-·@0$ñ1ã)Å . U	P"Q@� gH r , Á�È9è�� g ∼ g′ ⇔ g−1g′ ∈ H 4+è�¸
Å g ú	��N6Á�È��:ñ'<�Å . G ø#O"P
Q���ø����Dú H\G, U
P
Q���ø����Dú G/H & , ã�K�V�K)äH¸ . ¢
O"P"Q��9µk��ò�äW/TúYXN&%×�ø�×�Z�7�ñ�ñ�ã)Å G øKÉ�þ@���Dú H\G ø�Z�î�ò�ä
%x&,�65 . {gi | i ∈ I}
ú&Xy&(× ø�Z�î
ò
äW%�&/¸$Å�& (I r�[6£�ø���� ),

G =
∐

i∈I

Hgi

&]\��,4�^	_1É6þ�ø�»���O
P,Q���ø#`����/&�w	� G ��äÿÇ#KMÅ . G ��Ë1Ì�úNø�"�� , |Hg| = |H | ñ <
ÅYa�� , |G| = |H ||I | &ÛÚ �4ó�&	�
ñ�ã�Å . ó�ø�"6� , |I | r#O
PWQ�� H\G ø�b1é:ñ�<�Å . cB4�É�þ�ú
H ø�Q
é |H | r G ø�Q
é |G| ø�d�é:ñ <�ÅHó�&,��þea:Å (Fermat ø�f"g ¨ ). H\G ø�/�ø#b1émú G

ø H 4 Æ Å�h"i (index) &,��� , [G : H ] &Ûä$¸ . *�+�ø�s�t�r#U
P
Q��S4)èkw	��q�Á#Rj4�. Ílk × .

C�mB4 , O
P
Q�� Hg &]U
P
Q6� gH r�C�ù�wK»�� . î�� ø g ∈ G 4 þ w	� gH = Hg ��. k ¸:ÅHó
&�& , H � G ø�¹   É�þ�úB4�»�ÅHó &#r@Á�È:ñ6<�Å . w�a�w ,

é ø Æ 5/»��(�
ñ�O"P"Q��x&]U"P"Q���r
×9»@�M½��6�HÅ .

(gH)−1 = H−1g−1 = Hg−1.

w�ä)�M½�� , O
P
Q��mú�n�°MÅHó�&�& , U
P
Q��mú�n�°MÅHó &#r#o0p,:(4�ÁNÂ�ñ'<�ÅHó�&�4 P �$¸:Å .

GAP ñ r G ø�É�þ�ú H 4 þ w	� RightCosets(G, H) 4 Æ�Í O
P
Q@��ø���� H\G ú#q��9ÅHó�&,�
ñ�ã�Å .

É ä#r
é [G : H ] r Index(G, H) 4 Æ�Í u ��KMÅ . p�l'� , G = S4 &�ã�ø�É�þ�ú H =elab

4 þ w ,
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gap> s4:= Group((1,2), (1,2,3,4));;

gap> Index(s4,elab);

6

gap> RightCosets(s4,elab);

[ RightCoset(Group( [ (1,2), (3,4) ] ),()),

RightCoset(Group( [ (1,2), (3,4) ] ),(2,3)),

RightCoset(Group( [ (1,2), (3,4) ] ),(2,4,3)),

RightCoset(Group( [ (1,2), (3,4) ] ),(1,2,3)),

RightCoset(Group( [ (1,2), (3,4) ] ),(1,2,4,3)),

RightCoset(Group( [ (1,2), (3,4) ] ),(1,3)(2,4)) ]

6 b�ø#O
P
Q�� {Hg1, . . . , Hg6} ø�ò�ä0/ �
g1 = 1, g2 = (2, 3), g3 = (2, 4, 3),

g4 = (1, 2, 3), g5 = (1, 2, 4, 3), g6 = (1, 3)(2, 4)

&�w,��uí��K�ä . ¢�O�ø Group([ (1,2), (3,4)]) r elab ú�ä9¸ . w�a�w , óLK1ñ r@�	a04�q#�04��
� . ó�ø�ú�r9ã1q)ã1q elab &�wL��g�0/w�ä6ø�
�a´� , ã){87k&åÕ1Ömú�Ú������SK'�NqLY`Ç�ãj5K»�q�ø
ñ r�»��
a . GAP &#r���l , V/&ts"_Nø W a�»��`ó�& Æ & , u 4 ã�ø"Xk&(×Nq � Å�� , óLK�4'r ¨6v �
<�Å . ��r elab r4Õ�Ö:ñ r
»À�xw"yT»6ø�ñ <�Å . `6a�b�c)ç'�8ø ®&z Ü,ç"{W4�| Í � ����K1ä�w
ymú
r"gxw,���9Å)ø8� elab ñ'<1Å ( ó	KMú identifier &-Ñ1Ò ). ãHóKñ , ú elab 4�} �)�
Õ�ÖDú�×�A8� 4 K
��Veak&�~
ô:ñ <'JB5 . GAP 4�r4Õ�Ömú�×1A
Å
è+é SetName �'<�Å .

gap> SetName(elab, "2^2");

gap> elab;

2^2

� 71»KÕ�Ö$ñ�q,Y'�@� , ó�óKñ'r��
�,:,�8��� elab � (Z/2Z)2 4@Á�)e�#�"o�æ)ç�è@õ�úx&,��5�ó'&/ñ ,

2^2 &åÕ�MNA1ÅHó�&�4&�:Å . q�55C	� , RightCosets ú,��O��:Å�& , �
��r

gap> RightCosets(s4,elab);

[ RightCoset(2^2,()), RightCoset(2^2,(2,3)),

RightCoset(2^2,(2,4,3)), RightCoset(2^2,(1,2,3)),

RightCoset(2^2,(1,2,4,3)), RightCoset(2^2,(1,3)(2,4)) ]

&��=�6ã Í &Ûä{Ç#KMÅ . ó�ó�ñ P ���:ÅHó�&Lr , GAP 4�r
�mú � ��&�ãY4�r�<�� É ñ elab ú	h�� , Õ
Ö 2^2 rLh�l"���y&,�M5
ó�&/ñ6<�Å . Á#��Á4Õ�ø�� �6�9ÅYak�ÙÕ�Ö�
�A)ñ'r�>	�1����a
��� . �S�(��ä
úB4@ÁNÂ�Õ�Ömú	M�A1Å�ó�&#r��{Ç#K:Å@ø�ñ'<�Å . C�H , ÁNÂ�w�yB4#V6��a��YweNMó�&#r ���	� ó Í uDÅ .

6 � C'ª�ø6æ���ç��]4����1��× É w1�l�í�A�`ó1&8q�<,� . ú elab 4 , "��B4 � Â	� H,H ′ � �]� � ø
Ä0��ú	h�5+ó�&,� ��� ��y�*:ñ <,� .

� � , O
P
Q���ø�ò
�0/Tú#�)ë Ü�d���&�w	��E Í � ��Ã(4�r é ø�Rj4&�e� .

gap> rcosets := RightCosets(s4,elab);;

gap> rrep := List(rcosets, c -> Representative(c));

[ (), (2,3), (2,4,3), (1,2,3), (1,2,4,3), (1,3)(2,4) ]
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Representative(c) r�Á�È�� c a����
�,/�ú	E Í � �
 Y¡e¢ <,� .
��� øe£�&��@���Y£LK1r�¤ É a	¥

gW¦�¢ <(��� , }5þ � �'ø��
�0/B§ P �(�e�	4�r#¨"©Wª ( ¨"«yø#¬,­ ) ®6�(� . ¯�4	ax��£LK,¢ , °@îNø
g1, . . . , g6 ®ÀÜ5d±��¯@w,��u���K�ä . U"P"Q	² {g′1H, . . . , g′6H} ø��"�
% {g′1, . . . , g′6} r , g′i = g−1

i ¯A�³ ��Y � . £ ³ r é øe´�5�4Y� ³ ���)ë�uí� ³ � .

gap> lrep := List(rcosets, c -> Representative(c)^-1);

[ (), (2,3), (2,3,4), (1,3,2), (1,3,4,2), (1,3)(2,4) ]

�0�&µ�{
g′1 = 1, g′2 = (2, 3), g′3 = (2, 3, 4),

g′4 = (1, 3, 2), g′5 = (1, 3, 4, 2), g′6 = (1, 3)(2, 4).

X6¯(×�ø�O
P
Q
² Hg §	âj�	4�r , RightCoset(H, g) ¯]¶ � .

gap> R_1 := RightCoset(elab, (1,2));

RightCoset(2^2,(1,2))

gap> (1,2,3) in R_1;

false

g = (1, 2) ¯ H =elab 4�·xw , R1 = Hg ®�g É �8ä . / (1, 2, 3) r Hg 4#¸ É ³ ��� . G ø#P
Q
²(¹
ø�þ © G =

∐
i∈I Hgi 4�¤6��� , �1lk� ³ ä�/ g ∈ G ® � ø#P
Q"² Hgi 4#¸ É ³ �Ya GAP 4#ºS» �

¥1ä�aS��äy� ,
é øe´�5��� Y¡�§	â ³ �e´�� .

coset := function (G, H, g)

local RC, xx;

RC := RightCosets(G,H);

for xx in RC do

if g in xx then

return xx;

fi;

od;

end;

 &¡ coset(G,H,g) 4=´ Í , g §�¸=N�PWQ
²S® , RightCosets(G,H) ¢Yr
g � ³ ä#�W�(/ {g1, . . . , gk}
4e´ Í g ∈ Hgi ¯���»k� ³ � .

gap> coset(s4, elab, (1,2,3,4));

RightCoset(2^2,(1,2,3))

gap> coset(s4,elab, (1,2,3,4)*(2,3,4));

RightCoset(2^2,(2,3))

gap> coset(s4,elab, (3,4)*(1,2,3));

RightCoset(2^2,(1,2,3))
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5.5 ¼S½ , ¾À¿,ÁBÂ=Ã

G §Lú , H § G ø�¹  ,Ä þ6ú±¯��=� . £�ø6¯8ã , G ø�OWP,QW² Hg Å�UWPWQW² gH 4YÆ"Çe�S� . È
£�¢ , É�Ê Hg §�Ë�4�P0QW²Ì¯�Í(Î . G ø�P0Q,²�ø�Ï,Ð G/H 4 , gH · g′H = gg′H 4S´ Í8Ñ §#gÒ �=�(£�¯�®W¢�ã , È ³ 4S´	��Ó G/H 4�úNø��"�B®&Ô6� . £�ø=´�5�4jÕ�ÓYÖ±× ³ �#ú G/H § G ø
H 4e´	��Ø"Ù (factor group) Ú�ä
Å�J
K"Ù (residue group) ¯�ÛM5 . £W£�¢ , ú�ø�Ü=Ý�)B4	Þ,Û"ÓjßAàá §=Õ�ÓW¤ãâ . G,G′ §#ú±¯��S�B¯�ä , å�æ f : G → G′ ®&ç=è�é(ê	ë (homomorphism) ¯#Å�ì,íjî
g, g′ ∈ G 4�·ïÕ�Ó f(gg′) = f(g)f(g′) ®Y. k �e��£(¯�§YÛð5 . � , H § G î#ñWò Ä
óWô ¯��e�B¯Yä ,

π : G → G/H § π(g) = gH ¯�gBõ0�=¯ , π Å#öW÷
Ü=Ý�)B4"�0� . £ ³ § G aø× G/H ¹�îSù�ú�ûYç
è�é0ê�ë (natural homomorphism) ¯�ÛMü . ýeþ�ÿ��S��Ü=Ý � g��BÅ#ö"÷
Ü=Ý � f : G→ G′ ®�o0p��
þ��
	=��Ü=Ý � þ�Æ	Ç(�e�(£(¯�§���
ðÕ�ÓWÛ(� . Ker f = {g ∈ G | f(g) = 1} §�Ü=Ý � f î�� (kernel)

¯�ÛMü . K = Ker f Å G î#ñ
ò ÄWó
ô þ"�0� . £�î6¯Yä , f : G → G′ Å�ý=î�����§����Bþ��e�(´�ü��
Ý � å�æ f̃ : G/K ∼−→G′ §�� â . £ ³ ®�Ü=Ý ��� �e¢��W� .

G - G′
f

J
J
JĴ
G/K

π








�
f̃

£ ³ Å , G′ ¯ G/K § f̃ ¢,ÝYÆ����e�=¯ , å�æ f Å�å	æ π ¯�Ý! �þ"�0�e£(¯�§�í�#��S� . $ � , å�æ
¯�Û�ü�î	Å�£�%=×�î'&�(=þ��W� G ¯*)�+(î'&"(=þ�,-�(� G′ ¯#§�.0/&Þ-1W�32�4�¢��W� . Õ356Õ]ö"÷"Ü
Ý � þ�6 ³�7 , È	î�8Mä39�âx°SÅ , G ¯�È	î;: ó î K ®=<B§�>�5���?�@Wî��Yµ 7BA þ�CEDF�	Û . G�H�I
þ'JLK�ÓNMPO�Q�§�õ�R'�"ÞBß A ® , S=Å=G�@'I�T�KNUB¯�ÛMü�´(ü3�eß�î&¢���V . ö"÷"ÜSÝ � Å , �Mâ�ÚY¢
G þ& ���V'W�XãÕ�5FYS»
Óïâ ³ �"Û . ( ¢Bß[Z A U	Û,î
Å G �\?!T�5ø× ... ). ]�Ó GAP ¢0Å , ^ ô §
FactorGroup(G,H) þe´ A � Ò ��V .

^ ô î`_�a�b�§;c±ü�U
õ,þ , d�Õ�Ü�e�§SÕ	´eü . G î ÄWó
ô H þ�·ãÕ�Ó , H î G þ	¤�1�V'f�g�h"Ù
(normalizer) § NG(H) = {g ∈ G | g−1Hg = H} þS´ A � Ò ��V . NG(H) Å , H §�¸�i G î ÄWó
ôj

, ÈWî�k j H ®Yñ,ò ÄWóWô ¯��-V�´eü;�BßYîWî�üF%'l�m=îSß&î j ��V . nN	 , H / NG(H)
j ��V .

GAP
j Å , Normalizer(G,H) þS´ A NG(H) ®�o�p j ä�V . °-q , A8 î Ä
óWô elab3 §#ý=îe´eü�þ� Ò ��V .

gap> elab3 := Group((1,2)(3,4)(5,6)(7,8), (1,3)(2,4)(5,7)(6,8),

(1,5)(2,6)(3,7)(4,8));;

gap> Size(elab3);

8

gap> IsElementaryAbelian(elab3);

true

gap> SetName(elab3, "2^3"); elab3;

2^3
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elab3 Å�r�s 8 î�t�$!u"v=w"x ô þ"��V . È�y j , elab3 þ 2^3 î`z"{}|�~!1PV . ý=þ , H =elab3 î
ñ
òP� ô N = NG(H) |�������V .

gap> gap> norm:= Normalizer(a8, elab3);

Group([ (1,5)(2,6)(3,7)(4,8), (1,3)(2,4)(5,7)(6,8),

(1,2)(3,4)(5,6)(7,8), (5,6)(7,8), (5,7)(6,8),

(3,4)(7,8), (3,5)(4,6), (2,3)(6,7) ])

gap> Size(norm);

1344

gap> factor:= FactorGroup(norm, elab3);

Group([ (), (), (), (4,5)(6,7), (4,6)(5,7), (2,3)(6,7), (2,4)(3,5),

(1,2)(5,6) ])

gap> Size(factor);

168

r"s 1344 î ô ¯	Õ�Ó norm = N ® � Ú A , È�î�^ ô factor = N/H ®Nr�s 168 î ô ¯"Õ�Ó�Ö±× ³ U .

N/H îF�����eÅ`�"��¯"Õ�ÓN�E] ³ ÓWÛ-VY® , y ³ Å��øâ�Ú jF��� ²Bî������ j ��V�y(¯�þ'�Wí���V .

y�y j �
	���Ü=Ý � π : N → N/H |;�e»=´�ü . Æ��Bþ#Ü=Ý � f : G→ G′ | GAP þ'�P�B]'�0V	î
Å
Èjü*�
Ë j Å"�"Û . å�æ}| � Ò ��V	þ
Å , � g ∈ G þ�·ïÕ�Ó f(g) ∈ G′ |�� � Õ'��1F� 7 ��×��"Û . Õ
5�Õ�y;��Å#ö�	�S���� j Å"�"Û . ß�ü*dãÕ��}���=� A +eÅ , G î`�������eî�8øä��!|�� � ��V-y-� j �
V . ß,Õ f ��ÜSÝ � j ��V�y-�3� ó 5�K�Ó	Û�� 7 , y�� j �����0þ�öeÓ,î G îN��î�8�ä��-�N�jÚ�V . y
îN+=�BÅ;�=þ' ãÕ�Ó�¡�VF� , SPHeî'¢�£ j Å f ��ÜSÝ � 5}¤
ü35,Å;¥-¦���y����`§eÛ . G îN����� g þ¨ Õ�Ó , f(g) ∈ G′ |�� � Õ'U!��ä , ÈN�P��ÜSÝ � å&æ f þ�©�
 j ä�VF5L¤Wü[5,Å , Æ��=þ�ª�Õ�Û�«N¬ j
��V . Õ;5�Õ , �,Ëjþ#ÜBÝ � � � Ò j ä"V;¢WÐðßF�-K�Ó , �[	­��Ü=Ý � π : G → G/H ß&È"îP®L��Þ j
��V . GAP

j Å ,

gap> hom := NaturalHomomorphismByNormalSubgroup(norm, elab3);

<action epimorphism>

gap> ff := Image(hom);

Group([ (), (), (), (4,5)(6,7), (4,6)(5,7), (2,3)(6,7), (2,4)(3,5),

(1,2)(5,6) ])

gap> ff = factor;

true

gap> Kernel(hom);

2^3

Æ�8°¯;��Ü=Ý � π =hom | � Ò ��VF±=s j ��V . Ú�](Õ�âF�
	���Ü=Ý � È"îeß�î j , ²Bî�³�´jßN�ðâ¶µ
¦�ñPm , SSþ ó 5 A ���WÛ`·"¸ j �PVF� , y���T�1;¹eÛL�»º A |`¼N½eÛ��øâ¿¾�â2î"þ`À"Á��-V . Â�x�|�Õ
Ó0Ã�Ä�Å�vWî�ÆF&"ÇjþP��VSÕ�5 , È�+����
Û}��y�É�T-ÉBü . (By î B ÊNm�Ë�Ì j � . y;��Ê}¤Wü	Õ�Ó�T
ÉBü"��Í�ÎãÕ�ÓP¡-V�� , Ï���V	þ , Ë�Ð j ·�¸}|�ÑLV;¢
ÐBþ�Ê , GAP Ê��"�WÓ0î#Ë"ÒB|'m�Ë�Ì jFÓ õ�V
��Û�ü�Ë"Ô���Õ��SþBÕ'U���K�ÓWÛ�V-y���� ó 5-V . �Bä�¼�|��"1j×
�-�	Û,î"T�5ø×�n`	°��Û"Ö 7 n`	 j
��ÉBü35 .)
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×�Ø Ü=Ý � � � Ò ];�0V�� , Ù"î#æ (Image) ��Ú (Kernel) Ê , ÙF��ÛN� Image(hom), Kernel(hom) þÜ A
, �ÞÝ�]�Ú�o�p j ä�V . π : N → N/H Ê#ö
÷ j ��V=5ø× π(N) = N/H , Ker(π) = K

j ��V .

å�æ π þ Ü V`� x ∈ N î#æ π(x) Æ Ü / , y ∈ N/H î'ßWæ π−1(y) Ê , ÙF��ÛF��ý=î Ü ü�þ��E]'�0V .

gap> x := (1,8,3,5,7,6,2);; Image(hom, x);

(1,5,6,3,7,2,4)

gap> coset := PreImages(hom, last);

RightCoset(2^3,(2,8,6,7,3,4,5))

Image(hom,x) ��æ π(x) |;à�Ö�V . y = π(x) ∈ N/H þ ¨ Õ�Ó PreImages(hom, y) �`ß	æ π−1(y) |
à�Ö�V . π : N → N/H

j ��V�5�× , π(x1) = y ����V x1 = (2, 8, 6, 7, 3, 4, 5) ∈ N þ Ü A π−1(y) = x1H

(H þ Ü V�á �"�"âPã �*�}];��V . ÙN���Nl"�=î'� j �PV . y�y j �
í����BäNÊ , GAP Ê;�"�P��| GAP

�\?=î#òPä=þ Ü K�ÓNå=Î,î j , x1 �Fæ�qMÕ�ß[l�çBþ�èBK�U x � ×�é Õ'�"Û}��ÛMü=y-� j ��V . Õ�5�Õ ,

ß�%�É=ê x � x1 Ê H î"Ý! ����â þ�ë6ÚN�0V�Ê�q j=ì ÙF��Ê�ý=î Ü ü�þ'í�5,õ�×\�0V .

gap> rep := Representative( coset );

(2, 8, 6, 7, 3, 4, 5)

gap> x * rep^-1 in ker

true

3 8î¯�î'·�¸�� ï xx−1
1 ∈ H �N��ð-��V���ñ���ò}� GAP þ�«øü�Ó
Û-V�ó�1 j , ÙF�(þ ¨ Õ�Ó , GAP �

ïô	 A òî��õ0Ö"ÓWÛ-V	î j ��V .

f : G→ G′ |�ö	÷"ÜSÝ � �\��V�� , G î�ì"íBî'ö ó"ô H þ ¨ Õ�Ó�Ù	î�æ f(H) Ê G′ î'ö ó"ô þ���V .÷
, X | G î�ö ó
ô î�ö�a , Y | G′ î�ö ó
ô î�ö�aø�3��V�� , å�æ

Φ′ : X → Y, H 7→ f(H)

��Öã×���V . × + H ′ | G′ î'ö ó"ô �\�-V0� , H ′ î;ß
æ f−1(H ′) Ê G î'ö ó�ô þ���V . K = Kerf =

f−1({1}) | f î�Úø�[��V�� , n`	 f−1(H ′) ⊇ K
j �PV . y�y j , X î�ö ó Ï
Ð X⊇K | K |�ë0i G

î�ö ó
ô î#ö�aø�"Õ�Ó � Ò ��V . ��V�� , ù=î�y-��5ø×�å�æ
Ψ : Y → X⊇K , H ′ 7→ f−1(H ′)

�YÖ±×3��V . Φ′ î X⊇K ú î`û�6 X⊇K → Y | Φ ��Æãâ . �0V­� , Ψ(Φ(H)) = H , Φ(Ψ(H ′)) = H ′

(H ∈ X⊇K , H ′ ∈ Y ) �F� A ð�Þ . ����ó0% , Φ � Ψ Ê�ü=Û,þ�ýBî'ß�å�æø�;� A , Φ : X⊇K → Y Ê�ö
Ë
÷Bþ"��V-y-��� ó 5�V .

K | G î#ñ
ò�ö ó
ô �"Õ�Ó , ùBî�þ"ÿB|��[	���Ü=Ý � π : G → G/K þ�������V . ��V�� , G/K î�öó
ô Ê#öeÓ , K |�ë�i G î�ö ó
ô H þ Ü A , H ′ = π(H) �"Õ�Ó�Ö±×\�0V�y-��� ó 5�V . Õ�5Bß�y�î Ü
ü;� H Ê�� × Þ � Ú�V ( S�H H = π−1(H ′)). π î H ú îNû�6�| π′ ��Æ�â�� , π′ Ê H 5ð× H ′ ú
î#ö
÷
Ü=Ý � j , Kerπ′ = K. Ù�y j ÜBÝ ��� �Bþ Ü A , H ′ ' H/K ���E]'�0V . y�î Ü ü�þBÕ�ÓF^ ô
G/K î�ö ó"ô Ê#öeÓ G î K |�ë0iNö ó
ô H þ Ü A , H/K î�� j Ö�×\�0V-y-�����E];�0V .

� ù6î`þ�ÿE| GAP
j SPQjþNí05,õ"Ó	� Ü ü . s�

�­Ê�Æ(î��Sî����B|;² Ü A ß��	���0V­��Ûøü����

(?) |���ÞP� , ����Ê�T,Ú�];�"���,ÛNþ"ÿ=þ�U Ü ×[q , ��þ�5ïâF¯ j ���Fí"����V-y-��þBÕ Ü ü . �
 0�
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�0Ö}�"!$#-Ê × ��þ�	�q j ��V . f : G → G′ |�Ü=Ý � ����V . H | G î�ö ó
ô �3��V­�Yä , GAP Ê
Image(f, H) þ Ü A , G′ î;ö ó	ô f(H) | � õ�V . Ú�U , G′ î;ö ó�ô H ′ þ ¨&% � , PreImages(f, H’)

þ Ü A ß
æ f−1(H ′) |'o�p���V .

�
'Bî`b π : N → N/H þ�(LV . ��q�)­n"� N î�ö ó
ô |�ÑLÉBü .

gap> t6 := Group((3,4), (3,4,5,6,7,8));

Group([ (3,4), (3,4,5,6,7,8) ])

gap> h1 := Intersection(t6, norm);

Group([ (5,6)(7,8), (5,7)(6,8), (3,4)(7,8), (3,5)(4,6) ])

gap> Size(h1);

24

gap> Intersection(h1, elab3);

Group(())

t6 Ê 6 Ë�Ì {3, 4, . . . , 8} þ=±"��V;��� ô (
% U��-K�� S6 ��Ý � )

j �PV . t6 � norm î+*
,�ö ó | h1

��Æïâ . H1 =h1 Ê�r�s 24 î N î�ö ó
ô j � A , H1 ∩H = {1} þ"��K-�WÛ-V . .Sþ , H1 ∈ X
j Ê��

V=� , H1 6∈ X⊇H

j ��V .

gap> m1 := Image(hom, h1);

Group([ (4,5)(6,7), (4,6)(5,7), (2,3)(6,7), (2,4)(3,5) ])

gap> Size(m1);

24

gap> h2 := PreImages(hom, m1);

Group([ (1,2)(3,4)(5,6)(7,8), (1,3)(2,4)(5,7)(6,8), (1,5)(2,6)(3,7)(4,8),

(5,6)(7,8), (5,7)(6,8), (3,4)(7,8), (3,5)(4,6) ])

gap> Size(h2);

192

gap> Intersection(h2, elab3) = elab3;

true

M1 = π(H1) þ Ü A , N/H îNö óWô M1 =m1 � ��/ j ä�U . nF	 M1 ∈ Y
j ��V . M1 ß3rPs 24

î�ö ó
ô j ��V�y-�#þ'�Wí���V . y;��Ê π|H1
: H1 → M1 �,Ý � å�æjþ"��K-�WÛ-V�y-�F|�� % �WÛ-V .

π−1(M1) = H2 �3ÆÀâ . H2 =h2 Ê H |�ë�i'r"s 192 î;ö ó	ô j �PV .
% U��-K0� H2 ∈ X⊇H

j �PV .

]21�þNo�pB|�3!1PV�� ,

gap> m2 := Image(hom, h2);

Group([ (), (), (), (4,5)(6,7), (4,6)(5,7), (2,3)(6,7), (2,4)(3,5) ])

gap> m2 = m1;

true

M2 = π(H2) ��Æïâ . ��V�� , M1 = M2 �F� A ð0Þ . y���Ê , H |�ë0i N î�ö ó"ô H2 � , N/H î�öó
ô
M1 þ ¨4% � ,

π(H2) = M1, π−1(M1) = H2

�F� A ð(Þ!y-�N|�� % ��5�V . ÙF����ö	6
÷ X⊇H ' Y î"@-7 j �-K�U .
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y�y j ^ ô N/H î��98Bþ&Þ�59��:-����Æ�y�ü . S­Ê factor=N/H Ê�6�Ô ô þ"��V .

gap> IsSimple(factor);

true

gap> IsomorphismTypeInfoFiniteSimpleGroup(factor);

rec( series := "L", parameter := [ 2, 7 ],

name := "A(1,7) = L(2,7) ~ B(1,7) = O(3,7)

~ C(1,7) = S(2,7) ~ 2A(1,7) = U(2,7) ~ A(2,2) = L(3,2)" )

factor Ê'r�s 168 î�6�Ô ô j ��V . 5.3 ��Ý0;jþ�6�Ô ô þYÞ�59�,î`W"XL|�<�õ=�P¡-V . "L" Ê factor

� Lie
� î�6PÔ ô j ��V-y��N|+� % �$5-V . parameter : [2,7] Ê factor � L(2, 7)

j �E]`��V+6
Ô ô , ����ó�% SL2(F7)/{±1} (7 ��a F7 ù=î , 8�>"� 1 î@?]ý"8�>"ö�a6î"��� ô SL2(F7) |�Ù"î"kA

{±1} jCB K�U'^ ô ) þ"Ý � þ"��V�y-�N|�� % ��5-V . D�UPÙF��Ê"ÝFE(þ , L(3, 2) ����ó�% SL3(F2)

(2 ��a F2 ùBî�89>"� 1 î 3 ý"89>"ö�aBî"��� ô ) þ2G-H � þ"��V .

5.6 IKJ�LNM
ô ��5MüFG�î
þ
O�59� , OP1�O&1�ÍQ5�|&õîÝ=1[� � ,

ô ��6�R j Ù"î�Sjþ0T��0K-��5-VNó01 j ÊP�95�y
��þ�U��=~WV3T-ÉBü . X$Y��(þ2G ,

ô Ê���s-+='��jî�ZBîN�"�}|0["ÿ��0V\GYî!� % ��]�¢ % U . +='��
����K-�­y=Ù"î ô j ��V . D�U�ñ�§�£�a ô , .�^ ô , _P� ô �
Í\5N~WV�D
D	þ�`����P¡
�aG , ÙF��ÛN� ô
î�b	c���V+d2e , ����ó0% , ñ�§�£�a , .�^ , _P����fîy�K-��5-V-g�¼ , ��5�K�U2G�î��FhSþ�i	j0��V	îj �PV .

ô ÙN�B�\?!|�è A ùNkF�-l�m-�(þ0n	o���V;ð�¢�Ê2G�%�É=ê��PV=� , ��Ê A ,
ô ��pPq�|�r % , Ùs .9t���u�v!|�w	x��&Vzy	{���V s Ê , |��F²�5���V\G s þF±"ó�K=UL��q j ��V . }�
��P5=OF~"Y-�(þ ,�	� �C��#0|���Ö9�F�9����V�� , ïôý	�Bþ+�&q`5-1�V-y-��þ Ü K-��y=Ù0| s �@q�V��0����V�òî��5Mü=y

�'T�ÉBü[5 .

y s |P�;ýC�(þ��Nq�5"1�V���5Bü�y"��� , è A G��FÆ-]3q0| s Ñ�� j �"V . s

���� �C/ |��
� % ��Æ-y
ü .÷
, | G ���9� X þ ( á�5�1 ) ��� �-V��;Ê , � s0�F� (i), (ii) |���UF�F�C� X×G→ X, (x, g) 7→ xg

��i	j���V-y-�N|���� .

(i) �9� s x ∈ X � ¨4% � xe = e (e Ê G
s 6�r�� ),

(ii) �9� s x ∈ X, g, h ∈ G � ¨4% � (xg)h = x(gh).

]�� ÷ , G � X ��Ñ�� % �	5-V��[��V . g ∈ G � ¨�% , ϕg : X → X, x 7→ xg � Ü A X 5�1 X ú s �
� ϕg � � D"V . ϕg ◦ϕh = ϕgh, ϕe = idX �F� A ð!% , ϕg Ê X 5P1 X ú s�� 6	�Q�"��V . X 5P1 X

ú s�� 6�� s�� a s �	�}| Aut(X) �»�0� . �C� s .	�a� Ü A , Aut(X) Ê�|a�"��V . �Q�'�$� % U�y
��5P1 , g 7→ ϕg � Ü A , ��H�� ϕ : G → Aut(X) � � D�V . ϕ |����
 Q¡-¢ (Action homomorphsim)

��5�� . X � n £ s ��5P1���V+�	� s ¢	� , Aut(X) ' Sn

j � A , �QH�� ϕ : G → Sn ��¤�1\�0V . ß
� , ��H�� ϕ : G → Aut(X) ��à�Ö�1\��V�� , (x, g) 7→ (x)ϕg � Ü A , G

s
X ú s Ñ��-�F�P�E]'�0V .

Ù�y j , G
s
X ú s ÑP�!|'à�Ö-V-y-��� , ��H�� G→ Aut(X) |'à�Ö-V-y-�"�'Ê , H�¥a�"��V .

y�y j | s Ñ�� s t�$�¦��'b�|�5�V§O�5"�9k���Æ�y$� . D`q , X = G � % � , X×G→ X | (x, g) 7→ xgj ��/ �0V!� , G
s
G ú s Ñ����C¤¨1[�!V . y'�­| G

s-©	ª�«
(right translation) �+5P� . H�;��

X ×G→ X | (x, g) 7→ g−1x G G s G ú s Ñ��Q�"��V . y;��|+¬ ª	« (left translation) ��5�� . ys
2 O s Ñ���Ê�| s�­ � pB|�6N��®�¯ % ��5-V
�'CîDF�95 .

% 5 % , H! X = G
j G (x, g) 7→ g−1xg

� % ���0V��±° s ÑP�-�-¤�1
�0V . y;��| G
s

( G ²\? ú s ) ³
´ (conjugate)
s Ñ��°��5�� .

% 5 %
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X
s è A +î� % ��Ê G T�1 j Ê��&V , §µV s å�¶
·���� A , ÙN�$� Ü A | s &�(�� ×F¸ ��¹��-V s j �

V .
¨9º | G = Sn

s ¢	� , X = {1, 2, . . . , n} �3��V�� , G Ê X ùa� n Ë�Ì s �"�°� % �FÑP����V , �
��ó0%

σ =

(
1 2 · · · n
i1 i2 · · · in

)
∈ Sn

� ¨K% , X × G → X, (x, σ) 7→ xσ = ix. y s ��� s Ñ��­Ê , �$D A ��G3t�$2¦ j Sn
s ��/ Ù s Gs j �-V . y'�0T�1�|'��Ö�V+»N��Ê , ó}R'óLR ,

% 5�¼�K�O�1`| % � ï½| s Ñ��Pò��}¤��+5 7 V�æ�Ï�G
�	5 .

% 5 % y s × ��¾�¿!� , À$
P� j G�»�5�V;Ñ�� ( Á�Â�Ã&Â�Ä�v s u9Å�%�ÆNê�Ê�6�ÒB|+`\Ç��0Ö	�
ËPÐB|'Ñ}V�5�1 , �P�B|�%	ÆNêî��È�É % ��5�VL���­Ö�V�T�ÉN� ) �F��Ê ��Ë@�`ð�O s j ��V . b�Ö 7 ,

Y = X ×X = {(i, j) | 1 ≤ i, j ≤ n} �3��V�� G ⊂ Sn Ê , Y ×G → Y, ((i, j), σ) 7→ (iσ, jσ) � Ü A , Y

��Ñ�����V . y;��|�d %�Ì � % � , Z | 2 £ s �-5P1���V X
s ö�»	�	� s�� aø� % �aG , ��Ê A G Ê

Z �'ÑP���-V . �PVC5�Ê , 2 £L| k £�����q3��Ö9��G\Ñ����-¤�1��0V . y s Ü �+� % � , ¤\êB¤3êFM % 5
Ñ��-�F¤�1[�0V . y s SN�P��K-�FÍLV­���FÎ!1�ù­Ê�Ï�¡FÐ!K-����Ö�V s j , Ñ	Ò-� j G�%@Ó K-��Ô % VÕ V . 2 £ j G k £ j G�HaÖ�y-�F] , �Ø×�D % ��5�1���V s Ê's�
=��T	ÙCÚ�G
Z�� Õ 5 . ÁNÂØÃ�Â-Ä�v��Û ­ �	� (2 £ s ¢	� ) |�È	É j q�VCÚB¤���Ú�Ê�Ü�Ý s	Þ V+ß j Þ V .

]-� GAP
j Ê , ù@��à2Ç�U G

s
G ²"á ú s Ñ�� , G ⊂ Sn

s
X = {1, 2, . . . , n} ú s �	â�| � % �s Ñ�� , Æ Ü�ã Ù=�$ÚP1±äaÚ���å'Ñ��-�=t�æa� Õ å . çN��èêé Ð j�ë ¦ %�ì Ü ��� , G ⊂ Sn

s �9���
X = {1, 2, . . . , n} ú s ÑP�0Ê , í9, s �9î �+H�;N� % �Fï î2ð q=å .

gap> g := (1,2)*(2,3,4);;

gap> 3^g;

4

Ë�Ì 3 �Cñ9â g � Ü
ò � 3g = 4 ��óPô'� ì . õ;�Qö$G��±÷ % �9�	� ú s Ñ��Nö�ø�£a�9ù % �F¾WVFú ,

gap> OnPoints(3,g);

4

ú Õ å .
% Ú % OnPoints Ê�û	ü Õ�ý$þ ð , G

s *9Ë s Ñ�ÿQ�2G��-ó��Qå . × Õ ó��

gap> OnPoints((1,2,3),g);

(1,4,3)

gap> g^-1*(1,2,3)*g;

(1,4,3)

õ���Ê , OnPoints((1,2,3),g) � g−1(1, 2, 3)g � ×�é ×2å�õ�ú-ö+� % ��5�å . ôQ1�� , G ú s á�ó��
Æ Ü-ã
	 ó��a�FO�59��Ê ,

gap> OnRight((),g);

(1,3,4,2)

gap> OnLeftInverse((),g);

(1,2,4,3)



44

6���
 e �;á9ó���� Ü�� g ö3Ñ	ÿ@ô������ eg = g = (1, 3, 4, 2) �-¤ 1��2å .
	 ó����CO�5
�PÊ OnLeftð Ê Õ V , g−1 ö 	 ÚP1�Ú\Ù�å�ú�5��±��Ý ð , OnLeftInverse ú Õ å\õ\ú0�����2×2å .

Û ­ �	� Y ( ×Õ ó���� s
��s �	� ) ú ?§£ s 
$ÚP1 Õ å X
s ö	»	�	� s �	� Z ú s Ñ�ÿ0Ê , Ù���Û��

gap> OnPairs([2,3],g);

[ 1, 4 ]

gap> OnSets([2,3],g);

[ 1, 4 ]

ú Õ å . õ	õ ð Ê , Y
ð�� Ö9�aG , Z

ð�� Ö9�aG���� Õ 5 .  a��!�5 s »2Ú�å�"@ö Þ k�å . 2 £ s � s
�ð � Õ V , G ò ú$#Q5 � �FO�59�%� , OnTuples ö&��� .

gap> OnTuples([1,2,4,5],g);

[ 3, 1, 2, 5 ]

õ��'� , 3 = 1g, 1 = 2g, 2 = 4g, 5 = 5g ö���Ý9×2å .

G ���	� X �)(�ÿ % ��5\åQú�×2å . X
s 
 x, y �
* % , y = xg ú Õ å g ∈ G ��i	j�×\å�úCq , x ∼ y

ú$+\× . ×2åQú , ,�- x ∼ y � X �
H�¥',.-�ö0/�¼$å . õ���� , G � X �)(�ÿ$×�å\õ$ú s.132 ð Þ å .

õ s ,�- ∼ �3,	×2å=H�¥�4 O � x ∈ O ö0576�ú , O = {xg | g ∈ G} ú$+Pô��Qå . O = Ox ö x ö08
å G

s�9�:
(orbit) ú<;�� . ∼ ��H�¥=4 ð Þ å$õ$ú�Ú?> , X ��@�8�A	»@ö0B ì Õ ;�;&V O9Ú s�C � s�D

�	� (disjoint union) ��»	ÉPô��Qå .

X =
∐

x∈X/G

Ox.

õ	õ�� , X/G ��E�¥�4 s �	� (
Þ å�;�� , F s.G
��H +JI ) ö&+�× . | s (�ÿ2��KJ;�L ,

C � s Å%M�N�Ä
�)O�/�¦$�)P�Q ð Þ å . X R�S=T x ö G R)(�ÿQ�VU ò L?W0XYW0X�ó[Z&L�\^] . "V_J� , `�aJb G = R

��c%N%dfe3gfhji�k R3 l (�ÿmZ&LJ;\åaú�×2å . G R)(�ÿ l3n �%L , R3 oJl T x ö0p�å C�q ��r2Ú��
LJ;m] . õ&�%� x ö0p�å C�s ð Þ å . x ö&t�u C�s ú$v ò L7w.;�;�R�x�� , õ9õ���yV� � , z7{ ú&;Y|}�~ ö��3� l Z ì ; . � ì n R�� Õ ò ì C=s � , K.�V; l�� ]j�^]�ö<pNå$õ$ú�� Þ ò L7w , OmZ0L��J�m>Õ ; . � � ö&�@å�����R)� l S���R)����ö0��� ì ú�Z&L�w , �J�'�3�=�'�2å\õ\ú�����;�R ð Þ å .

x ∈ X l *YZ , StG(x) ö<T x ö�����ô��3; G R�
%R0���&ú��$å , ���.�%� , StG(x) = {g ∈ G | xg = x}.
StG(x) � G R
A���b l �2å . õ��Nö G l K'�$å x R�������� (stabilizer) ú�;�| . G-

CJs Ox ú  /J¡�b StG(x) ú��)¢%£3¤'¥Qå�U'| l , ô
X'¦�ú§�=¨VK'©�Z
RVU'|&� , ª ò L�w�ª�����;=,�- l�« å .

StG(x) = Sx ú�¬­] . ® , ¯=° f : G → Ox ö f(g) = xg l U � /�±��Qå . (Ox ⊂ X �
b ð �J��;
�²> , f �
³�E
´ ð �J��; . µfR ì � ). f �
��¶ l �\å . õ	õ ð , π : G → Sx\G, g 7→ Sxg öV·�¸��
¯=° ú&�V¹ .

ì x�Z , Sx\G � G R.b Sx
l U3¹)º�»J¼�4fR
½�¾ ð « ¹ . Sx �
¿VÀYZ=w�ÁJÂ�A��Jb

ð
����;�R ð , Sx\G �)b ú���Ã²>&��; . õ�RNú�Ä , f : G → Ox � , Å7R3Æ�Ç�ö)È�É l �V¹�U'|��
��Ê�¶
f̃ : Sx\G→ Ox ö0Ë­] .
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G - Ox

f

J
J
JĴ
Sx\G

π








�
f̃(5.6.1)

ôV> l , ��Ê�¶ Sx\G ' Ox R�w\ú l , Ox Ì R G R)(�ÿ�� Sx\G Ì R7·§¸7� G R)(�ÿ (G R�º	ó�� )
l S=ÍV��¹ . Î�Ïf� , õ�R 2�Ð ú$³�E.´J/�Ñ¨ú)R
4�Ò��3Ó l ��¹�x�©f| . Ô%Õ , ³fE.´J/�Ñf�Qõ�R./JÑ
R
Ö�×��
ØJ¾ l)ÙÛÚ ��; . ® , f : G → G′ Ü �J¶J³fE.´�ú0��¹ . X = G′ ú�Z , X Ì R G R
($ÿ Ü ,

X ×G → X, (x, g) 7→ xf(g) (G′ Ý R.Þ ) Ý /�±V�V¹ . x = e Ü G′ R)ÊJ�%
�ú<�7¹�ú , Ox = X = G′,

StG(x) = Ker f Ý%« ¹�ß\ú0���[àá�V�'¹ . ß�RNú�Ä , â�R3Æ�Ç��)³7E
´�/�Ñ�F�RVw�R Ü +'� . ß�R)ã'ä
Ý â�R 2�Ð ��³7E
´J/�Ñ�R�å����%¹&æ�ç l �'è.L�;V¹�ß\ú l Ó'� n ]<x�©f| . ú3ß3© Ý , ³7E
´�/�ÑfRé

(5.5) Ý ��¶�³7E
´�� , ê�ëJì Ì R.í�î�ï%Nñð l ���?>&��;�ß\ú l �Jã[Z)ò . G-
C�s Ox

Ý w�Ò�ò�U
|&�
�JóV��ô�Ä�¹ . G-

C�sñõ Z�L , ;�©�;�©Vö�ê[Z�;�w�R���÷��VFø| l w&ù'_�¹�� , Ô�Õ l �JF�ß Ì R
G R�(JúV� , G R « ¹&A���b l U�¹&»�¼�47R)½�¾ Ì R G R�(Jú õ S3ÍmZ&LøZ.¦7| . û?ü�� , y'� � K.ýþ�ÿ R��7R�� Ý�� è.LJ;�¹ l�Ù²Ú ��; . b G R������ , ß.RVU'| l Z&L G R
	��'�V¹�ë�ì�R�
7ü l ¦
Ý�� X Ý ;�¹=R Ý%« ¹ .

��� b G � ��� ½�¾ X l (�úmZ0LJ;�¹ õ �V¹ . ß�R õ Ä (5.6.1) U��

(5.6.2) |Ox| = |G|/|StG(x)|

������� n . Ö l , S n R C�s l tø¦
��¹��VR����7�
 l G R�!��7R�"�� l �%¹ ,
õ ;?|$# Z�; 2�Ð �% >&��¹ .

GAP Ý � , x ∈ X R G-
C�s Ü Å7R'U'| l Z0L�')(��V¹ . *�É�b G R
T=½�¾ X = {1, 2, . . . , n} Ì R�(

ú���>$+�Ë-,.��¹�(�ú , OnPoints, OnPairs, OnSets �øW , l U=è.L�/'_Y>&�JLJ;�¹�Ø�¾ l � ,

gap> a4:= Group((1,3,2), (2,4,3));

Group([ (1,3,2), (2,4,3) ])

gap> Orbit(a4,1, OnPoints);

[ 1, 3, 2, 4 ]

gap> Orbit(a4,1);

[ 1, 3, 2, 4 ]

gap> Orbit(a4, [1,2], OnPairs);

[ [ 1, 2 ], [ 3, 4 ], [ 2, 1 ], [ 4, 3 ], [ 1, 3 ], [ 4, 2 ],

[ 3, 1 ], [ 2, 4 ], [ 1, 4 ], [ 2, 3 ], [ 4, 1 ], [ 3, 2 ] ]

gap> Orbit(a4, [1,2], OnSets);

[ [ 1, 2 ], [ 3, 4 ], [ 1, 3 ], [ 2, 4 ], [ 1, 4 ], [ 2, 3 ] ]

õ Z&L�')( Ý Ä�¹ . 0�1�R
" Ý � , G = A4 R
T 1 ∈ X R C�s O1 = {1g | g ∈ G} Ü ')( Z&LJ;�¹ . ß
R�Ø�¾ , T3½�¾ X Ì R�(�ú Ý�« ¹��?> , Orbit(a4, 1, OnPoints)

õ 0� l OnPoints Ü `V_%¹�� , ß
�'��2�3YZ&Lfw54�����; . 2 6Ûö õ 3 6Ûö
R
"7� , G R [1,2] Ü p?¹ C�s Ý%« ¹ . ß�R)Ø�¾ , [1,2] Ü
Y R�� õ87 ¹�� , Z R�� õ Z&L 7 ¹3� l U=è.L�9�_���:��7¹ . Y R�� õ Z&L 7 ¹�ØJ¾f��;=ÞJ½�¾ Ì R
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(�ú Ý%« ¹��²> , OnPairs
õ=< /'��¹ . S�> , Z Ì R
(�ú�� , [1,2] Ü ½�¾ {1, 2} õ Z&L 7 ò)(�ú Ý%«

¹���> OnSets
õ ¬^] . ? l 7 òVUV| l , r ��R��fR�@ ÜBA | Ø�¾ l � , OnTuples ÜBC _ED�U
; . ,'>

l.F RG��Z�L , G RH@7R�@ ( �%�3�JI Y × Y ) Ì R)(�ú ÜBK ¥�¹ õ Ä�� , OnTuplesTuples, ( « ¹3;��
OnPairsPairs), ½�¾7R�½�¾ ({{1, 2}, {3, 4}} R.LVR'w.R���� , ßB��� Z×Z

õ �����J¹ ) Ì R�(Jú Ü8K
¥'¹ õ Ä)� , OnSetsSets Ü5C | . ,%> l y�y�ß�Z$MøÄ
RON'R�ò3� l � , @'R&½�¾ Ì R&(�ú OnTuplesSets

({[1, 2], [3, 4]} R.LfRVw�R
��� ), ½�¾�R
@ Ì R.(�ú OnSetsTuples ([{1, 2}, {3, 4}] R.LfRVw�R
��� ) wP _Y>&�V¹�� ( ß�ß Ý {1, 2} �)½�¾ , [1, 2] ��@ Ü +'� ) ß�ß Ý ��2�3��V¹ . Qm·=R�SY>&�'ò=; .

gap> Orbit(a4,[[1,2],[3,4]], OnTuplesTuples);

[ [ [ 1, 2 ], [ 3, 4 ] ], [ [ 3, 1 ], [ 2, 4 ] ], [ [ 1, 4 ], [ 2, 3 ] ],

[ [ 2, 3 ], [ 1, 4 ] ], [ [ 2, 1 ], [ 4, 3 ] ], [ [ 3, 4 ], [ 1, 2 ] ],

[ [ 1, 3 ], [ 4, 2 ] ], [ [ 4, 2 ], [ 1, 3 ] ], [ [ 4, 1 ], [ 3, 2 ] ],

[ [ 2, 4 ], [ 3, 1 ] ], [ [ 3, 2 ], [ 4, 1 ] ], [ [ 4, 3 ], [ 2, 1 ] ] ]

gap> Orbit(a4,[[1,2],[3,4]], OnSetsSets);

[ [ [ 1, 2 ], [ 3, 4 ] ], [ [ 1, 3 ], [ 2, 4 ] ], [ [ 1, 4 ], [ 2, 3 ] ] ]

¢�â7R.T)U Ý � , (Jú'R.VE> Ü < /mZ�ò�â Ý , /%_?>W��ò)T Ü pø¹ C�s Ü '�([Z�ò . Z<�øZ3w3è õ P�Q��
R�� , G ��½�¾ X l (�úmZ&LJ;�¹�X l , X Ü G R C�s l ��Y'�V¹�ß õ Ý%« ©�| . F'ß Ý�Z À , X

õ Z
L�w'|\[ÛZ^]�_7��w�R Ü P _7U'| . GAP l �.��* (arrangement)

õ ;Y|�,��`�3ú�ãG,.��LJ;�¹ .

gap> Arrangements([1..3]);

[ [ ], [ 1 ], [ 1, 2 ], [ 1, 2, 3 ], [ 1, 3 ], [ 1, 3, 2 ], [ 2 ], [ 2, 1 ],

[ 2, 1, 3 ], [ 2, 3 ], [ 2, 3, 1 ], [ 3 ], [ 3, 1 ], [ 3, 1, 2 ], [ 3, 2 ],

[ 3, 2, 1 ] ]

ß�R
"���> �V�'¹�U'| l , Arrangements([1..3]) � 1 ∼ 3 Rba=��>\c��V�.5VX Ý , P�][Z���;7U'| ld ¥�ò�e�f7R�½�¾ Ý�« ¹ . 576���� Ü < /'�'¹�ß õ w Ý Ä�¹ . � 1 ∼ 4 Rba=��> 3 ��R�� Ü P�][Z���;
U'| l 5VX Ý�Ý Ä�¹Oe�f7R�½�¾�� , Arrangements([1..4],3) Ý /'_Y>&��¹ .

gap> omeg := Arrangements([1..4],3);

[ [ 1, 2, 3 ], [ 1, 2, 4 ], [ 1, 3, 2 ], [ 1, 3, 4 ], [ 1, 4, 2 ],

[ 1, 4, 3 ], [ 2, 1, 3 ], [ 2, 1, 4 ], [ 2, 3, 1 ], [ 2, 3, 4 ],

[ 2, 4, 1 ], [ 2, 4, 3 ], [ 3, 1, 2 ], [ 3, 1, 4 ], [ 3, 2, 1 ],

[ 3, 2, 4 ], [ 3, 4, 1 ], [ 3, 4, 2 ], [ 4, 1, 2 ], [ 4, 1, 3 ],

[ 4, 2, 1 ], [ 4, 2, 3 ], [ 4, 3, 1 ], [ 4, 3, 2 ] ]

*bg�b S4 � OnTuples R)(�ú l U��Y½�¾ Ω =omeg l (�ú%�7¹ . A��Jb A4 R Ω Ì R
(�ú l U3¹ Cs ��Y�� , ,�� OrbitsDomain l U�� % >&��¹ .

gap> OrbitsDomain(a4, omeg, OnTuples);

[ [ [ 1, 2, 3 ], [ 3, 1, 2 ], [ 1, 4, 2 ], [ 2, 3, 1 ],

[ 2, 1, 4 ], [ 3, 4, 1 ], [ 1, 3, 4 ], [ 4, 2, 1 ],

[ 4, 1, 3 ], [ 2, 4, 3 ], [ 3, 2, 4 ], [ 4, 3, 2 ] ],

[ [ 1, 2, 4 ], [ 3, 1, 4 ], [ 1, 4, 3 ], [ 2, 3, 4 ],

[ 2, 1, 3 ], [ 3, 4, 2 ], [ 1, 3, 2 ], [ 4, 2, 3 ],
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[ 4, 1, 2 ], [ 2, 4, 1 ], [ 3, 2, 1 ], [ 4, 3, 1 ] ] ]

Iih è õ57 l ]�;�� , Ω �Gj n R C=s l �bYÛZ0L�;�¹%ß õ �.����¹ . ,'> l S4 R�A���b elab Ü ÷�¹ õ ,

gap> OrbitsDomain(elab, omeg, OnTuples);

[ [ [ 1, 2, 3 ], [ 2, 1, 3 ], [ 1, 2, 4 ], [ 2, 1, 4 ] ],

[ [ 1, 3, 2 ], [ 2, 3, 1 ], [ 1, 4, 2 ], [ 2, 4, 1 ] ],

[ [ 1, 3, 4 ], [ 2, 3, 4 ], [ 1, 4, 3 ], [ 2, 4, 3 ] ],

[ [ 3, 1, 2 ], [ 3, 2, 1 ], [ 4, 1, 2 ], [ 4, 2, 1 ] ],

[ [ 3, 1, 4 ], [ 3, 2, 4 ], [ 4, 1, 3 ], [ 4, 2, 3 ] ],

[ [ 3, 4, 1 ], [ 3, 4, 2 ], [ 4, 3, 1 ], [ 4, 3, 2 ] ] ]

®�kJl , Ω � elab R 6 ��R C=s l �bY%�'¹ . OrbitsDomain(G, X, act) R�¬=Ç�l , 0b1 l (Jú��'¹�b
G, ÅV; Ý (�ú�m X , 0�n l�o ú�R.p�4 act Ü ¬^] . GAP l l , ß�RVU'| l Z&L���Y[Z)ò�Q C�s l tø¦
��¹��VR.��� Ü /'_�¹�q����3ú=ãG,.��LJ;�¹ .

gap> OrbitLengthsDomain(a4, omeg, OnTuples);

[ 12, 12 ]

gap> OrbitLengthsDomain(elab, omeg, OnTuples);

[ 4, 4, 4, 4, 4, 4 ]

S�> , Domain Ü8rts
u À l , ;�v Ω â�R C�s ��Y%y�F�R�wG, Ü '�(V�V¹�ß õ w
x�yø¹ .

gap> Orbits(a4, omeg, OnTuples);;

gap> OrbitLengths(a4, omeg, OnTuples);;

E{z 2�Ð � % >&��¹�� , Z&�?Z&')(`X�k|l Domain ÜBC |W>}�
~7;7ß õ ����; .

®f¦ Ý , Arrangements([1..4],3) l UJ� o ú)m Ü <b� Z0L�y7ò�� , E ÿ R��b� l Combinations � «
¹ . ß�I�>Bl�e�f Ý l���] , @=¾ u�Ü /�_�¹ . �%���JI Combinations([1..5],3) l 1 ∼ 5 Rba���> 3

��R�� Ü 5�X Ý x�yø¹��VL�R)½�¾ Ü Qb� õ �V¹&½�¾ Ý%« ¹ .

gap> omeg1 := Combinations([1..5],3);

[ [ 1, 2, 3 ], [ 1, 2, 4 ], [ 1, 2, 5 ], [ 1, 3, 4 ], [ 1, 3, 5 ],

[ 1, 4, 5 ], [ 2, 3, 4 ], [ 2, 3, 5 ], [ 2, 4, 5 ], [ 3, 4, 5 ] ]

omeg1 R)â Ì R a4 K�U
� , elab R o ú Ü P _�¹ õ ,

gap> OrbitLengthsDomain(a4, omeg1, OnSets);

[ 4, 6 ]

gap> OrbitLengthsDomain(elab, omeg1, OnSets);

[ 2, 1, 2, 4, 1 ]

� % >&��¹ . omeg1 R��`l)½�¾ Ý%« ¹���> , o úJl OnTuples Ý l��²] OnSets l Z�������D��?>���;
ß õ l.� ã'�V¹ .

G R X Ì R o ú|��/'_Y>W�'ò õ Ä , G l K%�J¹ x ∈ X R   � ¡�b StG(x) l
Å7RVU'| l ')(-,.��¹ .
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gap> Stabilizer(a8, [1,2,3], OnTuples);

Group([ (4,5,6), (4,5,7), (5,8,6) ])

gap> Size(last);

60

gap> Stabilizer(a8, [1,2,3], OnSets);

Group([ (6,7,8), (5,6,7), (5,8,6), (4,5,6), (4,5,7), (1,2,3),

(2,3)(5,7,6,8) ])

gap> Size(last);

360

0�1�R���l , ½�¾ Z = {1, 2, 3} R�QJT Ü   � �V¹ G = A8 R��VR)�J� , 2 6Ûö
R���l , Z Ü ½�¾ õ Z�L  � �V¹��VR���� Ý%« ¹ .
7 L%R�p�� , n�Ï�R��|���El������ l �fÄ�]��%¹ . ß�ß Ý�� (5.6.2) R���Ç Ü

;)v��V�J�=L�K�ß'| .

gap> OrbitLength(a8, [1,2,3], OnSets);

56

gap> OrbitLength(a8, [1,2,3], OnTuples);

336

gap> 56*360;

20160

gap> 336*60;

20160

�V� l , |StG(x)||Ox| = |G| ���b�[Z&LJ;�¹ .

��� Rb�
� l ¤�¥'òVUV| l , G R X Ì R o ú Ü /'_�¹'ß õ�õ , ³7E
´ G → Aut(X) = Sn ( n = |X |)
Ü /'_�¹%ß õ l�E�� Ý%« ¹ . GAP Ý l , Actionhomomorphsim l U�� o ú���> ³7E
´`� % >&��¹ .

gap> hom := ActionHomomorphism(a4, omeg, OnTuples);

<action homomorphism>

gap> Image(hom);

Group([(1,9,13)(2,10,14)(3,7,15)(4,8,16)(5,12,17)(6,11,18)(19,22,23)(20,21,24),

(1,4,5)(2,3,6)(7,14,19)(8,13,20)(9,17,21)(10,18,22)(11,15,23)(12,16,24) ])

gap> Size(Range(hom));

620448401733239439360000

gap> Size(Image(hom));

12

hom l)³7E)´ f : G→ S24
Ü /'_%¹ . �
¸�R��7���G� , hom l)�=¶ Ý l���� . hom R���m�l S24

Ý%« � ,

âfRE�.�V�
�il , 620448401733239439360000 = 24! ÜO� � . hom R���m Ü f(G) ⊂ S24
l�� � Z
òJ�

��D , "surjective" ÜB� ��`�_)�|D��}� .

gap> hom1 := ActionHomomorphism(a4, omeg, OnTuples, "surjective");

<action epimorphism>

gap> Size(Range(hom1));

12
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ßO�øU�� , hom1
õ Z&L���¶�³VE
´ G→ f(G) � % �&��¹ .

5.7 ���� ¢¡¤£��¥£E¦{§ – p- ¨¢©}ª��G¡¢£E«{§ –

? � Ý l , G R
T�½�¾ Ì R�*�É l U3¹ o ú Ü P _�ò . S�> , G Ü G ·&¬ l.o ú¢, u ¹%ß õ w Ý Ä�¹ . ß
��l�� l y­� , ·§�Û·&¬ ÜB®b¯ �G�=°�¥�L���è.L�0�n l�± _�LYZ.¦�|W² Ü8³E´ Z&LYZ.¦�| ( µ¢¶Bµ¢¶0R
K�· Ü.¸ è.L}��¹�N�l�¹|ºJ»�¼b�=î Ü ù`��xfZ�L�£¢,
� ). b{lb�m]b� o ú¢, u L�w¾½ø¹'w�R Ý l��b�
�-��ß3RVUV|���¿EÀ����
�EÁ l)Â ¹'ß õ l��b��� , ·&Ãia
ÄiÅJÆ'|��)Ç)È�w.É7�J¹ . Z��?Z , ß�Å o ú
�.ãbÊ l ��Ë Ý , Ì�Í'��Î Ð Ü w.ò{���}Å Ý�« ¹ . �'_�D ,

�}� b G Ü º�Ï�Ð l Æ�è�Ñ G lBo út, u ¹õ
, G l n = |G| �iÅ��JÅ�*�É Ü�Ò Ä<ô²ß%Z , ßO� l Æ=è
Ñ G Ü Sn Å�Ó���b õ SJ���fß õ � Ý Ä�¹ .

¦=ò , G Å�p�ü�Å.ÓJ��biÅ)½J¾iÅ)â Ì Å , G Å�ÓJ��b H Å o ú Ü P _�¹�ß õ l Æ��áÔ l �^]BÅ o ú|�Ô ¦
� , ù��b���=�b��Õ�ú|� % �&��¹ .

Ö)× l , G � X l�o úÙØ8Ñ��)�|D X l G- Ú s Å disjoint union l ��Y��V¹ . Q G Ú s Ì Å o ú`l)×Û õ PJÜ �&��¹�Å Ý , X ��Ý Ö n Å�Ú s �-�&�'è
Ñ��'¹ õ Ä
� ,
�}Þ � l�ß�àVÝ'« ¹ . ß�Å õ Ä , G l

X l�ábâ|ã (transitive) ä o úÙØ8Ñ���¹ õ �Y| . ßO��l , X Å�å x, y ä�æ­ØBÑ y = xg
õ �%¹�� g ∈ G

��¿'À�ç�è'�V¹�ß õ�õBé � Ý%« ¹ . ® , G � X ä�ê�Ï��|ä o úÙØBÑ���¹ õ �V¹ . ��¹ õ x ∈ X Ü ÷|�
D , X = Ox

õ �%¹ . H = StG(x) Ü x Å   � ¡bë õ �V¹ õ , (5.6.1) Æ�� G Å X Ì Å o úJl , º�»J¼ì Å�½�¾ H\G Ì Å G Å�ºbÏ�Ð�ä|Æ3¹ o úJä Ö Í���¹ . í�Å�ã�ä Ý , ê�Ï���� o ú`l���¥�Ñ
ëm·&¬ Ì Å
ëiÅ o ú`ä�î7�¢�&�b� .

ßJß Ý , ëÛ·5¬ Ì Å o úJÅ�ï�´`�%��ÕJú�� Ü 7 ¹�òbðEä , p- ñ�òbó�ÓJ��ë Ü Ë|ô���¹ . G Ü �J� ë õ �
¹ . ��� p ä
æ­Ø.Ñ , G Å�!�� ÜOõ ¹.0���Å p ö Ü pm Ü õ �V¹ . G äEl�!�� pm Å�Ó���ëJ��ç�è¥Ø ,

í��Ù�Ol3��¥EÑ G Ý�÷bø ä��%¹ . ß�Å`ÆV|&��Ó���ë Ü G Å p- ùEú�û
ü�ý�� (p-Sylow subgroup)
õ �

| . ÆJ� Ö�× ä.!b��� p Å�ö ÝJ« ¹Bë Ü p � (p-group)
õ �?| . p- ñbò)ó.ëJl G ä�tf¦��V¹B0��)!b��Å

p- Ó���ë Ý%« ¹ . p- ñ�ò)ó.ëiÅ.ç�è�ä�þ��bÑEl�n�ä�ÿ}��¹%ß õ ä�ØBÑ , ß�ß Ý l , çbè'��¹�w
Å õ ØBÑ
T
UV�V¹ . ® H Ü G Å p- Ó���ë õ �V¹ . ß�Å õ Ä G ä�l H Ü t�u p- ñ�ò�ó�ë`��¿'À�ç�è'�7¹�ß õ Ü� íf| . G Å p- ñ�ò�óOë P Ü�� õ þ�÷�� ,

Ω = {g−1Pg | g ∈ G}

õ����
. G l ÷}ø Å o ú{äiÆt� Ω ä o ú Ø , �3¸¢Åfß õ ���¥��ß)Å o ú{l�ê|Ïi�Jä%�'¹ . í7ß Ý

|Ω| = |G|/|StG(P )| ����� ��þ . ß�ß Ý StG(P ) = {g ∈ G | g−1Pg = P} l P Ü t'uEÅ Ý , StG(P ) Å
!��il pm Å���� , Ø)ò)��è
Ñ , |Ω| l p

õ �J�Eä.�{ä���¹ . ,�Ñ G Å�Ó���ë H w Ω ä o ú%�V¹ . í
Å�Ú s �bY Ü

(5.7.1) Ω =
∐

x∈Ω/H

Ox

õ �V¹ . H l p- ë Ý�« ¹��G� , |Ox| = |H |/|StH(x)| l p ÅEö�ä��%¹ . �%�3�JI , Q Ox ä�æ­ØBÑ , |Ox|
l p Ý�õ � ª|��¹.�'¦=òbl , |Ox| = p0 = 1. ß�ß Ý |Ω| l p

õ � Ý%« è3òVß õ Ü ù|��x�� õ , Ω ä�l)¿
À |Ωx| = 1

õ �%¹ H- Ú s Å�ç�èV�V¹'ß õ ���V�'¹ . íbÅ`Æ'|���Ú s Ox
Ü ÷ � , Ox = {P1}

õ	�
�
.

P1 l P ä ÷�ø � p- ñbò�ó.ë Ý�« ¹ . H ⊆ P1
õ �J¹%ß õ Ü � í�| . Ox = {P1} Æ�� , H ⊆ NG(P1). ß

Å õ Ä ( � j ) ³ é ´ � Ñ�ä`ÆJ� , HP1 l P1
Ü t�u�!�� p ö�Å.Ó��bëiä=�%¹%ß õ ���'�'¹ . P1 l p- ñ

ò�ó.ë Ý�« ¹��G� , ßO��l H ⊆ P1
Ü ã�ä���¹ . ¢�â Ý , H Ü t'u p- ñ�ò�ó�ë�Å�çbè`� � ,O�'ò . ( ß�ß
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Ý Öiä H
õ Ø8Ñ G Å���ãiÅ p- ñ�ò�ó�ë Ü ÷ø¹ õ , H = P1

õ �-� , H l P ä G- ÷bø ä���¹�ß õ w�Ë
����¹ .) Ω Å H- Ú s Ì Å)��Y Ü Æ �&7 Ñ�S'¹ õ , H Ü t�u p- ñ�òbó�ëiÅ��E�il |Ox| = 1

õ ��¹ H-

Ú s Å.���Jä.�¥ØB�7ß õ ������¹ . ÔJÕ , Ox = {P2} �t�8D P2 l H Ü tJS , 
�ä ñ�ò�ó.ë P2 ∈ Ω �
H Ü t���D , �G�<�}ä P2

Ü	� ¹ H- Ú��{l {P2} Ý%« ¹ .

ß�ß Ý H = P Å)Ø�¾ Ü P`Ü ¹ . |Ox| = 1
õ �%¹ H- Ú��{l Ox = {P} Å�S Ý%« � , íbÅ�î{Å Oy ä�þ

��ÑEl |Oy| l���¥�Ñ p Ý�õ � ª|�V¹ . ß8�{ÆJ� |Ω| ≡ 1 (mod p). Ω l G Å���¥EÑEÅ p- ñ�ò)ó�ë�Å�½
¾ Ý%« ¹��-� , G Å p- ñbò�ó
ëiÅ����{l mod p Ý 1 ä���¹�ß õ ���V�'¹ . ¢�â{Å�TbU��Ù�$Å�� % �
��¹ . ((i) ä�þE�bÑ}l�niäOTbUV�V¹ ).

(5.7.2)

(i) G ä�l p- ñ�ò�ó�Ó���ë`��ç�è��V¹ .

(ii) G Å p- ñ�ò�ó�ëil3��¥EÑ G- ÷bø ä��-� , ]{ G Å p- ñ�ò�ó.ë } ≡ 1 (mod p) ����� ��þ .

(iii) H Ü G Å p- Ó=��ë õ �V¹ õ , H Ü�� u p- ñ�ò�ó�ë`��ç�è'�V¹ . íbÅ��b�il , (5.7.1) Å�Ú��J�
Y�ä � �J¹OwG, 1 Å�Ú��{Å���� Ý / Ü �&�V¹ .

âiÅ.TbU��G� 7 Ñ�÷|�V¹|Æ'|Oä , ß�Å����|Å �EÞ l G Å Ω Ì Å o ú Ý�« ¹ . í'ß Ý , GAP Ü�� úÙØBÑ
âiÅ���ò��Jî Ü Ô��¥Ø , H Ü��� p- ñ�ò�ó�ë P1

Ü"! ���|ä$#%��Ñ�S�Æ'| . GAP ä�l�ñ}ò�ó�Ó���ë Ü
'�('�'¹�q
����ú=ã¤,O��Ñ��%¹ . nJä , p- ñ�ò�ó.ë Ü ÔJÕ`äO4��­Ø8Ñ�S�¹�� , ß=ß Ý l�&};�ä GAP Å�q
� Ü	� úJ�'¹%ß õ ä��'¹ . GAP Ý l , ë G Å p- ñbò)óOëil SylowSubgroup(G,p) Ý / Ü �W�V¹ . � «
¹ p- ñ�ò�ó�ë{Å('�IbÅ Ö þ}��9 Ü õ ØBÑ*)øè
Ñ�yø¹bÅ Ý%« ¹ . +.Å�ë`��,Yè
Ñ�yø¹��|l , - (GAP) �
��.
ûYü�ä�l ¸ ¹ s�/10 � . ,�Ñ G

õ ØBÑ S5
Ü ÷�� , íbÅ 2- ñ�ò�ó�ë (p = 2 Å)Ø�¾ ) Ü P`Ü ¹ .

gap> s5 := Group((1,2), (1,2,3,4,5));;

gap> u:= SylowSubgroup(s5,2);

Group([ (4,5), (2,3), (2,4)(3,5) ])

gap> Size(u);

8

G l.!�� 24 = 233 Ý%« ¹�2G� , P =u l��%2}ä G Å 2- ñ�ò�ó�Ó�3�ëiä 0 è
Ñ���¹ . G Å�Ó�3�ë H
õ

ØBÑ�!�� 4 Å�Ó�3�ë elab Ü ÷ø©4' .

gap> IsSubgroup(u, elab);

false

ë H = elab l 2- ñ�ò�ó�ë P ä�l � ¦
�EÑ�� 0 � . í'ß Ý H Ü��5 2- ñ�òbó�ë P1
Ü 7 þ76J¹�ß õ

ä�8V¹ . Z�9 Å�TbU{Å`Æ7'Oä , Ω = {g−1Pg | g ∈ G} Ì Å G Å ÷bø Å o ú Ü P`Ü ¹ . GAP Ý l

gap> omega := ConjugacyClassSubgroups(g,u);

Group( [ (4,5), (2,3), (2,4)(3,5) ] )^G

Å`Æ7'Oä�:;6bD , omega = Ω
õ í�Å)â Ì Å G Å ÷bø ä`Æ3¹ o ú|��� � 8V¹ . 5.6

� Å`Æ%'Oä , omega Ü
elab Å�Ú��{ä"3�Y¥Ø , QbÚ���ä �(< ��¹��`Å���� Ü;= î ð^¼�>1�JØBÑ�S�¹ .

gap> OrbitLengthsDomain(elab, omega);

[ 4, 2, 2, 1, 2, 4 ]
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ßB�|l , omega �@? ��Å.Ú��{ä�3�Y¥Ø , 4 6mö�Å.Ú��il�Ý � õ þ}Å���2¢� 0 ¹%ß õ Ü � ØBÑ��%¹ . ?�Å.T
U Ý l , ß�Å 4 6Ûö�Å�Ú��iä �(< ��¹�� P1 � H Ü��5 2- ñ�ò)ó�ë�ä 0 ¹)Å ÝBA è�ò . í'ß Ý , ÷ � AÜ À�Q�Ú*�{Å�C � � Ü #D�`Æ7' . OrbitsDomain Ü ��E Ø , 5.4

� Å�»�¼ ì Å"C � ��Å)Ø�¾ õBé ÿ Å�Fb�
ÜBC ' .

gap> orbits := OrbitsDomain(elab, omega);;

gap> rep := List(orbits, c -> Representative(c));

[ Group([ (3,4), (2,5), (2,3)(4,5) ]), Group([ (4,5), (2,3), (2,4)(3,5) ]),

Group([ (1,2), (4,5), (1,4)(2,5) ]), Group([ (3,4), (1,2), (1,3)(2,4) ]),

Group([ (2,3), (1,4), (1,2)(3,4) ]), Group([ (2,3), (1,5), (1,3)(2,5) ]) ]

4 G²ö�Å"C � � Ü P1 =u1
õH�I�

. P1 l H ÜH�% 2- ñ�ò)ó.ë ÝBABJ ß õ �LK�M�Å�Æ�'8ä.�72B�t�^� J .

gap> u1 := rep[4];

Group([ (3,4), (1,2), (1,3)(2,4) ])

gap> Size(u1);

8

gap> IsSubgroup(u1,elab);

true

Ö þ}Å
�B2¤� 0DJ Ú���l 4 Gmö�Å {P1} Å)S 0 Å Ý , ?JÅ.T�Uiä�Æ J õ P1 � H Ü	�% Ý Ö Å 2- ñbò�ó
ëiä 0DJ l�N ÝDA�J . ßO� Ü QbÚ��{Å�C � � ÜBC è
Ñ);)v��%2���ÑbS�Æ7' .

gap> gap> kk := [];;

gap> for i in [1..6] do

> if IsSubgroup(rep[i], elab) = true then

> kk[i] := 1;

> else

> kk[i] := 0;

> fi;

> od;

gap> kk;

[ 0, 0, 0, 1, 0, 0 ]

QbÚ��{Å�C � � rep[i] � H =elab Ü�� �ED 1, �(<*0 6���D 0 Ü / Ü J Æ7'Oä�8 J . �%2}ä 4 GÛö
Å�Sb� 1 Ü	O ØBÑ�� J ß õ � 7 Ñ õ � J�P�Q ' .

R ä / '$[¥ØTSVU 0 � Ü P�Ü J . P =syl2 Ü G =a8 Å 2- ñ�ò�ó�ë õ 8 J .

gap> syl2 := SylowSubgroup(a8,2);

Group([ (1,8)(5,7), (2,6)(5,7), (3,4)(5,7), (3,5)(4,7),

(1,2)(6,8), (1,3)(2,5)(4,8)(6,7) ])

gap> Size(syl2);

64
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< ò , H =elab3 Ü 5.3
� ä ��E Ø)ò a8 Å�!�� 8 Å�Ó�3�ë õ 8 J . H l P ä �(< � 0 � .

gap> IsSubgroup(syl2, elab3);

false

íVß Ý , H Ü��� G Å 2- ñ�òbó�ë Ü 8BW}Ñ*#%��ÑES�Æ%' . �iä`Æ=è
Ñ Ω = {g−1Pg | g ∈ G} Ü P`Ü
J . G Å Ω X`Å o ú{l�ê�Ï`� Ý7ADJ 2-� ,

��� ÅLY4�}ä�Z%W%[JÆ5'.ä , \B] ì Ω1 = StG(x)\G X`Å
G ÅL^�Ï�Ð{äJÆ J.o ú õ.é ��_ ADJ ( [ P Ø x ∈ Ω). `B`L_|l Ω1 XJÅ o ú;a C '*`7b�ä�8 J . < N
x = P b�Ø8Ñ , StG(x) = NG(P ) ä ��c 8 J . NG(P ) l P a �% G Å.Ó�3bë7_ A�J � , d�l7`�Å�e�f ,

NG(P ) = P b 0DJ .

gap> Normalizer(a8, syl2) = syl2;

true

í7`�_ , o�g m Ω1 =omega1 a�^�\�] ì P\G =RightCosets(a8,sly2) bbØBÑ ��E Ø , H =elab3 Å
Ω1 X�Å�^ o�g ä`Æ J Ú��B3bYVa P`Ü J .

gap> omega1 := RightCosets(a8,syl2);;

gap> obd := OrbitLengthsDomain(elab3, omega1, OnRight);

[ 8, 8, 2, 8, 2, 8, 2, 2, 8, 8, 4, 4, 8, 1, 8, 4, 4, 8, 8, 8, 8, 4, 1, 4, 2,

2, 1, 8, 2, 2, 2, 8, 2, 8, 4, 1, 8, 4, 4, 8, 4, 1, 8, 4, 1, 2, 2, 2, 2, 2,

4, 1, 4, 4, 1, 4, 1, 1, 8, 8, 4, 4, 2, 1, 8, 4, 2, 1, 2, 1, 4, 2, 1, 4, 2,

1, 1, 4, 1, 1, 2, 1, 1, 1 ]

gap> Size(obd);

84

2 � Ø.Ñ Ω1 l 84 �¢Å H- Ú�� O1, . . . ,O84 ä$3EY Ø1[ . `��Jl G Å P b H äJÆ J�h�i \�] ì
P\G/H � 84 � A�J bkj��1l Ü J `�b / _5U J . � � þB2}Å�Ú��Va !�m �|ä$#7��Ñ�S�Æ7' .

gap> dcosets := OrbitsDomain(elab3, omega1, OnRight);;

gap> SetName(syl2, "P2");

gap> dcosets[3];

[ RightCoset(P2,(6,8,7)), RightCoset(P2,(1,3)(2,4)(5,7,8)) ]

gap> dcosets[14];

[ RightCoset(P2,(4,5,7,8,6)) ]

3 G
n�Å.Ú�� O3 l 2 �iÅ$oD2¤� 0qp , 14 G
n�Å�Ú�� O14 l�rtsiÅ1oD2G� 0DJ . Ω1 Å$o4a Ω Å$oqbbØ
Ñ1u�S1v Ü Ñ , G Å 2- ñ�ò�ó�ë;a o(J b ,

gap> IsSubgroup(syl2^(6,8,7), elab3);

false

gap> IsSubgroup(syl2^(4,5,7,8,6), elab3);

true
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O14 2G� , H a �5 2- ñ�òbó�ë g−1Pg (g = (4, 5, 7, 8, 6)) w�x �Ty7[ . Ú��{ÅLz�f dcosets 2-� , w{
1 Å�Ú��{Å�|7a�} p x*8|ä�~ , 2.6

� ä�Z7W7[ Filtered( , ) a���' .

gap> sylsets := Filtered(dcosets, c -> Size(c) = 1);

[ [ RightCoset(P2,(4,5,7,8,6)) ], [ RightCoset(P2,(4,7,6)) ],

[ RightCoset(P2,(3,5)(4,7)) ], [ RightCoset(P2,(2,3)(4,5,6)(7,8)) ],

[ RightCoset(P2,(2,3)(4,6)) ], [ RightCoset(P2,(2,3,5)(4,6,7)) ],

[ RightCoset(P2,(2,4,5,6,3)) ], [ RightCoset(P2,(2,4,6,3)(7,8)) ],

[ RightCoset(P2,(2,4,6,8,7,3,5)) ], [ RightCoset(P2,(2,5,4,3)(7,8)) ],

[ RightCoset(P2,(2,5,3)) ], [ RightCoset(P2,(2,5)(6,7)) ],

[ RightCoset(P2,(2,6,5,4,3)) ], [ RightCoset(P2,(2,6,5,3)(7,8)) ],

[ RightCoset(P2,(2,6,8,7,5)) ], [ RightCoset(P2,(2,7,6,8,5,4,3)) ],

[ RightCoset(P2,(2,7,5,3)(6,8)) ], [ RightCoset(P2,(2,7,8,6,5)) ],

[ RightCoset(P2,(2,8,6,7,5,4,3)) ], [ RightCoset(P2,(2,8,5,3)(6,7)) ],

[ RightCoset(P2,(2,8,5)) ] ]

gap> Size(sylsets);

21

21 siÅOw { 1 Å�Ú��5w1x ��y7[ . `"y-�H2¤� , �*��ä�Z�WD[��bò����}ä�Æ p P Å ÷�ø Ó�3�ë g−1Pg a� J b , í$y�w H =elab3 a �5 G Å 2- ñbò�ó�ë(a18�WEÑ (21 s ) � Ü J .

��� ä G =a8 Å 2 ñ|òEó�ÓD3|ë¢Å����Ia�#4��Ñ � `4' . 2- ñ}ò}ó�ëV~�8DW�Ñ G- ÷}ø _ A7J 2 �
Ω = {g−1Pg | g ∈ G} Å�o{Å1s���w 2- ñ|ò�ó�ëtÅ����;_ A%J . (5.6.2) Æ p |Ω| = |G|/|StG(P )|.
StG(P ) = NG(P ) = P P�� [*2G� |Ω| = |G|/|P | _ A�J .

gap> Size(a8)/Size(syl2);

315

`�y{Æ p A8 Å 2 ñ�ò�ó.ë�Å����5~ , |G|/|P | = 20160/64 = 315 b 0�J . (5.7.2) (ii) ~ , ���7w mod 2

_ 1 _ A�J `�b1a à�� ØBÑ�� J w , `�Å�e�f (p = 2) ���iä 0DJ Å*_��L�����78 J .

5.8 �%�4�

ë G Å$o g, g′ ~ h−1gh = g′ b 0DJ h ∈ G w�çbè78 J b$U , ÷bø _ A�J b���� g ∼ g′ bk��8 . g ∼ g′

~ é"�D�1� _ AVp , í)Å é�� ì a������ (conjugacy class) b��(' . x−1gx a gx b / �D8 . í�`"_ g ∈ G

a �5 �÷bø ì ~ gG = {x−1gx | x ∈ G} _ A�J . ÷bø ì b�~ G Å G X�Å ÷bø Å � g ä � 8 J Ú��tä�î
0V��0 � . Ø�[*w � Ñ , G ~ ÷�� Ó�3iÅ 0 � ÷)ø ì Å���z�f (disjoint union) ä�3�� { y J .

G =
∐

g∈G/∼

gG

[ P Ø , G/ ∼ ~ G Å ÷bø ì ( Å�C��Do ) Å�z�f(a��78 .  iä ,

(5.8.1) |G| =
∑

g∈G/∼

|gG|
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w$� p �|þ . ¡ g ∈ G ä�æ­Ø , ZG(g) = {x ∈ G | x−1gx = g} a g Å*¢$£�¤�¥ (centralizer) b��¦' . ÷
ø4§ � g%§ e�f , g ∈ G ä�æ
¨ , StG(g) = ZG(g) _ A�J . í�`�_ , (5.6.2) ä%© p , ¡ g ∈ G ä�æ
¨Hª

|G| = |gG||ZG(g)|

w$���78 J . (5.8.1) bkf�«�ª

(5.8.2) 1 =
∑

g∈G/∼

1

|ZG(g)|

w$x � y J . (5.8.1) < [�~ (5.8.2) a�¬7­�ë G § �B®�¯°b��¦' .

GAP _D~ , ë G §�÷bø ì X § 3��4~ , ConjgacyClasses(G) ä%© p²± �B3��Va�³(´1«�µ|ä$�*¶�#7� �
y J . ·7¸�¹1º�C�» G = A8

§L¼�½�¾4§¦= �À¿ ccl ~ R § ©7'"Á1�D¸ � y J .

gap> ccl := ConjugacyClasses( a8 );

[ ()^G, (1,2)(3,4)^G, (1,2)(3,4)(5,6)(7,8)^G, (1,2,3)^G,

(1,2,3)(4,5)(6,7)^G, (1,2,3)(4,5,6)^G, (1,2,3,4)(5,6)^G,

(1,2,3,4)(5,6,7,8)^G, (1,2,3,4,5)^G, (1,2,3,4,5)(6,7,8)^G,

(1,2,3,4,5)(6,8,7)^G, (1,2,3,4,5,6)(7,8)^G,

(1,2,3,4,5,6,7)^G, (1,2,3,4,5,6,8)^G ]

gap> Length (ccl);

14

G ~ 14 s §	¼$½�¾ Á	3�� { y J . GAP ~H¡ ¼$½�¾ a�C���o�a1Â%bkÃ�ÄDÅ�ª , ·B¸*¹ gG = (1,2)(3,4)^G
§ ©7'"Á���Æ78 J w , ¼�½�¾4§ C��Do P 6�a	} p�Ç ¨�[*2 � [ � , ·�Á%© � ª

gap> rep := List (ccl, c -> Representative (c));

[ (), (1,2)(3,4), (1,2)(3,4)(5,6)(7,8), (1,2,3),

(1,2,3)(4,5)(6,7), (1,2,3)(4,5,6), (1,2,3,4)(5,6),

(1,2,3,4)(5,6,7,8), (1,2,3,4,5), (1,2,3,4,5)(6,7,8),

(1,2,3,4,5)(6,8,7), (1,2,3,4,5,6)(7,8),

(1,2,3,4,5,6,7), (1,2,3,4,5,6,8) ]

bH8�y7¹7©L� . ¡ ¼�½�¾ w$È�s § oD2 ��0DJ 2%a	É J Á�~ ,

gap> List(ccl, Size);

[ 1, 210, 105, 112, 1680, 1120, 2520, 1260, 1344, 1344,

1344, 3360, 2880, 2880 ]

List(ccl, Size) ~ = �À¿ ccl § ¡�Ê�Ë ÌÍ`"y /5= �À¿ÏÎ5Á , Ð §¦= �À¿�b�¨�ª §$Ñ7Ò�Ó a"Ô�Õ { «
ª = �À¿�a � J F�Ö%_ A�J .

gap> Sum(List(ccl,Size)) = Size(a8);

true



55

Á7© � ª (5.8.1) w1×72�Å � y J . Ø §¦= �À¿²_1·%¸B¹ 3 GIn §�¼�½�¾ ~ , 105 s § oD2 �	0DJ z�f7_ A
J . Ð § o4a�Ù%ª$��Æ°¨�[B61y7¹ ,

gap> Elements(ccl[3]);

bH8�y7¹7©L� . `�`$Á�~�Ú�Û(a�:%2 0 ��w , Ü7Ý §�A�J�Þ ~�ß�37_*à � ªB|�ª*M { � .

GAP _�~$o g ∈ G §�á1â�ã » ZG(g) ~ Centralizer(G, g) Á5© p �7¸ � y J . ·5¸�¹ 2 G
n §L¼
½�¾ gG (g = (1, 2)(3, 4)) Á�Ã���ª�~ |gG| = 210 _ A@p ,

gap> Centralizer(a8, (1,2)(3,4));

Group([ (6,7,8), (5,6)(7,8), (3,4)(7,8), (1,2)(7,8), (1,3)(2,4) ])

gap> Size(Centralizer(a8, (1,2)(3,4)));

96

gap> 96 * 210 = Size(a8);

true

`"y(© p |gG||ZG(g)| = |G| / ×%2�Å � y J . ¡�C��Do g ∈ G/ ∼ ÁLÔD8 J 1/|ZG(g)| §¦= �À¿k~

gap> inv:= List(rep, c -> 1/Size(Centralizer(a8,c)));

[ 1/20160, 1/96, 1/192, 1/180, 1/12, 1/18, 1/8, 1/16,

1/15, 1/15, 1/15, 1/6, 1/7, 1/7 ]

Á%© � ª1x � y J . Ð7`�_ (5.8.2) ä%w$×%2�Å � y J .

gap> Sum(inv);

1

å m7æ Á7` § äVa�:@U"Mq¨	ªB| J b ,

1 =
1

20160
+

1

96
+

1

192
+

1

180
+

1

12
+

1

18
+

1

8
+

1

16
+

1

15
+

1

15
+

1

15
+

1

6
+

1

7
+

1

7

��ç §�è4§ 3�é § SVU { 2 �kê ¸�ª , ` § ä4~*2�ë p	ìVí >1î7ï�ð�ë ��� ä%_ A�J . ñ�|�Á 1/20160 Áò � 1/N (N ~ 20160 §�ó � ) a��IôõÃBö$÷4ë��1s��Va�ø5¸�ª����Va
rùÁ�8 J `%b1a ê ¸�ªB|*y7¹5©
� . Ð;úùû�ü�ë�ý5_D~�ë���`Db	w$þ�� { y J�P�Q ú . ¾�ÿ ä4~�û�ü�ë ÿ ä�ë�w � ¬7­�» §�� Ã�� { y7[
Ô����Va	��d4Á���
�� J �$� ä�ë § _�
 J .

5.2 ��Á"Z�W7[�©7ú�Á , » G § ¡�o g Á�Ô
¨	ª����7w���� J . G § �*W�ª § o § ���VaHÄ���� J Á�~��
ú�¨�[ � ��� P�Q úHö . Â(bHÃ §L¼�½�¾ Á����1y J o § ���4~����%_�
 J `�b�Á��7w�Ã ô�b , ` §��! 
~�û�ü4Á���Ä�� J . ¡ ¼�½�¾�§#" ��o § ���%w ò y7¹!��WBª § G § o § ���7w ò J�§ _$
 J . ¡ ¼�½�¾
Á����1y J o § ��� §&% � ¿k~ R § ©7ú"Á4¨�ª1x � y J .

gap> List(ccl, c -> Order(Representative(c)));

[ 1, 2, 2, 3, 6, 3, 4, 4, 5, 15, 15, 6, 7, 7 ]

10 G
n , 12 G
n §L¼�½�¾4§�" �Do%~ ,
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gap> Representative(ccl[10]); Representative(ccl[12]);

(1,2,3,4,5)(6,7,8)

(1,2,3,4,5,6)(7,8)

_�
 J ö � , ×%öDÁ�����~BÐ$y('$y , 15, 6 Á�ë � ªB� J .

5.9 )+*-,/.��%�4�10�2�3-4

5 �%_7~ , Ô��B» Sn
§$¼�½B¾ a ò ¾ ¨�©7ú . Sn

§ o g ~ ¼�6 ë�7�8¦a � [�ë���9(:�;�v §�< b�¨�ª
( =�>(a	?�@A��y�¹ ) � c�æ Á�� { yAB . GAP _�~ , Ð$C$ÐAC��ED�ë$o�C�` § ©�ú	ë�F�_1��Æ { yBª���B
§ _�
 � [ .

gap> g := (1,2,3)*(2,5,6)*(3,1,4);

(1,5,6,2)(3,4)

`"y7~ , g _�G*� { y+BH9(:�» G = 〈g〉 § z�f Ω = {1, 2, 3, . . .} I § � g Á � �(B ±�J ò �4Á�K�ë �
ë�� .

gap> G := Group(g);

Group([ (1,5,6,2)(3,4) ])

gap> OrbitsDomain(G);

[ [ 1, 5, 6, 2 ], [ 3, 4 ] ]

g ~ 6 7�8 {1, 2, . . . , 6} § ;�v%ë § _ , ÈLC#M � ë$NLy�¹ GAP ~�ßPO æ Á Ω = {1, 2, . . . , 6} bù��QA�
B . g a S8

§ oIb ê ¸�ª ,
� g�R a Ω = {1, 2, . . . , 8} bTS�����y7¹ ,

gap> OrbitsDomain(G, [1..8]);

[ [ 1, 5, 6, 2 ], [ 3, 4 ], [ 7 ], [ 8 ] ]

gap> OrbitLengthsDomain(G, [1..8]);

[ 4, 2, 1, 1 ]

`�`$Á Ç ª�U4[ (4, 2, 1, 1) a S8
§ o g §�V�WAX�Y[Z]\�W�^-_ �¦ú . Ñ7ÒA`�acbed�Ò�f ~ , ±�J;§ o §

s���gih�j1��=4Á#kAlAm�C §�n 
oB . Ω = {1, 2, . . . , 8} n 
oB�ö �Hp � 4 + 2 + 1 + 1 = 8 _ ë$B . q §
©7ú"Á Ñ7ÒA`�acbrd�Ò�f g ê ¸AB _ j , 1 Ctso�4Á�uDy+BAq _ w�v�Ê n 
$B . Ð §�w Ý n , g g S8

§ o
_ ¨�ª ê ¸�B#x�y , ü4Á g = (1, 5, 6, 2)(3, 4) n ~�ëqô , z�Oo{|C ê�} ¨�ª , g = (1, 5, 6, 2)(3, 4)(7)(8) _
����q _ C�
$B . ��~4Á , Sn

§ o g §$Ñ7ÒA`ia[brd�Ò�f ~

λ = (λ1, λ2, . . . , λr)

_ � { y+B . q�q$Á {λi} ~ λ1 ≥ λ2 ≥ · · · ≥ λr > 0 ö�Ã ,
∑r

i=1 λi = n gH��m��Vß��B� n 
$B . q §
©7ú�ë4ßT��� §�� λ g n §i�$� (partition) _ �¦ú .

òo�
λ g���� § Á���� § ©7ú�ë1�����&g���ú!q

_ C��5� .

λ = (λ1, . . . , λr) = (1m1 , 2m2 , . . . , nmn)
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��� § ��Æ4~ , λ §��(��� w , 1 w m1 � , 2 w m2 � , . . . ö ��n j�ªB��BAq _ g�Æ
¨�ª��AB . �Dë��(� ,
∑n

i=1 imi = n. ·%¸B¹ ,

(4, 3, 3, 1) = (11, 20, 32, 41)
{ ª Sn

§�� g §$Ñ7Ò�`�acbrd�Ò$f ~ n § ò�� λ g	��Å�B _T�V� ª�C�©L� . Sn
§L¼�½�¾ ~ Ñ7ÒA`�a�b

d�Ò�f Á7© � ª���Ù4Á� �����N � y+B . �Dë��+�
(5.9.1) g, g′ ∈ Sn w ¼�½ Á�ë�B�m�Å §#� Ê�� ò���� ~ g _ g′ wo��� ÑDÒA`ia�b�d$Ò$f g � Ã�q _En 

B . ¨�m�w � ª , Sn

§L¼�½�¾4§ z�y _ n § òo� § z�y4~ � Ô¡� ÁLÔ�ÕA�(B .

¢�£
, ¤ { k § 9�:�;�v g = (a1, a2, . . . , ak) _ σ ∈ Sn Á$Ô�¨ , σ−1gσ ~�¥�¦�¤ { k § 9-:�;�v

σ−1gσ = (a1σ, a2σ, . . . , akσ) Á�ë�B . q"y�ö �¨§$© Á , ��~ § g ∈ Sn ÁLÔ
¨�ª , σ−1gσ ~ g _ ��� Ñ
ÒA`iacbªd�Ò�f g � Ã�q _ w�«5ö*y+B . ¬;Á , g, g′ ∈ Sn w$��� Ñ7ÒA`ia­brd�Ò�f g � Ã _ j , Ø §�®�¯
gH° ê Á4¨"ª σ−1gσ = g′ _ ë�B σ ∈ Sn g�±���NoBAq _ w n j�B . ���%ÁL·�g�Æ�� . ��~ § x�y4~L·
¸�¹ ,

g = (2, 1, 3, 4)(7, 6, 8)(5), g′ = (8, 6, 1, 2)(4, 3, 5)(7)

g S8
§�� ( Ñ7ÒA`�acbed�Ò$f ~ ¼ Á (4, 3, 1)) _ �(B _ ,

σ =

(
2 1 3 4 7 6 8 5
8 6 1 2 4 3 5 7

)
= (1, 6, 3)(2, 8, 5, 7, 4)

_ ��y7¹7©L� . ² § m�ÅBÁ GAP n�³�´ ¨�ªB|AB _ ,

gap> g := (2,1,3,4)(7,6,8)(5);

(1,3,4,2)(6,8,7)

gap> s := (1,6,3)*(2,8,5,7,4);

(1,6,3)(2,8,5,7,4)

gap> g^s;

(1,2,8,6)(3,5,4)

��Æ�~iµ�ëoB$w , q�y7~ g^s w g′ = (8, 6, 1, 2)(4, 3, 5)(7) Á���¶A��B�q _ gHÆ°¨	ª��AB . GAP Á�~ , »
G §�· m�Ã §�� x, y w G Ø ¼�½ ö&�BúHö(g	¸����(B#¹�Ö IsConjugate(G,x,y) w�º w { y�ªB�AB .

gap> g1 := (8,6,1,2)(4,3,5)(7);

(1,2,8,6)(3,5,4)

gap> IsConjugate(s8, g, g1);

true

(5.9.1) Á7©+» , Sn
§�¼�½�¾�§ ò ¾ ~ n § ò�� § ò ¾/_ �Vú½¼�¾�Á � y�« ¯7æ ë �� Á�¿�À���B . Pn g

n § òo� § z�y _ �(B . λ ∈ Pn ÁLÔ
¨ , Ô�ÕA�(B G = Sn
§L¼�½�¾ g Cλ

_ �°¨ , gλ ∈ Cλ g�Ð §�" ��Á_ �(B . Cλ
§��%§ � �4~ |Cλ| = |G|/|ZG(gλ)| n �7¸ � y+B §�n , á1â�ã » ZG(gλ) § ����g�É�BAq

_ w�v�Ê n 
$B . Â7w$�Ã»²��Ã .

(5.9.2) λ ∈ Pn g λ = (1m1 , 2m2 , . . . , nmn) _ ��� . q §�_ j

|ZG(gλ)| =

n∏

i=1

mi! · imi .
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(5.9.2) g�Æ¦Ð(ú . gλ =
∏n

i=1

∏mi

j=1 gij
_ �7«�B . m$Ä;¨ gij ~�¤ { i § 9-:�;$Å n�Æ�Ç ��Á ¼o6(§

7o8&g � mBëB��C §�_ �+B . (5.9.1) §�È-É%§�®$¯ ö � , σ ∈ §n Ê ZG(gλ) Á��&��Ë�B�m�Å § �o��Ì ,

i = 1, . . . , n Á1Ô ¨�ª!Íoy Xi = {gi,1, . . . , gi,mi
} Ê σ §L¼�½;§ � º n zoÎ4Á�ë�B�q _	n 
$B . Ð�q n

σ = σ1 . . . σn
_ �|Ï�Ë+B . m�Ä4¨ σi ∈ Simi

. σi

Ì
Xi
§ ;�ÅÐg%ß$´�Á�ÑAË-B , Ð�Ë Ì mi!

§�Ò�Ó � Ê

�B . σi

§ Xi I § ;�ÅÐg��DÃ�Ô��(�(B . ·5¸D¹ , Õ ÿ ;�Å σ−1
i gijσi = gij

_ �oË%¹ , σi =
∏mi

j=1 g
kj

ij§ F4ÁiÖ�NoB . q�q$Á 0 ≤ kj ≤ i− 1
Ì�× w ÁiÑAË+B . ¨im Ê � ª , Xi

§ ;�ÅÐg�Ôi�°¨�m _ j , σi Á
Ì

imi § ÑÃ»ÙØ Ê n j�B . qHË(©-» (5.9.2) Ê�Ú � Ë+B .

å�Û · n�Ü l�ªoÝ�©7ú . λ = (3, 3, 2) = (10, 21, 32) _ ��Ë7¹ , gλ ∈ S8
_ ¨�ª gλ = (1, 2, 3)(4, 5, 6)(7, 8)

Ê ÑAË+B . q §�_ j (5.9.2) Á%©-»

|ZG(gλ)| = (2! · 32) × (1! · 21) = 36

��Ø , GAP n�Þ�´ ¨�ª�ÝAB _

gap> g := (1,2,3)(4,5,6)(7,8);

(1,2,3)(4,5,6)(7,8)

gap> Size(Centralizer(s8, g));

36

_ ëL» , Å n m4¨�Å n m�¨ n 
$B .

Pn
§��5§ � �Lg n §��$��ß _ �D� , p(n) _ �(� . Pn C p(n) C GAP n ûBü;Á!à%Å � Ë-B .

òo�
λ = (λ1, . . . , λr) Á�Ô°¨ , Ð §��-���B§ � � r g λ § ¤|Ï _ ��� , r = l(λ) _ ��� . ��m n =

∑
λi g

n = |λ| _ Ö ô . ÏLª , |λ| = n, l(λ) = k _ ë�B òo� § Í�yÐg Pn,k
_ ��� . Pn,k

Ì
, Partitions(n,k)

n�á ¸ � Ë+B . k gHâAã¦¨õü4Á Partitions(n) _ Ö�N�¹ n § òo� § Í�y Pn Ê�Ú � Ë+B .

gap> Partitions(3);

[ [ 1, 1, 1 ], [ 2, 1 ], [ 3 ] ]

gap> Partitions(4);

[ [ 1, 1, 1, 1 ], [ 2, 1, 1 ], [ 2, 2 ], [ 3, 1 ], [ 4 ] ]

gap> Partitions(8,3);

[ [ 3, 3, 2 ], [ 4, 2, 2 ], [ 4, 3, 1 ], [ 5, 2, 1 ], [ 6, 1, 1 ] ]

p(n)
Ì

NrPartitions(n) n à7Å � Ë+B . Í�y Pn,k
§��%§ � � Ì NrPartitions(n,k) n 
$B .

gap> NrPartitions(3);

3

gap> NrPartitions(8,3);

5

� � p(n)
Ì�äoå Á�Ü7Ý�æ5� � � n 
$B . ñ-ÝBÁ , n = 1 ∼ 100 ÁLÔ
¨�ª p(n) g Þ�´ ¨�ªoÝAB _ ,
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gap> part := List([1..100], x -> NrPartitions(x));

[ 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 77, 101, 135, 176, 231, 297, 385,

490, 627, 792, 1002, 1255, 1575, 1958, 2436, 3010, 3718, 4565, 5604, 6842,

8349, 10143, 12310, 14883, 17977, 21637, 26015, 31185, 37338, 44583, 53174,

63261, 75175, 89134, 105558, 124754, 147273, 173525, 204226, 239943,

281589, 329931, 386155, 451276, 526823, 614154, 715220, 831820, 966467,

1121505, 1300156, 1505499, 1741630, 2012558, 2323520, 2679689, 3087735,

3554345, 4087968, 4697205, 5392783, 6185689, 7089500, 8118264, 9289091,

10619863, 12132164, 13848650, 15796476, 18004327, 20506255, 23338469,

26543660, 30167357, 34262962, 38887673, 44108109, 49995925, 56634173,

64112359, 72533807, 82010177, 92669720, 104651419, 118114304, 133230930,

150198136, 169229875, 190569292 ]

p(100) = 190569292
Ì�ç Á 1 èÐgHé�ê�¨�ª�ëì» , p(n) Ê!í�î ÁiïAh��(B ��ð n 
$B�q _ Ê ò ö�B�Ä$ñ

ú . Partitions(100) g GAP Á Þ�´ Ï�«-B�©%ú"ë+q _ Ì�ò Á*Ã�Ã@¨!�*ë�N!Ë7¹�ë � ëB� . Ï$ª�q §
�Ðg�óDÅ�ªoÝAB _Tô ç § ð è Ì Ë ð Ê ë � D n �ABAq _ Á�� Ê Ã°ôEÄ�ñ4ú . p(2) = 2, p(3) = 3, p(4) =

5, p(6) = 7, p(7) = 11. q�q n , p(4) = 5 ö �Ùõ Å*ª/ö � µ�Ã�÷�gHÑ&øLªB�Iô _

gap> part[4]; part[9]; part[14];

5

30

135

��l�ª 5 n � »eùAË+BAq _ Ê ò ö�B .
5�ú æ Á�×7ö�Å�ªoÝAB _ ,

gap> part5 := List([4,9..99], x -> NrPartitions(x));

[ 5, 30, 135, 490, 1575, 4565, 12310, 31185, 75175, 173525,

386155, 831820, 1741630, 3554345, 7089500, 13848650,

26543660, 49995925, 92669720, 169229875 ]

[4,9..99] Ê 2.4 � n�û(É ¨�m ,
ç è 4, ü�ý 5, ô�þ�è 99 §�ÿ ý ð�ÿ gHÎ R/_ «;© _ �VúÙS�� n 
oB .

×7ö�Á , p(5k+ 4) Ê ��l�ª 5 n � »eù�Ë(BAq _ Ê ò öAB . Â5Á , p(5) = 7 Á�����¨	ª 7 � µ�Ã�ï�à@¨	ª
�Iô _

gap> part[5]; part[12]; part[19];

7

77

490

à Ì » , ��l�ª 7 n � »ªùAË+B . � _ ���*©�ú"Á��Ã»�C Ü l�ªoÝ�B _

gap> part7 := List([5,12..96], x -> NrPartitions(x));

[ 7, 77, 490, 2436, 10143, 37338, 124754, 386155,

1121505, 3087735, 8118264, 20506255, 49995925, 118114304 ]
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q#Ë Ì , ��� ø _ ±Am�Ä�N n Ì 7 n � Ë�B�ö&��úHö ò ö � ë�� . ÐAq n 7 n � ø�m�	Ã»#g#ÑÃ» Ç ¨�ªoÝ
B _

gap> List(part7, x -> x mod 7);

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 ]

±�
�Á 7 §
� ð Á�ë�ø�ª���B�q _ Ê ò öAB .
¢ Ì ��� § q _ Ê p(6) = 11 Á�Ã���ª-C����A��B §�n 
oB .

gap> part11 := List([6,17..94], x -> NrPartitions(x));

[ 11, 297, 3718, 31185, 204226, 1121505, 5392783, 23338469, 92669720 ]

gap> List(part11, x -> x mod 11);

[ 0, 0, 0, 0, 0, 0, 0, 0, 0 ]

��ð
p(n) Á�Ã���ª��A� §$ÿ ä Ê ��~;Á����+�+B+q _ Ê Ramanujan Á4©�» ÆÁÏ�ËDª���B . q�Ë � g

Ramanujan §�ÿ ä _ �¦ú .

p(5k + 4) ≡ 0 (mod 5),

p(7k + 5) ≡ 0 (mod 7),

p(11k + 6) ≡ 0 (mod 11)

��m , p(n) §����7æ ë � Á�Ã���ª Ì , Hardy-Ramanujan Á�©-»

p(n) ∼ 1

4
√

3n
exp(π

√
2n/3)

_ �Vú�� ôTl�jEü�ä Ê É � Ë�ªB�AB . Ramanujan §�ÿ äDà , Hardy-Ramanujan § ü�ä�ë�� , p(n) § æ
������g������(B�m�Å §�Ç�� {�Á�ë�B § Ê , ���%Á� �l+B"é"! ð §Lê ¸�Ø n 
$B . ��~4Á ðoÿ {an}∞n=0

Ê á ¸ � Ë�m _ j ,

f(t) =
∞∑

n=0

ant
n

_ ë$#�ª , f(t) g ðoÿ {an} §�%'&�ß (generating function) _ #¦ú . f(t)
Ì
t g	z�� �|_ �(BHF�ä æ"() ð _ ¨"ª ê ¸AB . an ∈ C § x�y4Á Ì , *�+ R gH�;Å�ª ¢$£ § ! ð _ ¨�ª�, ú!q _ CE�-# .

ðoÿ {an}
§ �'� Ì é.! ð f(x) Á!��l�ª�/$0�Ï#Ë�ª$#�B _ Ý$B § Ê é.! ð § ��x n 
oB . ��1 § an

Ì ��±D¹32�¹
2 n , ,"#�Á�4�g65-#�ª-C , Ð�Ë72�g�Ù Û _ ¨	ª��98�Ø § ��x7ö:2�±�Ë�¹ , � ô<;�Ë.= n?>A@ Ê Ñ�ËBª$#
B _ #Vú!q _ Ì , ©�ô�
$BAq _	n 
$ñ4ú . ��~ è an Ê Ä�ÅB2tË�ëqô�ª+C�! ð f(x) Ê �� n jiË7¹ , Ð
Ë�g�CAºI¨�ª , an

§ ����g	« ô�q _ Ê n j�B . éD! ð Ì , ú��Vô Ì �oø�m�E , F �'2�Ë�ë�#;©7ú�ë?G'H
g ��I �(B §�n 
$B . é"! ð Ì generating function §
J$K+n 
$B�öL2 , = J ��Ë7¹�G��"! ð n 
oB . M
öBM , G��"! ð n Ì #�ö�Á(C"Ý��%ë�# n Ì ë�#�ö . N Ì ,

ðoÿ {an} O�é5ë�B?! ð _ M�P�O?Q.# Ê�R Å�2
Ë'P�#AB�é"! ð _ #¦ú �$S Ê hAT|j n 
$B .

Ï�P , p(0) = 1 _ M�P , p(n) O�é"! ð

F (t) =

∞∑

n=0

p(n)tn
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g ê ¸VU7ú . p(n)
Ì
Sn O ¼�½�¾ O � ð ÄAø�m*öL2 , F (t)

Ì
Sn O ¼�½�¾ O�é"! ð _ #(ø?P�C$U�# . _

»E
�¸AW�q�q n Ì , F (t) g6X ðAY�ð O�F�ä æD( ) ð _ M�P�,�ú . Â Ê � »Z�7Ã .

(5.9.3) F (t) =
∞∏

n=1

(1 − tn)−1

(5.9.3) g�Æ;Ð4ú .

∞∏

i=1

1

1 − ti
=(1 + t+ t2 + · · · + tm1 + · · · )×

(1 + t2 + (t2)2 + · · · + t2m2 + · · · )×
(1 + t3 + (t3)2 + · · · + t3m3 + · · · )×

· · · · · · · · ·
(1 + ti + (ti)2 + · · · + timi + · · · )×

· · · · · · · · ·

[�\ g
]�^:M�m _ j_O���~ è Ì , tm1+2m2+···imi+··· n�á ¸:2tË+B . Ð�q n [�\ g6XBþ���Ë7¹ , tn O Y�ðÌ
]{(m1, . . . ,mn) | ∑n

i=1 imi = n} = p(n) _ ë�B . Mim Ê ø?P (5.9.3) Ê �$���(B .

Ï?P (5.9.3) O F (t)
Ì?` Ë-! ð _ Ý�B _ j , |t| < 1 n_a Ô$*$+bM , c'd.! ð g á ¸(B . q = exp(2piτ)

_ ��B _ j , Dedekind O η ! ð η(τ) = ζ
∏∞

n=1(1− qn) (ζ
Ì

1 O 24 e�f ) g 6 ��P F (t) O��'� Ê Ü
l72PË , ÐAq"ö:2 p(n) Á_!���B#�'� Ê «%ö�Ë(B . ¼�¾4Á � y�g ¯%æ ëLÔ�h n 
oø�m ò�� ð Ê é.! ð g6i
����ÁjM6P , k�l�! ð ¯ O�hAm4Á�nÃ» Ç P�#qôoO n 
$B .

g�ø1ö
ô p(n) O�é"! ð F (t) Ê �Ð�$ø�m�O n , q#Ë-g�C�ºpM�P p(n) g�q ´ M�PoÝVU5ú . Ð�O�m�ÅBÁ Ì ,

GAP Á�� è äjO�q ´ g"àr2sg�ëoN�Ë�¹�ëB2Hë�# . GAP n z�� � t Á9!���B
t�þ�! ð f(t) ∈ Q(t) gH�u �(B�Á Ì

gap> t := Indeterminate(Rationals, "t");

t

_ ��Ë7¹"U�# . q#Ë n � è ä�à�t�þ�äjO?q ´ Ê ß?v�Á n j�B . ·%¸�¹

gap> (t +1)^5;

t^5+5*t^4+10*t^3+10*t^2+5*t+1

gap> (1-t)^-1;

(1)/(-t+1)

á ¸:2tËAm�� è ä P (t) O Y�ð ÄoN$gHÑÃ» Ç M�P %�w ¿tg�x�B�Á Ì ,

gap> P := t^5 + 3*t^2 + 2*t + 1;

t^5+3*t^2+2*t+1

gap> CoefficientsOfUnivariatePolynomial(P);

[ 1, 2, 3, 0, 0, 1 ]
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_ ��B . UnivariatePolynomial _ Ì � Î ð Oi� è ä _ #Vú w Ý n 
�B .
Y�ð Ì

0 Â�ö:2 ôAy Â�� n�z
( Oi=�Á#k(D n #�B . F (t) go{�ø�P n = 1 ∼ 100 � n O p(n) g
q ´ M6P�Ý-U�ú . Pi(t) = (1− ti)−1 _
ë
ô . F (t) =

∏
i≥1 Pi(t)

n 
�B . F (t) g t100 � n q ´ M�mA#�O n , | Pi(t) = 1 + ti + · · · timi + · · ·
g imi < 100 _ ë�B ô h-O mi � n q ´ �(B � Ê Ê 
oB . Ð�q n mi = [100/i] _ ë-j ([x]

Ì
x g�}-~

ë�# ô hDO�X ð ),

P̃i(t) = 1 + ti + · · · + timi =
1 − ti(mi+1)

1− ti

ÁLÔrM6P ,
∏100

i=1 P̃i(t) O�].^�Á�ëANoB 100 Â�� n O è g Ü l�Ë"�DU�# . �?W m1, . . . ,m100 O %�w ¿ mm

g�q ´ ��B .

gap> mm := List([1..100], i -> (100-(100 mod i))/i );

[ 100, 50, 33, 25, 20, 16, 14, 12, 11, 10, 9, 8, 7, 7, 6, 6, 5, 5,

5, 5, 4, 4, 4, 4, 4, 3, 3, 3, 3, 3, 3, 3, 3, 2, 2, 2, 2, 2, 2, 2,

2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,

1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,

1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 ]

Â�Á P̃1(t), . . . , P̃100(t) O %�w ¿ factors g�q ´ �(B .

gap> factors := List([1..100], i -> (1-t^(i*(mm[i]+1)))/(1-t^i));;

q#Ë Ì�� � Ç Ï�g+B _ h�Î5ë+q _ Á�ë�B . #IôõÃ�ö�Ö-#�PoÝAB _

gap> factors[1];

t^100+t^99+t^98+t^97+t^96+t^95+t^94+t^93+t^92+t^91+t^90+t^89+t^88+t^87+t^86+

t^85+t^84+t^83+t^82+t^81+t^80+t^79+t^78+t^77+t^76+t^75+t^74+t^73+t^72+t^71+

t^70+t^69+t^68+t^67+t^66+t^65+t^64+t^63+t^62+t^61+t^60+t^59+t^58+t^57+t^56+

t^55+t^54+t^53+t^52+t^51+t^50+t^49+t^48+t^47+t^46+t^45+t^44+t^43+t^42+t^41+

t^40+t^39+t^38+t^37+t^36+t^35+t^34+t^33+t^32+t^31+t^30+t^29+t^28+t^27+t^26+

t^25+t^24+t^23+t^22+t^21+t^20+t^19+t^18+t^17+t^16+t^15+t^14+t^13+t^12+t^11+

t^10+t^9+t^8+t^7+t^6+t^5+t^4+t^3+t^2+t+1

gap> factors[2];

t^100+t^98+t^96+t^94+t^92+t^90+t^88+t^86+t^84+t^82+t^80+t^78+t^76+t^74+t^72+

t^70+t^68+t^66+t^64+t^62+t^60+t^58+t^56+t^54+t^52+t^50+t^48+t^46+t^44+t^42+

t^40+t^38+t^36+t^34+t^32+t^30+t^28+t^26+t^24+t^22+t^20+t^18+t^16+t^14+t^12+

t^10+t^8+t^6+t^4+t^2+1

gap> factors[3];

t^99+t^96+t^93+t^90+t^87+t^84+t^81+t^78+t^75+t^72+t^69+t^66+t^63+t^60+t^57+

t^54+t^51+t^48+t^45+t^42+t^39+t^36+t^33+t^30+t^27+t^24+t^21+t^18+t^15+t^12+

t^9+t^6+t^3+1

Â�Á partfcn =
∏100

i=1 P̃i(t) g�q ´ M�P

gap> partfcn := Product(factors);;
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ÏD2"Á Ú 2tË�m�� è ä partfcn O Y�ð gHkAlAm %�w ¿tg�x�B .

gap> coeff := CoefficientsOfUnivariatePolynomial(partfcn);;

gap> Size(coeff);

8300

Yoð O %�w ¿�O Ñ5Ò�Ó Ì , 8300 Ã+�&» , partfcn
Ì

8299 Â _ #@ú _ D n C$ë�#D��h5ë�� è ä;Á�ëAB .

Ï�P coeff[1]
Ì

0 ÂDO Y�ð , coeff[2]
Ì

1 ÂVO Y�ð , etc. n 
$B�öL2 , %�w ¿ coeff öL2 , 2.6 �jO
U7ú"ÁjM6P , � 2 è öL2�� 101 è � n g��|j Ç M�m %�w ¿tg�x�B .

gap> cpart := coeff{[2..101]};;

q#Ë Ê à�Å�B p(1) ∼ p(100) O %�w ¿Pg á ~AB Ì W n 
$B .
¢$£ ×%ö�ÅAPoÝAB _

gap> part = cpart;

true

_ ëL» , ±_
4Á!��¶A�(B�q _ Ê ò ö�B . Ð�Ë7Á�M�P�CHÈ _ #¦ú ä��$� æ ë�q ´ Ä$ñ4ú . � 1 Ì 100 Â��
n O Y�ð g�à7Å�B�O$� , 8299 ÂVO�� è äÐg�q ´ M�m$O n 
$B . GAP O.�_���B�
�'�����.~:2tË'P õj�
P Ò�Ó ��ëAø�m(q _En 4$q ´(n Ì�� h�ë�E��+go���A�(B�q _ ���$B . �.! ð �DU�B�Ø��VO�� ¯���n O?�
HÐÏ _ ,

¢$£ O?q ´ ��ë�NoB ä HÐÏ_O.���B�s� w ��� Ì , � �o��¡ì» n�¢ B .

5.10 £D¤V¥�¦�§-¨V©«ª�¬�¦�­L®�¯

°�±9²
Sn O�³_´Aµ"��¶A#9P Ì�· �¹¸'¡oøim9O n , º�» Ì�¼�½ ² An O
³9´�µD�?¶�#_P�¾$¿jU�À . G̃ = Sn,

G = An Á ë�� . G
Ì
G̃ O�c'Â$Ã�¸ ² ��OAÄ , G

Ì
G̃ O�³�´�µ3O�ÅoÍ$Æ3����Ç . Cλ È ¸�É λ ∈ Pn

� °$ÊDË Ç G̃ O?³�´$µ Á Ë Ç . gλ ∈ Cλ È ½�Ì"Í Á Ë Ç Á , gλ ∈ G �L2�� Cλ ⊂ G, gλ /∈ G �L2��
Cλ ∩G = ∅ Ä ¢ Ç . λ = (λ1, . . . , λr) Á Ë Ç Á , gλ

Ì�Î Ï λ1, λ2, . . . , λr O�ÏDÐ9Ñ�ÒjO�Ój����Ç . Á9Ô
ñ�Ä ,

Î Ï k O�Ï"Ð_Ñ�Ò Ì k− 1 ÕVO�ÖAÒVO�Ó"Ä�Ö3×�Ç . M�Ø9ÙAø�P , gλ Ú ∑r
i=1(λi − 1) = n− l(λ) Õ

O�Ö$ÒVO�ÓDÄ�Ûj×�Ç .
Ë �9ÜDÝ , l(λ) ≡ n (mod 2) O Á�Þ , gλ ∈ G, ß3ÀoÄ'��×�à"� gλ /∈ G Ä ¢ Ç . Ô

Ô Ä

P0
n = {λ ∈ Pn | l(λ) ≡ n (mod 2)},

P1
n = {λ ∈ Pn | l(λ) 6≡ n (mod 2)}

Á ër� . á�â Pn = P0
n ∪ P1

n Ä ¢ Ç . º�ã_Ä�O�äAå-¡L2

(5.10.1) G =
∐

λ∈P0
n

Cλ

Á ��Ç . Cλ Ú G O�³�´jO�x'æ.Ä�ç$èV��O�Ä , Cλ Ú G O�³�´$µjO�Å$é$Æj��¸$ê Ë Ç . Ô O�¸$êjOjM
¡
Ø9Ù?¸�¡�à.� , G = An O�³A´Aµ Ú ¸�µ"Ä Þ Ç . ß�à È6ë Ç�Ø � � , 5.8 ì"Ä?¾�¿�Ø A8 O�³A´�µ È S8 O
³�´$µ Á�í�î M�P�ïVU"À .
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gap> s8class := ConjugacyClasses(s8);;

gap> reps8 := List(s8class, c -> Representative (c));;

gap> repa8 := Filtered(reps8, c -> c in a8);

[ (), (1,2)(3,4), (1,2)(3,4)(5,6)(7,8), (1,2,3), (1,2,3)(4,5)(6,7),

(1,2,3)(4,5,6), (1,2,3,4)(5,6), (1,2,3,4)(5,6,7,8), (1,2,3,4,5),

(1,2,3,4,5)(6,7,8), (1,2,3,4,5,6)(7,8), (1,2,3,4,5,6,7) ]

S8 O�³�´$µjO:ð w � È�ñ � , ßAO ½$Ì�Í ¡L2��'Ç�ð w � È x ò , ß Ô ¡L2 A8 ��ó�ã?à-Ç Í"ô × È�õ òö M�Ppð w � repa8 È x:÷_Ø . øjO Ì � °$Ê.Ë Ç n O�¸�É È�ù ¿$à"��úVODU"À�����Ç .

(18), (22, 14), (24), (3, 15), (3, 22, 1), (32, 12),

(4, 2, 12), (42), (5, 13), (5, 3), (6, 2), (7, 1)

Ô à Ú , 8 O�¸�É"Ä , (5.10.1) O�û�ü È�ý Ø Ë3þ O$O�ÿ��DÄ ¢ Ç . ���

gap> part8 := Partitions(8);;

gap> Filtered(part8, c -> Size(c) mod 2 = 0);

[ [ 1, 1, 1, 1, 1, 1, 1, 1 ], [ 2, 2, 1, 1, 1, 1 ], [ 2, 2, 2, 2 ],

[ 3, 1, 1, 1, 1, 1 ], [ 3, 2, 2, 1 ], [ 3, 3, 1, 1 ], [ 4, 2, 1, 1 ],

[ 4, 4 ], [ 5, 1, 1, 1 ], [ 5, 3 ], [ 6, 2 ], [ 7, 1 ] ]

ÔAÔ Ä , repa8 Á A8 � ³�´9µ � ½�Ì$Í � ð w � rep Èoí ¿��Aï�Ç Á , �
	 ��� �.Ù�¸�¡'Ç . λ ∈ P0
8 �
°



, λ = (5, 3) ã?Ø Ú λ = (7, 1) �DÁ�Þ , Cλ Ú Cλ = C ′

λ∪C ′′
λ Á A8 ��� ¶ � ³_´_µ.��¸_ê Ë Ç . λ = (5, 3)

�VÁ�Þ , C ′
λ, C

′′
λ �
½�Ì$Í Ú , ß�à���à (1, 2, 3, 4, 5)(6, 7, 8), (1, 2, 3, 4, 5)(6, 8, 7) Ä��.~���àDÇ . λ = (7, 1)

�3Á�Þ , C ′
λ, C

′′
λ �
½�Ì�Í Ú (1, 2, 3, 4, 5, 6, 7), (1, 2, 3, 4, 5, 6, 8) Ä��"~���àDÇ . λ /∈ {(5, 3), (7, 1)} �9¶
�

� Ú , Cλ Ù A8 � ³�´$µ È �"~.Ç . ��� GAP Ä��D¡ � �$ï.Ç Á ,

gap> rests8 := Filtered(s8class, c -> Representative(c) in a8);;

gap> List(rests8, c -> OrbitLengthsDomain(a8, c));

[ [ 1 ], [ 210 ], [ 105 ], [ 112 ], [ 1680 ], [ 1120 ], [ 2520 ], [ 1260 ],

[ 1344 ], [ 1344, 1344 ], [ 3360 ], [ 2880, 2880 ] ]

S8 � ³�´$µ � ð�� � ¡�� , A8 ��ó�ã?à-Ç þ � rests8 È�õ ò ö 
 , �$³�´$µ � øj� , A8 È ³�´DÄ��'æ �! Ø þ ��È#"%$ ¸�ê 
 �7ð&� � È �3÷�Ø . �"¡�� , λ = (5, 3) Á λ = (7, 1) � °�Ê�Ë Ç Cλ Ú%')(�* �
� ��� ¶ �+"�$ [1344, 1344], [2880,2880] ��¸$ê 
 �
�.Ç Ô.Á Ù�¸D¡"Ç .

�$ø �+� � È+,.-�� G = An �9¶����/�D¡ ��0 À . ã�1 , λ ∈ P0
n �
° 
 � , Cλ Ú3254 2 Õ � G- ³A´

µj��¸$ê Ë Ç Ô.Á �76
8 Ë Ç . ��� , G̃ = G ∪ σG (σ Ú G̃ � ¢ Ç Í ) Á Û3×�Ç � Ä ,

Cλ = g
eG
λ = gG

λ ∪ (gσ
λ)G = C ′

λ ∪ C ′′
λ

Á ��Ç . Ô$Ô � C ′
λ, C

′′
λ Ú G � ³�´$µ-Ä , gλ Á gσ

λ Ù G ø�³�´V�5��9 C ′
λ = C ′′

λ = Cλ, ß3ÀoÄ.�'×�à
9 C ′

λ 6= C ′′
λ Ä ¢ Ç . Ô��+�jÚ ãAØ�:<;�= ² ZG(gλ) �+>�? Ä_ú � 0 À
� > ��@�A.Ç Ô.Á þ Ä Þ Ç .

(5.10.2) ZG(gλ) Ú Z eG(gλ) �72�4#B�C 2 � Ã$¸ ² Ä ¢ ò , [Z eG(gλ) : ZG(gλ)] = 2 ���79 , Cλ Ú G �
³�´$µj� ,%D 
 , Z eG(gλ) = ZG(gλ) ����9 , Cλ Ú G ø 2 Õ ��'E(F* �A� � ³�´$µj��¸$ê Ë Ç .
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��� , |Cλ| = |G̃|/|Z eG(gλ)|, |C ′
λ| = |G|/|ZG(gλ)| = |G̃|/(2|ZG(gλ)|) 0 ò Ô à Ú ËHG ö Ç .

ß Ô Ä , (5.10.2) �.I���� Z eG(gλ) = ZG(gλ) Á �'ÇAØ � � λ ∈ P0
n � û�ü È�ñ ��0 À . Ô à Ú , Z eG(gλ)

Ù�J$Ñ9Ò È ó3ã9�.� Á �BÀ Ô�Á�ÁK'+L Ä ¢ Ç . (5.9.2) � Z eG(gλ) �<M�NBÈ�O � ö ßjÀ . λ = (λ1, . . . , λr)

Á Ë Ç Á9Þ , λi P °�ÊDË Ç�Ï-ÐAÑ�Ò Ú Z eG(gλ) �
Í È �QADÇ .

þ 

λi Ù.R C �5� °�ÊDË Ç�Ï-Ð�Ñ$Ò

Ú J�Ñ�Ò P �DÇ .

 Ø�ÙD÷�� λ1, . . . , λr Ú Ë ¿��%J C Ä.�D×�àS9'�T����� .

 � P , �VU)WYX ��Z[ » Ú 1 Ä ¢ Ç . �V� ,
þ 
 ¢ Ç λi Ù Z [ 
 �Y�-Ç Á Ë Ç , \�AV9 λ1 = λ2 = k Á Ë Ç Á , gλ =

(a1, . . . , ak)(b1, . . . , bk) · · · Á Ì  à-Ç . Ô/�3Á�Þ , σ = (a1, b1)(a2, b2) · · · (ak, bk) Ú gλ ÁF] Ò P �.Ç .
 ¡ 
 , σ Ú J C Õ � Ö�Ò � ÓD� � Ä+JAÑ9Ò P �Bò , ^._ �K`.aQP7b Ë Ç . ��ø P 0 ò , Z eG(gλ) = ZG(gλ)

�5�+9 , λ1, . . . , λr Ú ÖS� P�c�d �.Ç+J C Ä ¢ Ç Ô"Á Ù�¸-¡-÷9Ø . e P λ1, . . . , λr Ù Ë ¿Y� d ��àQ9 ,

(5.9.2) P 0 ò Z eG(gλ ' Z/λ1Z × · · · × Z/λrZ Ä ¢ ò , � Z/λiZ ��f.g
Í Ú ,

Î  
λi ( J C ) � Ï-Ð9Ñ

ÒDÄ ¢ Ç .

 Ø�Ù-÷�� , Z eG(gλ) �

Í Ú Ë ¿���R�Ñ�Ò Á ��Ç . �$ø È ã ÁKh �_ú"Ù�ij��à-Ç .

(5.10.3) n ≥ 2 Á Ë Ç . (n = 1 �7k Æ Ú , S1 = A1 = {1}).
(i) Sn � ³�´$µ Cλ Ù An P ó�ã�à-Ç
û�ü Ú λ ∈ P0

n Ä ¢ Ç .

(ii) λ = (λ1, . . . , λr) ∈ P0
n Á
Ë Ç . Cλ Ù An � 2 Õ � ³�´�µ P ¸$ê Ë Ç �$Ú , λ1, . . . , λr Ù Ë ¿��

c�d ��Ç�J C)�7k Æ P�l Ç . ( Ô��+k Æ , 'E(F*Vm%nY� 2 ¶ � ³�´$µ P ¸$ê Ë Ç ). ß �7o)�+k Æ
Cλ Ú�p�P An � ³�´$µ P�,%D Ë Ç .

An � ³�´$µ � Õ C:È a(n) Á Ir� . n = 2, . . . , 100 P ° 
 � a(n) È�ñQh ��ï 0 À . P0
n � Õ CBÈ b(n)

Á Ir� . ã�Ø (5.10.3) � (ii) È
ý Ø Ë λ � é�Æ È P00
n Á Ì 
 , ß � Í � Õ C:È c(n) Á Ir� . (5.10.3)

0 ò

(5.10.4) a(n) = b(n) + c(n)

Ù g òrq.¶ . ã�1 c(n) ¡�� ¾.¿��
� Ô À . n = 2 ∼ 10 P ° 
 � c(n) I 0�s P00
n Ú ú � 0 À P ��Ç .

n c(n) P00
n

2 0
3 1 (3)
4 1 (3,1)
5 1 (5)
6 1 (5,1)
7 1 (7)
8 2 (7,1), (5,3)
9 2 (9), (5,3,1)

10 2 (9,1), (7,3)

,.-S� c(n) ÈKt�u Ë Ç P�Ú , \ P 0 ÷+�?�Vv CBÈ#w À � Ù�x�yDÄ ¢ Ç . z�{�ø , c(0) = 1, c(1) = 1 Á I
��� ,

H1(t) =
∞∑

n=0

c(n)tn

Á I}| . Ô��+k Æ Ú+~��)P H1(t) Ù ñ ã$Ç .

(5.10.5) H1(t) =

∞∏

n=1

(1 + t2n−1)
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H1(t) È�w ÷<� n = 2 ∼ 100 ã�Ä � c(n) È�M�N 
 �$ï 0 À . H1(t) �����)� Ó È n = 1 ∼ 50 ã�Ä M�NË àV9��9¸DÄ ¢ Ç . ã�1 , ���<� � ð���� factor1 ÈKa�� Ë Ç .

gap> factor1 := List ([1..50], i -> 1 + t^(2*i-1));;

gap> factor1[3];

t^5+1

ú P Ó singfcn =
∏50

n=1(1 + t2n−1) È7M.N 
 � , ß �+��C�È�õ ò ö Ë .

gap> singfcn := Product(factor1);;

gap> coeff1 := CoefficientsOfUnivariatePolynomial(singfcn);;

gap> Size(coeff1);

2501

3 ����Ù c(2), 101 ���6Ù c(100) � � Ä , 3 ∼ 101 �7�%C�È6õ ò ö�! 9 n = 2, . . . , 100 P °'Ë Ç c(n) �
ð���� Ù�ij��à-Ç .

gap> singpart := coeff1{[3..101]};

[ 0, 1, 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 4, 5, 5, 5, 6, 7, 8, 8, 9, 11, 12,

12, 14, 16, 17, 18, 20, 23, 25, 26, 29, 33, 35, 37, 41, 46, 49, 52, 57, 63,

68, 72, 78, 87, 93, 98, 107, 117, 125, 133, 144, 157, 168, 178, 192, 209,

223, 236, 255, 276, 294, 312, 335, 361, 385, 408, 437, 471, 501, 530, 568,

609, 647, 686, 732, 784, 833, 881, 939, 1004, 1065, 1126, 1199, 1279, 1355,

1433, 1523, 1621, 1717, 1814, 1925, 2048, 2166, 2286, 2425, 2574 ]

ú P b(n) = |P0
n| È ¾.¿ 0 À . n = 2 ∼ 9 P ° 
 � Ú b(n) I 0�s P0

n Ú ú � 0 À P ��Ç .

n b(n) P0
n

2 1 (12)
3 2 (3), (13)
4 3 (3, 1), (22), (14)
5 4 (5), (3, 12), (22), (14)
6 6 (5, 1), (4, 2), (32), (3, 13), (22, 12), (16)
7 8 (7), (5, 12), (4, 2, 1), (32, 1), (3, 22), (3, 14), (22, 13), (17)
8 12 (7, 1), (6, 2), (5, 3), (5, 13), (42), (4, 2, 1)

(32, 12), (3, 22, 1), (3, 15), (24), (22, 14), (18)
9 16 (9), (7, 12), (6, 2, 1), (5, 3, 1), (5, 22), (5, 14), (42, 1), (4, 3, 2)

(4, 2, 13), (33), (32, 13), (3, 22, 12), (3, 16), (24, 1), (22, 15), (19)

(5.10.1) P 0 ò , ,.-S� b(n) Ú ú �+� Ä��VA5��à-Ç .

b(n) =
∑

1≤k≤n
k≡n (mod 2)

|Pn,k|

Ô$Ô Ä |Pn,k| Ú+�)P7u ¿"Ø 0 À P NrPartitions(n,k) P 0 ò M/N Ä Þ Ç . ß Ô Ä , Ô��7���BÈK� æ 

�/� n P ° 
 � b(n) È ��A.Ç�v C b(n) =altpart(n) È ���jÀ .
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gap> altpart := function(n)

> local k, nr, c;

> nr := 0;

> c := (n+1) mod 2 + 1;

> for k in [c, c+2..n] do

> nr := nr + NrPartitions(n,k);

> od;

> return nr;

> end;

function( n ) ... end

gap> altpart(3); altpart(4); altpart(8);

2

3

12

Ô à 0 ò b(n) È n = 2 ∼ 100 ã_Ä ù ¿"Ø:ð��j� normalpart Ù�ij��àDÇ .

gap> normalpart := List([2..100], i -> altpart(i));

[ 1, 2, 3, 4, 6, 8, 12, 16, 22, 29, 40, 52, 69, 90, 118, 151, 195, 248, 317,

400, 505, 632, 793, 985, 1224, 1512, 1867, 2291, 2811, 3431, 4186, 5084,

6168, 7456, 9005, 10836, 13026, 15613, 18692, 22316, 26613, 31659, 37619,

44601, 52815, 62416, 73680, 86809, 102162, 120025, 140853, 165028, 193144,

225710, 263490, 307161, 357699, 416006, 483338, 560864, 650196, 752877,

870953, 1006426, 1161916, 1340012, 1544048, 1777365, 2044188, 2348821,

2696627, 3093095, 3545015, 4059416, 4644850, 5310255, 6066425, 6924691,

7898630, 9002580, 10253568, 11669704, 13272332, 15084211, 17132044,

19444436, 22054694, 24998640, 28317803, 32056941, 36267714, 41005947,

46335767, 52326672, 59058176, 66616548, 75100211, 84616150, 95285933 ]

a(n) = b(n) + c(n)
ô ÷_Ø.��� , Ô à 0 ò An � ³�´$µ � Õ C a(n) È n = 2 ∼ 100 ã_Ä ù ¿"Ø:ð����

altclass Ù�ij��à-Ç .

gap> altclass := normalpart + singpart;

[ 1, 3, 4, 5, 7, 9, 14, 18, 24, 31, 43, 55, 72, 94, 123, 156, 200, 254, 324,

408, 513, 641, 804, 997, 1236, 1526, 1883, 2308, 2829, 3451, 4209, 5109,

6194, 7485, 9038, 10871, 13063, 15654, 18738, 22365, 26665, 31716, 37682,

44669, 52887, 62494, 73767, 86902, 102260, 120132, 140970, 165153, 193277,

225854, 263647, 307329, 357877, 416198, 483547, 561087, 650432, 753132,

871229, 1006720, 1162228, 1340347, 1544409, 1777750, 2044596, 2349258,

2697098, 3093596, 3545545, 4059984, 4645459, 5310902, 6067111, 6925423,

7899414, 9003413, 10254449, 11670643, 13273336, 15085276, 17133170,

19445635, 22055973, 24999995, 28319236, 32058464, 36269335, 41007664,

46337581, 52328597, 59060224, 66618714, 75102497, 84618575, 95288507 ]
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Ô$Ô Ä , Sn �+k Æ P ���?÷�� , C
� {a(n)} �+� v CBÈ�ñVh ��ï 0 À . a(0) = 1, a(1) = 1 Á I Þ ,

H(t) =

∞∑

i=0

a(n)tn

Á I}| . (5.10.4) P 0 ò , H(t) = H0(t) +H1(t) Á Ì  à-Ç . Ø ô 
 (b(0) = 1, b(1) = 1 Á 
 � ),

H0(t) =

∞∑

n=0

b(n)tn,

H1(t) ÚK�SP+a�� 
 Ø c(n) �7� v C Ä���Ç . (5.10.5) P 0 ò , H1(t) Ú7��P ¸V�"÷7�
��Ç � Ä , H0(t) È� h àV9 0 � . H0(t) P ¶
��� Ú ú"Ù g òrq�¶ .

(5.10.6) H0(t) =
1

2

∞∏

n=1

1

1 − t2n−1

( ∞∏

n=1

1

1 − t2n
+

∞∏

n=1

1

1 + t2n

)

(5.10.6) È<� ß7À . P0
n P λ Ù��7Ç'Ø hV� û�ü È þ À�� 
���
 |#�Q�"ïVÇ . λ = (λ1, . . . , λr) =

(1m1 , 2m2 , . . . , nmn) Á Ë Ç Á�Þ , λk Ù%J C ���+9 °�Ê-Ë Ç�ÏjÐ$Ñ�Ò Ú R"Ñ�ÒVÄ��pò , gλ ∈ An Á
��Ç�û�ü P7 �¡ 
 ��� . ß Ô Ä gλ ∈ An Á ��Ç
ûAü Ú ,

Î  R C)� ÏDÐ9ÑAÒ � Ë ¿�� � ÓDÙ An P �3Ç
Ô.Á ÄY��Ç . > ��@�A�àV9 , λ ∈ P0

n Á ��Ç�û�ü Ú ,

(5.10.7)
∑

i:even

mi ≡ 0 (mod 2)

Ä���A��6àjÇ .
 � (5.9.3) � ä�å È�O � ö Ë Á ,

∏
i:odd(1 − ti)−1 ��¢�£ ��� Ú ,

∑
t

P
imi (i Ú J

CpÈ+¤ | ) Ù%i¥�6à ,
∏

i:even(1 − ti)−1 �/¢S£ �H� Ú ∑
t

P
imi Ä i Ù%R CpÈ+¤ | þ � Ù.i¥��à3Ç .

,�¦ ,
∏

i:even(1 + ti)−1 �/¢S£ ��� Ú ,
∑

(−1)
P

mit
P

imi (i Ú R C7È<¤ | ) Ù.i¥��àjÇ .

 Ø�Ù-÷

� ,
∏

i:even(1 − ti)−1 +
∏

i:even(1 + ti)−1 ��¢S£ �}� Ú ,
∑

2t
P

imi ( ^�_ ��§BÚ (5.10.7) È�ý Ø Ë
(m1, . . . ,mn) ÈK¤ | . 2 �}� �+§VÚ R C i ÈK¤ | ) Ù�i¨��à-Ç . Ô à 0 ò (5.10.6) Ù�©Q�Aà-Ç .

(5.10.5) Á �_Ü ! � ¼�½ ² An � ³$´$µ �<� v C H(t) Ù � a  à-Ç . (c(0), c(1) Ú ��� Á 1�à��
�.Ç
� Ä , n ≥ 2 P °.Ë Ç tn �+��C Ù a(n) È ��A.Ç ).

(5.10.8) H(t) =
1

2

∞∏

n=1

1

1 − t2n−1

( ∞∏

n=1

1

1 − t2n
+

∞∏

n=1

1

1 + t2n

)
+

∞∏

n=1

(1 + t2n−1)

^�ª P H0(t) ÈKw ÷�� , n = 2 ∼ 100 P °.Ë Ç b(n) È7M.N 
 ��ï 0 À . H0(t) = ((F (t) + F1(t))/2 ÁÌ  à-Ç . Ø ô 
 , F (t) Ú 5.9 ì"Ä u ¿"Ø p(n) �+� v C , ãAØ F1(t) Ú

F1(t) =

∞∏

n=1

1

1 − t2n−1

∞∏

n=1

1

1 + t2n

Ä��VA5��à-Ç . F (t) Ú+�)P�M.N 
 Ø � Ä , F1(t) È7M.N Ë àV9 0 � . F (t) È7M.N 
 Ø Á_Þ/��« ò ¦jÈK¬­ Ë Ç . i = 1, . . . , 100 ã_Ä È J CbÁ R C�P ¸3×�� , F1(t) � J C �<� � ð���� Á R C �<� � ð���� ÈKa
� Ë Ç .

gap> oddfac := List([1,3..99], i -> (1 - t^(i*(mm[i]+1)))/(1 - t^i));;

gap> evenfac := List([2,4..100], i -> (1 - (-t^i)^(mm[i]+1))/(1 + t^i));
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J C �<� Á R C �<� � Ë ¿
� � Ó product È � ò , ß �+��C �5�K��Ç�ð���� È �3Ç .

gap> product := Product(oddfac)*Product(evenfac);;

gap> altcoef := CoefficientsOfUnivariatePolynomial(product);;

gap> Size(altcoef);

8300

��C)� ð&��� altcoef ��� , 2 úV��� 100 ú3ã_Ä È�õ ò ö 
 Ø:ð���� c2part È ��Ç .

gap> c2part := altcoef{[3..101]};

[ 0, 1, 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 4, 5, 5, 5, 6, 7, 8, 8, 9,

11, 12, 12, 14, 16, 17, 18, 20, 23, 25, 26, 29, 33, 35, 37, 41,

46, 49, 52, 57, 63, 68, 72, 78, 87, 93, 98, 107, 117, 125, 133,

144, 157, 168, 178, 192, 209, 223, 236, 255, 276, 294, 312, 335,

361, 385, 408, 437, 471, 501, 530, 568, 609, 647, 686, 732, 784,

833, 881, 939, 1004, 1065, 1126, 1199, 1279, 1355, 1433, 1523,

1621, 1717, 1814, 1925, 2048, 2166, 2286, 2425, 2574 ]

cpart Ú+�)P�M.N 
 �Y�'Ç�Ù (1 úV��� 100 ú3ã_Ä ), ú CBÈ ß���A.ÇAØ h
P ,
þ À , » a�� Ë Ç .

gap> c1part := coeff{[3..101]};;

H0(t) = (F (t) + F1(t))/2 � � Ä , c1part Á c2part �<§E��® ¸VÙ H0(t) �<��C normalpart È �VA
Ç Ú 1�Ä��'Ç .

gap> (c1part + c2part)/2 = normalpart;

true

Á �7ò , ,%D 
 Ø . h Ä�Ø 
 , h Ä�Ø 
 .

Á , Ô à'Ä�¯�Ç Ú 1 ô ÷9Ø � ô Ù , ã ô+° | � ÄY�'Ç . c2part �
Ì È �
��± Þ Ø%� . ��² Ô�� Ì P+³)�´ C Ù�µ"à���� � ô ��À�� . ¶�· �)� ��� P�Ú�¸�m%¹ � þ �B÷<���"Ç � Ä Ô à Ú ç O äE� Ô"Á ÄY��Ç .

ß3À O ÷�� Ô�� Ì ÈQ( ÷E|$ò»º h ��ï"Ç Á , � P�« � Ô à Ú �%¼�A � �'Ç Ì ÄY�'Ç . ½V¾Y�+¿
À Ú+�EPÁYÂ ��à�Ø Ô�Á�ÁÃO À Ù , Ô�� Ì Ú7�SP<M�N 
 Ø singpart �
Ì Á ß�÷�|Aò ')( Ä���Ç . Ä � Ø h , �V�

h ��ï.Ç Á

gap> singpart = c2part;

true

Ô�� J�Å�� ,%DVÚ ú �<Æ�Ç�� ��� ��È%É ÄY�'Ç .

(5.10.9)

∞∏

n=1

1

1 − t2n−1

∞∏

n=1

1

1 + t2n
=

∞∏

n=1

(1 + t2n−1)
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(5.10.9) ÈK� ß3À . ¾T��� P (5.10.9) Ú
∞∏

n=1

1

1 − t2n−1
=

∞∏

n=1

(1 + tn)

Á�'<L Ä��'Ç . ,�¦ , Ô��7�)�+���3Ú
∞∏

n=1

(1 + tn) =
∞∏

n=1

1− t2n

1 − tn
=

∏

n:odd

1

1 − tn

Á è�Ê"Ä Þ Ç . 2 �}� �+Ç��jÚ , Ë �S� t � R C ú � �<�DÙ Ë ¿���Ë�� Á<Ì
Í�Î7Ï.Ð  à
� , t � J C ú
� �<� � ï�Ù�Ë �)P+Ñ Ç Ô�Á ���Òij��à-Ç .


 Ø9Ù-÷�� (5.10.9) Ù g òrqVÓ .

 � (5.10.9) �jÚ , H1(t) = F1(t) È 8VÔ Ë Ç . Ô à 0 ò (5.10.8) Ú

(5.10.10) H(t) =
1

2
F (t) +

3

2
H1(t) =

1

2

∞∏

n=1

1

1 − tn
+

3

2

∞∏

n=1

(1 + t2n−1)

Õ Ë ÷ Þ ò 
 Ø+ÊDÄ Ì  àDÇ .

Õ Ô �_Ä , Æ�Ç�� (5.10.9) Ú , ß �+��C�È
íAî Ë Ç Ô Õ P 0 ÷<� , ú � 0�Ö �+×VÔ�ØQ�%v ����È ©¥| . Ë
É λ = (1m1 , 2m2 , . . . , nmn) P<Ù 
 ,

∆(λ) =
∑

i:even

mi

Õ I}| . Ô�� Õ Þ ,

(5.10.11) ]{λ ∈ Pn | ∆(λ) : even} − ]{λ ∈ Pn | ∆(λ) : odd} = |P00
n |

Ù g òÚqSÓ . {λ ∈ Pn | ∆(λ) : even} = P0
n, {λ ∈ Pn | ∆(λ) : odd} = P1

n Û �.Ç Ô Õ P 6Y8

 0

Ö . |P0
n| = b(n), |P00

n | = c(n) Û �.÷9Ø . Ô�Ô Û b′(n) = |P1
n|
Õ IH| . ¾���� P b(n) + b′(n) = p(n)

Ù g òÜqQÓ . p(n), b(n), c(n) Ú<��P�M�N 
 ����Ç � Û , Ô à 0 ò b′(n) È�ñQh , (5.10.11) � Ë ��ÜVÝ ,

b(n)− b′(n) = c(n) È �Q� h ��ï 0�Ö . b(n) Ú n = 2 ∼ 100
ô ÷_Ø � Û , p(n) � ð&��� part È è�Ê 


� ppart È � ò , ppart - normalpart
Õ 
 � b′(n) � ð���� conormalpart È ��Ç .

gap> ppart := List([2..100], c -> NrPartitions(c));;

gap> conormalpart := ppart - normalpart;

[ 1, 1, 2, 3, 5, 7, 10, 14, 20, 27, 37, 49, 66, 86, 113, 146, 190, 242, 310,

392, 497, 623, 782, 973, 1212, 1498, 1851, 2274, 2793, 3411, 4163, 5059,

6142, 7427, 8972, 10801, 12989, 15572, 18646, 22267, 26561, 31602, 37556,

44533, 52743, 62338, 73593, 86716, 102064, 119918, 140736, 164903, 193011,

225566, 263333, 306993, 357521, 415814, 483129, 560641, 649960, 752622,

870677, 1006132, 1161604, 1339677, 1543687, 1776980, 2043780, 2348384,

2696156, 3092594, 3544485, 4058848, 4644241, 5309608, 6065739, 6923959,

7897846, 9001747, 10252687, 11668765, 13271328, 15083146, 17130918,

19443237, 22053415, 24997285, 28316370, 32055418, 36266093, 41004230,

46333953, 52324747, 59056128, 66614382, 75097925, 84613725, 95283359 ]
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b(n) − b′(n) = c(n) ÈKÝ�Þ Ç P$Ú , normalpart - conormalpart Ù singpart
Õ ,%D Ë Ç Ô Õ È ��à

9 0 � .

gap> normalpart - conormalpart = singpart;

true

�Q� P+g q Ë Ç . ß
à � Ø h �Y	 P n = 1 ∼ 20 ã Û � p(n), a(n), b(n), b′(n), c(n) �
Ì ÈKá ! ��IT| .

n p(n) a(n) b(n) b′(n) c(n)
1 1 1 1 0 1
2 2 1 1 1 0
3 3 3 2 1 1
4 5 4 3 2 1
5 7 5 4 3 1
6 11 7 6 5 1
7 15 9 8 7 1
8 22 14 12 10 2
9 30 18 16 14 2
10 42 24 22 20 2
11 56 31 29 27 2
12 77 43 40 37 3
13 101 55 52 49 3
14 135 72 69 66 3
15 176 94 90 86 4
16 231 123 118 113 5
17 297 156 151 146 5
18 385 200 195 190 5
19 490 254 248 242 6
20 627 324 317 310 7

a��BÈ7O � ö 
 ��I}| Õ p(n) Ù , Sn �+â�ã�ä)� Õ C , a(n) Ù An �<â�ã�ä)� Õ C , ãAØ

b(n) = |P0
n| = An P ó3ã?à-Ç Sn �7â�ã�ä)� Õ C

b′(n) = |P1
n| = An P ó�ã?à��%� Sn �<â�ã�ä)� Õ C

c(n) = |P00
n | = An åV�+æVl Ù � Ó �<â�ã�ä)P Ë�ç Ë Ç 0VÖ � Sn �7â�ã�ä)� Õ C

Û �'Ç . p(n), a(n), b(n), b′(n), c(n) ��è�P$Ú ú � v ��� Ù g q Ë Ç .

p(n) = b(n) + b′(n), (n ≥ 1)

c(n) = b(n) − b′(n), (n ≥ 1)(5.10.12)

a(n) = b(n) + c(n), (n ≥ 2)


 Ø�Ù-÷�� a(n) = 3b(n) − p(n) (n ≥ 2). p(n), b(n) Ú v C Õ 
 � a��  à��
�.Ç � Û , Ô à 0 ò a(n)

È �VA.Ç�v C altclass(n) = a(n) È ��Ç Ô Õ Ù Û Þ Ç . (n = 1 �+k�éVÚ+ê�ëBÈ Ë Ç ).

gap> altclass := function(n)

> local c;

> if n = 1 then c := 1;

> else c := 3*altpart(n) - NrPartitions(n);
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> fi;

> return c;

> end;

function( n ) ... end

gap> altclass(1); altclass(10); altclass(100); altclass(200);

1

24

95288507

1986499984086

Õ Ô � Û
 ÷ Þ �:÷9Ø Ì È Ý)��Ý)�&º h ��ï.Ç Õ , p(n), a(n), b(n) ��ì Õ , c(n) ��íYî�ïS�7ð ��Ù�ñ�òó

Û ��ô . ¶
Ë lim
n→∞

c(n)/b(n) = 0 Û �Y� Ö . (5.10.12) 0 ò , p(n) = 2b(n) − c(n) Û ��ô���� , Ô à
0 ò

(5.10.13) lim
n→∞

An �<â�ã�ä)� Õ C
Sn �+â�ã�ä)� Õ C =

1

2

Õ � Ö , õ « � þ ÷ Õ þ � 
 ��ö�÷DÙ�ij��àQô .

Ë�É λ = (λ1, . . . , λr) øKùY¼
ó P
Ì µ Ë ô þ � Õ 
 �.ú�û�ü/ý.þ (Young diagram) Ù 0 | ë ��à��
�

ô . ÿ�������Ê Õ Ú , ���'ø P n Õ � 4 	 ��
 ø , � P λ1 Õ , ß � 	 P λ2 Õ , ...
Õ�
�� ø�ß��.A
�

ùVÞ Ø þ � Û �Yô . \�AY9 , λ = (5, 2, 1) P�Ù Ê"Ë ô�ÿ�������Ê Ú ú � 0VÖ P �Yô . λ P�Ù Ê"Ë ô�ÿ��

λ = (5, 2, 1)

���.Ê�ø�� Ù 	�� Û�� ò�� 
 � ö�� ô/ÿ�������Ê P�Ù
Ê"Ë ô7Ë�É�ø λ∗

Õ Ì Ü 
 , λ ��������� (dual

partition)
Õ � Ö . \QA�9 , λ = (4, 2, 2) P<Ù 
 λ∗ = (3, 3, 1, 1) Û ��ô .

@
@

@
@@

λ = (4, 2, 2) λ∗ = (3, 3, 1, 1)

P\
n = {λ ∈ Pn | λ = λ∗} Õ IH| . P\

n Ú! 
Ù Ë�""Ù$#�Ë%#'& Õ ,�D)( ô 0QÖ � n � Ë�" � é é Û ��ô .

\QA�9 , λ = (3, 2, 1) Ú P\
n P ó�ã?à�ô .
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λ = (3, 2, 1)

�Y	 P n = 1 ∼ 10 ã Û � P\
n �+* ø.��,���I.- Ö .

n |P\
n| P\

n

1 1 (1)
2 0 —
3 1 (2,1)
4 1 (2,2)
5 1 (3,1,1)
6 1 (3,2,1)
7 1 (4,1,1,1)
8 2 (4,2,1,1), (3,3,2)
9 2 (5,1,1,1,1), (3,3,3)

10 2 (5,2,1,1,1), (4,3,2,1)

c(n) = |P00
n | �!* Õ í�Þ ô Õ , n = 10 ã Û Ú , c(n) = |P\

n|
Õ �"÷����Vô . ���/- �5� Ó �<C�Ú/,�D

( ô � Û ��ô . ( �E��* Û Ú c(n) Ú n ≥ 2 Û

 �_ÛS�������$Ù , P00

n Ú n = 1 P ÓY��� þ a�� Û Þ �
c(1) = 1 P �Yô .)

(5.10.14) |P00
n | = |P\

n|

�
� ~%��P P\
n �5� P00

n å�� ÿ �10 ø#�)ô2- Õ Ù Û Þ ô . ß �43 ¾ � Ø h�P ÿ5�����<Ê ��617�8 (hook)

ø a�� 
 0VÖ . ã�1�ÿ��9���/Ê P!:1; ø7��à ,

 ø=< �!
 ø (1,1) g Ë , > i ? j �S�!
 ø (i, j) g Ë Õ@ � ø<Ó2A�ô . (i, j) ø4B P�( ô1C)D�E ÕGF , ÿ.�9����Ê � : Û , (i, j) g Ë �+� � P �
ô 
 Õ 	 � P �
ô


 ((i, j)
þ ó h ô ) ø õ ò ô 
 � Û Þ ôIH�J � �/Ê � - Õ ø/� Ö . CKD�E P ó�ã?à�ô 
)�+C ø�CKD�E �L  Õ � Ö . 	 � � Û F (2,1) g Ë�øGB Õ ( ô L  6 � CKD�E�øGMQ���
��ô .

• -

?

(5.10.14) �!3 ¾ P!N � Ö . λ ∈ P\
n

Õ ( ô . λ � ÿ$�9���/Ê F � Ù 	�� P�Ù 
 � Ù1O ô �T� (i, i) g Ë
P v ( ô�CKD�E � L  F pSP J C Û �Yô . ã1P , λ � ÿ�������ÊQ�T� , (1, 1) g Ë � CKD�E , (2, 2) g Ë
� C=D�E ÕRQ ú õ ò ö 
 ����| Õ , ÿ$�9���/Ê F!S � P+Z �Yô)- Õ � ���=C)D�E �+§ é é Õ 
 � *  à
ô . > (i, i) g Ë � CKD�E � L  ø hi

Õ ( ô Õ µ = (h1, h2, . . . )
F
n � Ë2" P �Yô . µ ∈ P00

n Û �Lò ,

λ 7→ µ T�ÿ ��0 P\
n → P00

n ø7�VA�ô . ú P \�ø.��,���I}| .

|P00
n | = |P\

n| T g ò q�Ó�U1V P F ú � 0�Ö � * µAå
ó �+8YÔ é ��T���ô . Sn �7�1W1* µ F Pn P 0 ÷+�X�Y Ð�Z A  +[ ô . λ ∈ Pn P<Ù�\K( ô Sn �+��W�* µ5ø ρλ

Õ *K( . E3ð!C2]�W_^a`�å P 0 ò , An �
��W�* µ F (�Þ � Sn �+��W�* µ�øKËAê ( ô)- Õ P 0 òrij� [ ô . ρλ � An åV�+æVl ø ρλ|An

Õ *=( .
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• -

?

• -

?

•

λ = (5, 5, 3, 2, 2, )

-

µ = (9, 7, 1)

- � Õ�b ρλ|An
= ρλ′ |An

Õ ��ô
û�ü F λ′ = λ∗
Õ �Yô2- Õ Û �:ò , λ 6= λ∗ ���K9 ρλ|An

F ��W�P ��ô .c P λ = λ∗ �E�K9 ρλ|An

F�d P�Ó �7d �Yô ��W1* µ ��e�§�P Ë�ê ( ô . f2- Û , P\
n �5�

d P/Ó Â Ó �
��W1* µ=T�i¨� [ , Pn −P\

n ���hg ï�® Ë �7��W1* µ=T�iH�
[ ô . Pn −P\

n P+Ù�\)( ô An �+�1W�* µF
Sn �+æVl � � Û Sn �I* µ�å5ø � æ 
 � Ý�Þ ô)- Õ T Û b ô . ,�¦ , P\

n P<Ù�\2( ô An �+��W1* µ
P F An P!i x �!j2k T�µ [ � , Ý�Þ ô � T!l 
 � .

Õ -�� Û , ,�-�P x l�mS��â.ã�äQ�In�C Õ �1W�* µ �Gn�C F ,.D�( ô2- Õ T ë � [ ���Yô . - [ � � d P
Ó � é é)��èYP+;�o ó ��ÿ ��0 T��VA�� [ ô�p=A Û F ���1T�q%¶ | �+k�é , â�ã�ä Õ ��W1* µ �/è�P F
� ��ô
ÿ �10 �Aø � , r�s Û�t Å��.v � T g q 
 ����ô � Û �
ô . Sn �<â%ã�ä þ Pn P 0 ò X!Y Ð�Z A
� [ ô . Sn �<â�ã�ä Cλ T An

Õ â�u�v ËEøGwVÓ � F , λ ∈ P0
n �+k�é Û �
ô . - � Ö!x λ ∈ P0

n −P00
n

���K9 , Cλ � An åY�7æ�l ( Ó c ò â�u�v Ë )
F f � c1c An �+â%ã�ä øK��AYô . ,�¦ , λ ∈ P00

n �E�K9 ,

- �7æVl F An � d P�Ó �+â�ã%ä)P Ë$ê ( ô . -�- Û
þ
An P+i x � µ
ò F λ ∈ P00

n Û µ
[ ô . - � 0

Ö ��y�z5ø�àQA [ 9 , |P00
n | Õ |P\

n|
Õ+F

, ì Ö 
 � þ ,%D 
 � þ �hp��T|�� F�{ ô � Û ��ô . f Ö Û �
A [ 9 , j1|�� ç ,%D Õ �.÷�P�}�~ PI��¢ 
 �����.� Û F �%��� .

Õ � Ö p=A Û , |P00
n | = |P\

n| T��V� h
� [ � , � 4 F « [ « [1� �-÷9P Õ�� ø�� Û IV� (�� Û �.÷9P .

|CP 00
n | = |P\

n|
F ËQ�-÷9P9T , f �+o)�!v Ë Û F â%ã�ä Õ �1W�* µ � v � F ì Ö �"÷�����ô �

ô � Ö � .

An �+Ñ����7��W1* µ �!n�C F (|Pn| − |P\
n|)/2 = (p(n)− c(n))/2 Û �VA��

[ ô . ,�¦ , An �7â�ã�ä Û ,

P00
n ø��
��P þ ���+n�C F |P0

n| − |P00
n | = b(n)− c(n) Û ��A��

[ ô .

 P�T"÷<� , ��À F ,.D)( ô F 1

Û ��ô .

(5.10.15)
1

2
(p(n) − c(n)) = b(n) − c(n)

�Q� , (5.10.12) 0 � , p(n) + c(n) = 2b(n) T g�� q x , (5.10.15) T%i�� [ ô .
c P , - �/� 0 � ,

c(n) = 2b(n) − p(n). p(n), b(n)
F v C Õ 
 ��ij� [ �
��ô � Û , - [ 0 � c(n)

þ v C Õ 
 � M.N Û b
ô)- Õ ø�6
8 
 ��I}| .

5.11 p- �������%�����

5.7 � Û���� P 
 �Y�.÷9P p- ���%W m)�!��� ø � 
 ��I.- Ö . |G| = pmk, (p, k) = 1
Õ ( ô . � , M ø

G � pm n)��� ���K�Yô v Ë�� é ÿ�� � � é Õ ( ô . ��� ,

|M| =

(
kpm

pm

)

Û ��ô . G
F ����¤)P 0 � � é M P ��� ( ô . \ P 0�  � M ø G- "�$EP Ë�¡ ( ô .

M =
∐

A∈M/G

OA
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- � Õ�b , M P F!¢ 1 |OA| T p
ÕRS � P+£ Õ ��ô 0�Ö � ".$ OA T ���)( ô . ¤�¥$- [ F , ¦ é !�§¨ Ç��

(5.11.1)

(
qpm

pm

)
≡ q (mod p)

���G©Yô . ( -�- Û q
F!ª 8 ¨ #«� C ). (5.11.1) 0 � q = k

Õ I��1¬ |M| T p
Õ £ Û �Yô)- Õ T�ËQ�

ô . f­- Û5® 
 (�Þ ¬ ¨ "�$�P Ó��1¬ |OA| T p Û " ��¯
[ ô.����9 , |M| ® p Û " ��¯

[ ¬ 
 c Ö .

- [ F!°�± Û ��ô . (5.11.1) � #«² F , x l ² Fq ³ ¨ Ç�� (1 + t)pmq = (1 + tp
m

)q ¨ � � ø 2 · ¢V£
( ô)- Õ P 0 � i � [ ô .

 ¬ A ∈ M ø |OA| T p
Õ £�P ��ô 0VÖ � G

¨ v Ë�� é Õ ( ô . - ¨ Õb
, A
¨�´ a = m StG(A)

F
G
¨�µ Õ Ó ¨ p- ����W m ø���A�ô ¨ Û �
ô . ¤�¥ , |G| = |OA||StG(A)| 0

� , |StG(A)| F pm Û " ��¯
[ ô . ,
¦ , StG(A)

F
A P�¶�· Õ 
 ¬/��� ( ô . - ¨ �2� F G

¨ ���
¤ ���Òi � [ ô+����� ¨ Û , a ∈ A ø ´ aK( ô Õ , ¸�¹ StG(A) → A, g → ag

F ��0EP �Yô , ( �9p x
|StG(A)| ≤ |A| = pm. - [ 0 � |StG(A)| = pm T�i¨� [ , StG(A) T G

¨
p- ���%W m)P �Yô)- Õ T�Ë

�   P .

(5.11.1)
F -�- Û F!º ¾ 
 ���1T , GAP Û ��|&Ó
� ¨ ¤
\�ø M.N 
 ¬�»
i 
 ¬ ® �#I Ö . GAP Û

F
2

· ��C
(
a

b

) F
Binomial(a,b) P 0 �ÚM.N Û b ô .

gap> Binomial(3*8,8); Binomial(5*16,16);

735471

26958221130508525

gap> (Binomial(7*5^3,5^3)-7) mod 5; (Binomial(6*7^4,7^4)-6) mod 7;

0

0

 ¬ , ³ t ¨ ¦9¼EP 
 P�T   ¬�¤�¥ P p- ���%W m øG½ g 
 ¬�¾ 0VÖ . G = A4, p = 2
Õ ( ô . 1���¿1ÀÁ  � m Û ¾1¾  �x | « ô ® ¨�Â Õ�Ã ×�øGÄ Ö � ®hÅ [ �%�1T , - [ P F 0 À5ì�-��.����Æ�Ç=TY�
ô ¨

Û ��ô . Æ�Ç F ª=ÈÊÉ P ÉI¬ ,
Õ P �}| «   ¬�¾ 0�Ö . |A4| = 12 0 � , pm = 4 Û ��ô . fK- Û 4 n ¨

� ��ËK��ô G =a4
¨ v Ë1� é1Ì ² ¨ � é dom = M ø�àVA�ô . f [ P F , Í � ©�¬ b P CombinationsÕGÎ Ö ��� ø w Ö . - [ T m ¨ �QP<Ù ÉG¬ ® x�y�� ¨ T�Ï)¾ Û ��ô .

gap> dom := Combinations(Set(a4), 4);;

G ø4� é Õ ÉI¬�Ð Ö ¨ Û , Set(a4)
Õ É+��A [ 9���ËK� Î - Õ P 6
8 ( ô . Ñ P M ¨ ³ å ¨ G

¨!Ò
�Eø a��=( ô . - [ T c � , õ Õ ®hÓ

c É Î ¨ Û ��ô . Ô�¾ P dom[1] P+� Ò � Û g = (1, 3)(2, 4) ø Ò
��Õ+Ö�¬�¾�ô Õ ,

gap> dom[1];

[ (), (2,3,4), (2,4,3), (1,2)(3,4) ]

gap> OnRight(dom[1], (1,3)*(2,4));

[ (1,3)(2,4), (1,3,2), (1,3,4), (1,4)(2,3) ]

x$×Ø  Õ � Â Ë Î T , OnRight P=Ù   ¬�iÚË [ P+^�ª ¨�Û'Ü � F � é.Ý �   ¬ Î � Î . ¤�¥ ,
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gap> Set(last);

[ (1,3,2), (1,3,4), (1,3)(2,4), (1,4)(2,3) ]

Õ � � , - [ F � ¨ ® ¨ Õ�Q�Þ T�ß)p   ¬ Î ô . Ó c � , OnRight
¨!Ò � Û F , A ∈ M ¨�à �KÝ f ¨ cc

, G T Ò � ( ô Â A Û � � , Ag ø4� é Õ É4¬�Ð Ö P�á Ý F+â Ë [ P Û«Ü �&øGã Þ�ä Õ���A [)å �$ËK�Î ¨ Û �
ô . � é Õ ÉG¬�Ð Î P Î ¨ Û ��ô/�ÊË , f [ Û F OnSets ø w   P$Ë.ì Ö Â � Ö � .

gap> OnSets(dom[1], (1,3)*(2,4));

[ (), (1,2)(3,4), (1,2,4), (1,4,2) ]

- [ Û F , æ�ç ¨ ® ¨ Õ Ì | ð   P ® ¨ T�©
� ¬�É c Ö . - ¨!è é , A

¨!à �KÝ g T â�ã Û Ò �/ÉI¬�Éc   P ¨ Û ��ô . - [ Û F ã5Ý!é P�� Î .
ÕIÎ ÖRê Û , GAP

¨ ��ëìÉI¬%í [ P Ò � Û F , � ¨�è é , è
Ý+é p�� Î ¨ Û ��ô . -�- F , ì Ö ÉG¬ ®hî2ï   ¬$#«ð ¨!Ò �Eø Ò ËGñ�A

[=å ñ�ËGñ Î . GAP Ý F , ò
É Î Ò �EøGó�ô ( ô ¦9¼ ® ��ëÊÕ

[ ¬ Î ô . õ�ö Ý G
¨ � é X å ¨�Ò � F , ¸�¹ f : X ×G → X Ý

Ù   ¬9÷)ø�Ë [ ô . f=- Û , GAP Û
F
x ∈ X , g ∈ G Ý<Ù É , ù�ú actfcn(x,g) øGó�ô ( [=å Ù Î .

gap> OnSetsRight := function(set, g)

> return Set(set*g);

> end;

function( set, g ) ... end

- [ Û , m ¨!û ��ü ¨!ý , ã Þ1ä ÉG¬�� é Õ ÉG¬�Ð Ö ÕGÎ Ö òìÉ Î Ò � OnSetsRight T�ó1ô Û b P .

gap> OnSetsRight(dom[1], (1,3)*(2,4));

[ (1,3,2), (1,3,4), (1,3)(2,4), (1,4)(2,3) ]

þKÿ Ý�� áYô Ò � Ý ñ   ¬ Î ô . f=- Û ð ¨ Ù Ö Ý , dom ø G- ��� Ý Ë�¡ ( ô .

gap> OrbitLengthsDomain(a4, dom, OnSetsRight);

[ 12, 12, 12, 12, 6, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12,

12, 12, 12, 12, 12, 12, 12, 12, 6, 12, 12, 12, 12, 12, 12, 12,

12, 12, 12, 6, 12, 6, 12, 6, 12, 3, 12, 6, 12 ]

gap> Size(last);

45

M =dom
F

45 n ¨ G- ��� Ý Ë�¡ìÉ�P . - ¨�� Ý L Õ���ú ¨ ���­T
	�ñ%í Õ ® õ�Ó ���K( ô F�� Û�

ô .
þKÿ Ý L Õ 3

¨ ���­T���� ÿ ô . - [ ø�� � © ( -�� Ý É Ù�� .

gap> orb := OrbitsDomain(a4, dom, OnSetsRight);;

gap> list := Filtered(orb, c -> Size(c) mod 2 = 1);

[ [ [ (), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3) ],

[ (2,4,3), (1,2,3), (1,3,4), (1,4,2) ],

[ (2,3,4), (1,2,4), (1,3,2), (1,4,3) ] ] ]

- [ Û , ��õ�� ¨ ��� ÿ ËGñYô Û'Ü�� T â Ë [ P . � *2�����   ¬ , ��� set = A ∈ M � ó1ô (! .
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gap> repset := List(list, c -> Representative(c));

[ [ (), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3) ] ]

gap> set := repset[1];

[ (), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3) ]

- ¨ ��� A
¨1´ ó#" m StG(A) T G

¨
2- ���%$ m&� ÷=ø  F��#' 
  .

gap> syl := Stabilizer(a4, set, OnSetsRight);

Group([ (1,3)(2,4), (1,2)(3,4) ])

gap> Size(syl);

�Iñ � , á ' PÊí G = A4
¨

2- ���%$ m syl T(��� ÿ   P .

É ÿ É , - [ T%��� ÿ   P ÿ Ë(� Î   ¬*) ®,+ ü ÉIñ Î . P ÿ T A4
¨.- ú 4

¨ v�/�m í9Ë Î , -+À�ñ10
T ÿ � ñ�-�� � É+ñ í'¬ ® (32 �#�=A5Ë [  '=F ñ Î ÿ . Ö)á�¬ S4

-#4   ¬ ® Ë'p=ñ í«¬ F , � Î �5 � Ý ñ  T , ¤ F S4

'�6 Ý17(8 T é x�9 á  ¨ ' 
  .
5 ¨!è � , |S4| = 24, S4

¨
2- ���($ m ¨*-

ú F 8
' 
  . A4

¨Iè �3��:*; Ý , dom1 � 8 n ¨ � ÿ Ë4ñ  S4
¨ v�/ ��� ¨ Ì ²<�,=  . A4

¨+è � ,

dom
¨ n ú�>

(
12

4

) Â  �? ÿ Ë
gap> Binomial(12,4);

495

' ÷=ø�Ë [ ? .
c 
 5 [ >*@2Ö  ú ' 
  . S4

¨+è � , dom1
¨ n ú�>

(
24

8

)
ñ ¨ '

gap> Binomial(24,8);

735471

�BA�C�D Ý 0FE�í«ñ  . dom1 >.)3� ÿ ó1ô ' E  �G (735471 H ¨1I=¨�Û«ÜJ� ),
5�K � G- �(� Ý./ ¡�=

 5 �.>.LÚÉ=íhñ  . OrbitLengthsDomain
¨1M%N ' Õ�ø ® 30 / -�O   ¬�¾ ? G
P >*Q   ¬�R�ñ ÿ  

? . S­ÉG¬ , A8
¨

2- ���($*T � M%N É Ù�� �VU=ø å ,

(|A8|
64

)
H ¨�I ��W � Û'Ü�� � Ò ËGñ�X K å ñ�Ë

ñ Î .

gap> Binomial(Order(a8),64);

21902907143184765207925810463049122817607078396254476892629380

76340921563476931492037282131752779512440727958297813070994629

378428372308625480638077548649564899778301834911702590290028375

Û'Ü�� � Ò  ? á Ý > , Y K Ý �
� � Þ�Z �#[�\�]%^ $�_ ¨�`
a/Û $ Ý þ�b É+ñ�X K å ñ�ËGñ Î .
Î ÿ

Ý GAP G 0cE�ñ+ú � ÐKø  �d> Î ø ,
5 ¨#e 0=ñ!ú � ð Ý É4¬�> , õ ¯ ¨.f�g >�h Ýji É4¬1k%l%É G(m

E*=�Õ�¿ ¨ ¾ ' 
  . n�o !! Y � Î�p ? Æ�Ç ' ,
5 ¨1q ¼ ' 2- r�s($.T G ����X5Ë K  1t
u!G , G = A4v p ?�w ' 
  . x�y G b�z Õ K�{ Î  5 �#� , Y K �d|�}­Ý ����X  5 � G�~ ÿ Ý.��� ÿ � ~�� w G��� w � '��(� Ý��d� { / ÿ  v�� � . 
 ? ÿ����(�����Kÿ����<� K#{ R  Z������ w �����%� �����{1��� Ý ñ p ? �<� � ��� = Ù�� ñ � w ' 
  . � ÿ � �#� ��� =�ñ � , ó#��  w*¡�¢ Ý*£%¤ =  � ÿ ,¥�¦1§(¨�© w.ª /�«�¬#~ { � ?�­ �®G�¯ p
° �B± � ' 
 � � . ² ¨�³ ��´�µ =  �¯�� ñ e 0<¶,· � � õ¸ « G- ��� «*/�¹ =  � ~ p ?*º�»�¼ ��½ {  �¯  ®> , ¾ « S ÿ(¿ { ,

¿ p ¿ �ÁÀ�Â�Ã�Ä ��Å�Æ
Ç í q
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G , ó�È { 
 ?   � � 9 S K  � � ? � w ' 
  . ( É�¾ ' = G
Ê#Ë ¶ « � À�Â(Ì © (rue de pot de fer)

G 
  �S�= . ÍBÎ<�BÏ(Ð�Ì © « ñ p { ~� ÿ � � ÿ >*Ñ� �S ¿#Ò .) ÓFÔ � Z � « ,
5 � 5 �Õ� , A8

w 2-

r#s($*T � ����X(Ö%= q%× ��Ø � � . S�Ù�Ú w*Û�Ü «.Ý3Þ =  .

(5.11.2)
� Ò ñ p- T H

� Y w �1ß Z(H) >*à -�I%á�â w I ��ã�ä .

5jK �.å Y � . S
Ù H �.æ#ç�èc«1/�¹ =  . H =
∐

x Cx ¯   |H | =
∑

x |Cx|. æ�ç�è w I w H2ú
|Cx| > |H | w*é ú�ê w ' p w�ë « ê  . � ? G p { , |Cx| G p

'
ì  îí K  ÿ S ? > |Cx| = p0 = 1.

x = e w�ï , |Cx| = 1. |H | > p
'
ì K  w ' , |Cx| = 1 �dê  .æ�ç�è Cx >&ð�H á(ñ 
  . |Cx| = 1 �

x ∈ Z(H) >�:jò�ê w ' ,
5dK ¯   (5.11.2) G�ó � K  .

á�ô
, p- r�s($.T w x�y ��õ�ö÷� {1ø%ù =  . P � G w p- r�s%$*T3� � , |P | = pk, ��=  . (5.11.2) ¯

  Z = Z(P ) > {1} ' ê ~ P w*ú / T ' 
  . Y 5 ' |Z(P )| > p
'
ì  ûí K  . Z(P ) >#ü�$
ý�þ

T ' 
  ÿÕ� , 
  x ∈ Z(P )
'
x w - ú G p « ê  � w G x�y�=  . H = ZG(x) ��ÿ���� , P ⊆ H .�

〈x〉 � x
'������ K  -	� p w T3�®=  � , 〈x〉 > , P ÿ ¯�
 H w
�	��ú / T « ê  . G1 = H/ 〈x〉,

P1 = P/ 〈x〉 ��ÿ�� . P1 > G1
w p- r#s%$*T « ê   , |P1| = pk−1 �dê  . f : H → G1 ����� ê���:��

��=  � , P = f−1(P1).
5 w ø�ù >jÚ ��å3� { ~� .

(5.11.3) G « > -�� p w I x
'
H = ZG(x) w p- r�s($dT G G w p- r�s($*T « ê  � w G x�y�=  .

f : H → G1 = H/ 〈x〉 ����� ê���:��3�®=  .
5 w ��E , G1

w p- r�s�$.T P1 «�� � , P = f−1(P1) >
G w p- r#s($.T ������ .

ñ w x w x#yF> p- r#s#$jT w x#y «�¯ p { b�z � K  w ' 
  . (5.11.3) � G1 «����÷� , x1 ∈ G1

� ���!X , H1 = ZG1
(x1) �
 Õ .

� � « f1 : H1 → G2 = H1/ 〈x1〉 �
   , � ~ p ?"! s$##· �
%
 '&!= 5 � «�¯   , G w p- r#s�$*T �
� �!X  �(*) > , ¯  ,+ � ~ T G1, G2, . . .

' w (*)c«�i�- � K
 . |�} , Gk

w p- r�s�$�T Pk > |Pk| = p0 = 1
'�.  0/ � à - T '�.  .

5 w Pk � �c:1� �02
fk−1 : Hk−1 → Gk 3 '54 Ú76�E�Q�= 5�8 «�¯   G w p− r#s($*T P G�ó � K  . ¯  '9	: «�;7�=< ,

|Pi| = pk−i 8 ê  p- T Pi
8

, Ker fi ⊂ Z(Pi) �
� ? = ��> ��:�� w�? fi : Pi−1 → Pi G�ó � K ? 58 « ê  .

(5.11.4) P
f−−−−→ P1

f1−−−−→ P2 −−−−→ · · · −−−−→ Pk−1
fk−1−−−−→ Pk = {1}.

|�} w M%N ' > , )7@ / w"! s�#�· w�A , Hi G p- T « ê  5�8 G .  . YCB�= K < Pi = Hi G Gi
w

p- r�s($*T ������ w ' , Y w1D�w M%N >�E�F ' E  .

G = A8
w
G � « 5 w q5H ��|	I3� { ��¯ B . S1Ù�)�@ �KJ B w ' , ��� � K ? T gp = G «�� � { ,

-
�

p w I x
'
ZG(x) w p- r�s�$.T G G w p- r�s%$.T «1L�M =  � w ��N È  1O � pelement(gp) �

 p { ÿ�� . P A�w�Q	R > , æ�ç�è Cx
w I w H � |Cx| G p

8TS « ê  5�8�8 :jò '".  .

gap> pelement := function(gp, p)

> local class, list;

> class := ConjugacyClasses(gp);

> list := Filtered(class, c -> Order(Representative(c)) = p);

> for c in list do

> if Size(c) mod p > 0 then

> return Representative(c);
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> fi;

> od;

> end;

function( gp ) ... end

G = S4

'5U / È { �� 8

gap> pelement(s4,2);

(1,2)(3,4)

gap> Centralizer(s4, (1,2)*(3,4));

Group([ (1,2), (1,3)(2,4), (3,4) ])

gap> Size(last);

8

U /�« x = (1, 2)(3, 4) > -�� 2 w I ' , |ZG(x)| = 8 > , 2- r#s($jT w -�� 8
'%ì  îí K  (

5 w�G �
> 6 « 2- r#s%$*T « ê p { ~� ). V ~ ' « , G = A8, p = 3

' 4 p { �� .

gap> Factors(Order(a8));

[ 2, 2, 2, 2, 2, 2, 3, 3, 5, 7 ]

'".  */ � , A8
w 3- r�s($*T w -�� > 32 = 9

'".  .

gap> pelement(a8, 3);

(1,2,3)

gap> Centralizer(a8, (1,2,3));

Group([ (6,7,8), (5,6)(7,8), (4,5)(7,8), (1,2,3) ])

gap> Size(last);

180

� {*W � � 8 « Q � { G = A8 « V ~ { w M%N �
X È ¯ B . S�Ù x ∈ G �dö È , H = ZG(x) ��Y �
=  .

gap> x := pelement(a8,2);

(1,2)(3,4)(5,6)(7,8)

gap> H := Centralizer(a8,x);;

gap> Size(H);

192

|A8| = 20160
v / � ,

5 w�ï5Z ' H > 6 «�[	\ D « + � �®ê p { ~� . Ú « ��:�� f : H → H/ 〈x〉 �
ö�] =  .

gap> C := Group(x);

Group([ (1,2)(3,4)(5,6)(7,8) ])

gap> f := NaturalHomomorphismByNormalSubgroup(H,C);

[ (5,6)(7,8), (5,7)(6,8), (3,4)(7,8), (3,5)(4,6), (1,2)(7,8), (1,3)(2,4) ] ->

[ f6, f1*f2^2, f5, f1*f2, f5*f6, f1*f2^2*f4 ]
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gap> G_1 := Image(f);

Group([ f1, f2, f3, f4, f5, f6 ])

5�5 / �,^ ð,_�` «�ac . G1
w	b « x1 �
� V�X , H1 = ZG1

(x1) � M%N =  .

gap> x_1 := pelement(G_1,2);

f3

gap> H_1 := Centralizer(G_1, x_1);

Group([ f1, f3, f4, f5, f6 ])

gap> Size(H_1);

32

32 = 25
v / � , c"d&ê 5e8 « H1 >�Y K � ��6 « 2 r�s#$
T « ê p { ~� . H1 = P1

8 ÿf� .

P = f−1(P1)
8 � { G w 2- r�s($*T G�ó � K  .

gap> mysyl := PreImages(f, H_1);

Group([ (1,2)(3,4)(5,6)(7,8), (3,7)(4,8), (1,5)(2,6)(3,7)(4,8),

(1,3)(2,4)(5,7)(6,8), (3,4)(7,8), (5,6)(7,8) ])

gap> Size(mysyl);

64

5dK '
, A4

w 2- r�s($*T P =mysyl G�ó � K ? . L q , 5.7 g ' A4
w 2- r�s($*T syl2 G�ö�] � K�{

~ ? . Ó&Ô w  p ? mysyl
8�h � { �� 8

gap> syl2 = mysyl;

false

gap> IsConjugate(a8, syl2, mysyl);

true

3 � ��>�ê ~ X K � , 2 V w 2- r#s�$*Tc> ( i � w 5j8 ê G � ) æ�ç�« ê p { ~� 5�8 G U / È � K  .

Plk w q�H ' > , S4

' = ' «�m=n"o0p v p ? G (S4
w�G � ��[�\�]�^ $�_ ' ) ïlq � / X { M%N =  w ' >�r ~ W « ê p { � SsB ),

5 w q*H ê � æ�ç�è!G M%N ' E  jt  ®>5t�u v#� B . S v S v�v	w G .
 �YsBKx .ly . �z/F� ñ x U / È ? ¯ B « Y K > GAP w q*H 8 >�{�ê p { ~ y . GAP G � w ¯ B�ê qH�| J p { ~ y / >�} w�~ Ñ�= y 8�� � x�>�ê ~ .

5.12 ���C�����5�j�C�7�

5.8 g w A8
w æ#ç#è�« V ~ { � B L	���7� y .

�
class

|
112 H w I / � ê y A8

w æ�ç#è 8 = y .

Y K > , æ�ç�è w ¶,·�� ccl w 4 � Þj« .�y / � ,

gap> class := ccl[4];

(1,2,3)^G

gap> Size(class);

112
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X = class > 112 H w�Z | W V5���jx .   , G = A8 G X «��	� D «� =� = y . G > 112 H w�Z�w��� | 6!EK� �
� w x5�7��� ϕ : G → S112 G�ö	] � K y . L$��« � w ¯ B�ê*T G / � �0� T Sn � w �
��� | G w1�0�l�	  8 ~�~ , n

|z¡�¢ w Ú � 8 ~ B . Y � x , G = A8
w 112 Ú w�� � ¡�¢ G�ó � K�£��8 « ê y . ¤$¥#T A8 ¦ à�§�T�ê w x , ϕ ¦ à > �e���jx ."y . G ' Imϕ ¦ A8

w S112 � w�¨ È�©
� | ��� y . GAP x ¦ op = Imϕ ¦ Ú w ¯ B «�� { ó � K y .

gap> op := Action(a8, AsList( class ));

<permutation group with 6 generators>

gap> Size(op);

20160

S112 ¦ e�ª êdT�ê w x , op w ��� Ie|¬« � D «�­ � v X*x � ª$® ê �"8 « ê y . �¯/F� T ¦l°�± Ò 8 U
ö3� { ~ y .

��� x , p w ¯ B «5²�³ Action(norm, elab)
8 ­ �'¥�´3  « AsList(class) «!¯ p {

æ�ç�è class
| Y w I / � ê y ¶,·�� « � E � � £ A , Action

| |�I3� { ~ y ��8 «.Ýlµ � y . Y K
¦ , GAP x æ�ç#è | U ö � y q�H ¦�¶ Ù � � � { w Is|
· È y � w x ¦ ê�� , �l� ( ¶�·¸� ) 8 � { �
� � K7£ q G�æ�ç#è w S�S ¯   � M(N G ± �®ê y / � x ."y . �
/�� , T G ª Es��ê K < ê y ­ � , �
� 8 � { � { | U ö � y w ¦ h	¹ « ê y 8 ~ B w �»º È { i � ê W ê w x .�p { , YsB � £ µ�¼	/ ��� ,

��� 8 � { ¡ �½8 ~ p £ ²�³ D�ê q�H�| GAP ¦�¾ X ¯ B 8 f�g � { ~ y w x .=y .

¿ t T G G �l� X «����jÀ�«� "� � { ~ y 8z� y . |X | = n
8¯� y 8

,
� w  =��«!¯   G w n Ú w

� � ¡�¢�Á ó �»Â y . X w*ú�Ã ��� ∆
Á�ÄlÅ=Æ�Ç 8 ¦ , È µ w g ∈ G «��÷� {

∆g = ∆ É £ ¦ ∆g ∩∆ = ∅

Á �  ,Ê�V ��8 | ~ B . X « 1 < |∆| < |X | 8 ê y�Ë s7Ì1Í ∆ ( ��Î x�ê ~ Ë s7Ì5Í�Ï Á x�y � y 8Ð
, G ¦�Ñ	Ò X�À ê � ��Ó x .=y 8 ~#~ , Y w ¯ B�ê Ë seÌ5Í Á x#y � ê ~ 8 Ð , Ò XjÀ x .=y 8 ~ B .

∆
|
G w Ë s7Ì5Í 8»� y 8 , ∆g

� É £ Ë s7Ì�Í5x .   , {∆g | g ∈ G} «�¯ p { X ¦ æ$Ô ú�Ã�w ê ~
~ ��V / w Ë s7Ì5Í w�Õ �	� « Ã ì�� Â y (X w�Ã ì | ��� y�Ë s7Ì5Í w ��� | Ë s7Ì5Í ³ 8 ~ B ).

(5.3.1) X =
∐

g∈StG(∆)\G

∆g (disjoint union)

£ v � StG(∆) = {g ∈ G | ∆g = ∆} ¦ ∆ wlÖ öl× Ó ( �=� ∆
|
Ø�® « � y1Ù g ∈ G w �#� ) x .y

. Ú � x*Û Ë s7Ì5Í | Z 8 � ê � { ��� Y = {∆g | g ∈ StG(∆)\G} | �j� y 8 G ¦ Y w ñ «�Üs

�l��À!«� "� � y . G

Á ÑlÒ X�À ê � < |Y | < |X | ê w x , ¯  îÚ � w�Ý ~ m Ú w�� � ¡�¢eÁ ó �»Ây
(m = |Y |).

x ∈ X w$Ö ö$× Ó StG(x)
|
H
8 ÿ�� 8 , G w X � w  0� Á ���"À ê ��8 / � , X ¦ (G w  �� © � x )Þ	ß v è w �	� H\G 8 � L�à x Ð y . L	á , ∆

| Ë s�Ì�Í 8¯� y 8 x ∈ ∆ «�� � { StG(x) ⊂ StG(∆)Á �  âÊ�V . ( |#} , g ∈ StG(x) ê � < , x ∈ ∆ ∩∆g ¯   ∆ = ∆g). Y ¦ Þ�ß v è w ��� StG(∆)\G 8
� L�à � Â y .

� w ��8 / � , G
Á Ò X�À x .ly �=8	8 , L Z�w0Ö ö	× Ó StG(x) = {g ∈ G | xg = x} Á

G w º ª ú�Ã Ó x .=y ��8 ¦ �jò « ê y . (H
Á
G w º ª úlÃ Ó 8 ¦ , H

| ã�ä G wjú�Ã Ó Á G
8

H
á�â « x�y � ê ~ ��8 | ~ B .)

a8 w X =class � w*� � ¡=¢ op «1ã � B . GAP ¦ � � ¡"¢eÁ Ò XeÀ"/ � B / |�ä µ � { � Ây
. ��/Õ� Ú w £ È « ¦ op w  j��å {1, 2, . . . , 112} | ¦�æ Ð   8»ç ö � y ¶�è Á .�y . é ��< Ó
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Group((2,3,4)) ¦ ��� [1..4] = {1, 2, 3, 4} « �  =� � { ~ y � , {2..4] « �  =� � { ~ y . op
|

��� [1..113] w ñ � w  =� 8 � Â < , Z 113 ¦ a8 w  =� wlÖ ö Z « ê æ { � ÉsB .
� w  =� ¦ ���

À�« ê � Ù Ë s7Ì5Í w ø�ù ¦ �"� x Ð ê ~ . Ú � x GAP x ¦ Ú w ¯ B «�­ � .

gap> IsPrimitive(op, [1 .. 112]);

false

A"ê�w [1 .. 112]
Á  l� op

|
112 ë w�Z�w �	� � w�� � 8 � ê � £ ñ x , Ò X�Àl/ � B / | ( B {

~ y w x .=y . ì ¦ íîÑ�Ò XjÀ�ï 8 ~ B ��8 ê w x , �l� class « ¦ �
Î x�ê ~ Ë s7Ì5Í Á x#y � y .

GAP ¦ Ú w ¯ B�ê Ë s7Ì5Í w	b x5ë �jÁ Pl+ w Ë seÌ5Í |¬ð 
 , ��� class
|

(5.3.1) w ¯ B « Ã ¹� y
.

gap> blocks := Blocks( op, [1 .. 112]);

[ [ 1, 7 ], [ 8, 14 ], [ 15, 21 ], [ 10, 26 ], [ 24, 40 ],

[ 2, 13 ], [ 3, 19 ], [ 49, 54 ], [ 5, 31 ], [ 4, 25 ],

[ 16, 27 ], [ 22, 28 ], [ 57, 70 ], [ 12, 38 ], [ 36, 42 ],

[ 43, 48 ], [ 6, 37 ], [ 44, 53 ], [ 9, 20 ], [ 17, 33 ],

[ 73, 77 ], [ 55, 60 ], [ 51, 64 ], [ 47, 68 ], [ 46, 63 ],

[ 11, 32 ], [ 29, 35 ], [ 45, 58 ], [ 18, 39 ], [ 50, 59 ],

[ 80, 90 ], [ 76, 89 ], [ 106, 109 ], [ 101, 104 ], [ 84, 91 ],

[ 67, 72 ], [ 30, 41 ], [ 78, 82 ], [ 75, 85 ], [ 74, 81 ],

[ 93, 96 ], [ 97, 100 ], [ 61, 66 ], [ 95, 102 ], [ 94, 99 ],

[ 83, 87 ], [ 108, 110 ], [ 23, 34 ], [ 52, 69 ], [ 88, 92 ],

[ 111, 112 ], [ 98, 103 ], [ 62, 71 ], [ 56, 65 ],

[ 105, 107 ], [ 79, 86 ] ]

blocks ¦ class w Ë s�Ì1Í ³ | ��� y ¶,·f�ñx .�y . ¶V·�� w Û�ò Ë	ólô Í�� Á 2 ë w Ù / � ê y�Ë
s7Ì5Í « ê æ { ~ y . é �"< , blocks[1] = [1, 7]

Á=õ 8 V w Ë s7Ì5Í ∆
| �j� y . ö w Ë s7Ì5Í

[8,14], [15, 21] ê � ¦ ,
� � { ∆g (g ∈ G) «!¯   ó �»Â y . GAP «5²$³�¬�~ { � Â <

gap> Length(blocks[1]); Length(blocks);

2

56

� Â ¦ , class
Á

2 ë w Ù / � ê y	Ë s�Ì�Í 56 ë w�÷ « Ã ìø� Â £��=8 | µ�¼ � y . Ú � x D «
ù�� £
¯ B « Ó op

| Ë s"Ì
Í w �0� Y ( = blocks) «z l� � ¿ y �=8 «�¯   , ú ��~ � � ¡0¢ ϕ1 : op → S56Á ó ��Â y . Imϕ1
|

op1
8 ÿ�� 8 , ¤$¥ Ó G = A8

w S56 � w¬¨ È�© � a8 ' op1 ⊂ S56
Á ó ��Â y .

gap> op1 := Action(op, blocks, OnSets);

<permutation group with 6 generators>

�l� x Ýlµ � y ��8 ¦ , ¶®·¸� blocks
| Y � � { ~ y ò Ë	ó=ô Í�� ( Û Ë s7Ì5Í ) ¦ �l�jx .=y / � ,

Ú Â � w Ë s�Ì�Í | Z 8 � ê � { Ó op
|  l� � ¿ êlû Â < ê � ê ~ . OnSets ¦üí �	� w �sÉF  w ñ «Ó |  =� � ¿ ê � ~�ï 8 ~ BTý�þjx .=y . ú � � ó �»Â £ � ��Ó op1 ¦�Ò X�À�« ê y .
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gap> IsPrimitive( op1, [1 .. 56]);

true

Ú � x D�w ø�ù «!¯   , op1 « ÿ�û y L Z�w�Ö öl× Ó M1 ¦ º ª úlÃ Ó « ê y . op1 ¦ ¤0¥ Ó A8
8 �

�sx .�y / � � Â «�¯   A8
w º ª úlÃ Ó M

Á ó �KÂ y �78 « ê y . ��/Õ� � op1 ¦ S56
w�úlÃÓ 8 � { Y � � { ~ y w x , A8

w º ª úlÃ Ó |�« � À�«�­ � £ È « ¦ ��� ϕ2 : A8 ∼−→ op1
|
· ö<� ,

M = ϕ−1
2 (M1)

| N È�ê=û Â < ê � ê ~ . G = A8, H = op ⊂ S112, H1 = op1 ⊂ S56
8 ÿ�� . Y � w*»

á |�ÿ ~ Ö ¿ < ,

ϕ2 : G
ϕ−−−−→ H

ϕ1−−−−→ H1Á ��� ϕ2 = ϕ ◦ϕ1 : G ' H1
| �"� y (

Þ  =� w £ È ��2 w � � w 4 � Á�� « ê æ { ~ y �"8 «dÝlµ .)

á�ñ w=! s*#�· ¦ GAP x ¦ Ú w ¯ B «.|�I � Â y .

gap> ophom := ActionHomomorphism(a8, op);

<action homomorphism>

gap> ophom1 := ActionHomomorphism(op, op1);

<action homomorphism>

ý�þ ActionHomomorphism «!¯   a8 w�� � ¡�¢ ϕ =ophom, op w�� � ¡�¢ ϕ1 =ophom1
Á ö�] � Ây

. ϕ2 = ϕ ◦ ϕ1 x .=y / �

gap> composition := ophom*ophom1;;

«�¯   , ϕ2 =composition
Á ö0] x Ð £ . H1

w�Z x = 2 x w0Ö ö�× Ó M1 = StG(x)
|
stab

8»� y 8

gap> stab := Stabilizer(op2, 2);

<permutation group of size 360 with 5 generators>

«!¯ æ { H1
w�� � 360 w º ª ú�Ã Ó M1

Á ö É y . M = ϕ−1
2 (M1) x .=y / �

gap> preim := PreImages( composition, stab);

Group([ (2,5,7), (1,4)(2,7), (2,6,7), (1,3)(5,7), (6,8,7) ])

«�¯   , A8
w º ª ú	Ã Ó M =preim

Á U ö÷� £ . A8
w�� ��Á 20160 x .ly �"8 | ��� y 8 , � � 360w Ó M

Á º ª ú�Ã Ó « ê y 8 ~ B w ¦ , �¸� � Ð ��8 x .=y . M ¦ A8 « h � { ¦ y /�« + � ~ Ó x.  ®ê Á � , Ú Â | ã�ä A8
w*ú�Ã Ó ¦ x�y � ê ~ w x .=y .

� Â&�
A8
Á à�§ Ó x .=y �j8 w���� x. � B / . 	 É%¾�ê Á � , à	§ Ó w�Q0R ¦ �0��ú	Ã Ó Á x�y � ê ~ �=8 x . æ { , à!ê y ú	Ã Ó « V ~ {

¦�
 � ; æ { ~ ê ~ . �¬/F� à	§ Ó « ÿ ~ { ¦ ú	Ã Ó w x�y � Ñ�� «���
 � Â y �"8 |�ñ�� ¼ | ¦ å��
���#~ y .)

æ(ç�è class / � ¥ ¡ Ù c1
|¯ð 
 , c1 x ����� Â y�� @ Ó | xx

8 ÿ�� . a8 « ÿ"û y xx
� �	� × Ó8 ����ó �»Â y a8

� ú�Ã Ó | K = sgp
8¬� y

. K
� � � 360

� úlÃ Ó x .   , � ¦ M
8 æ�çc« êy

, � ° g−1Kg = M
8 ê y g ∈ G

Á���� � y
.
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gap> c1 := Representative(class);

(1,2,3)

gap> xx := Group((c1));

Group([ (1,2,3) ])

gap> sgp := Normalizer(a8, xx);

Group([ (1,2,3), (5,6,7), (5,8)(6,7), (4,5,7,6,8), (2,3)(5,7,6,8) ])

gap> Size(sgp);

360

gap> RepresentativeAction(a8, sgp, preim);

(2,4)(7,8)

RepresentativeAction(a8, sgp, preim)
Á æ#ç | �j� y�Ù g ∈ G

|�� V7û y ýlþ7x ."y .
� Â ¯�

g = (2,4)(7,8)
Á ó�� Â y . �! , K

| æ�ç�«!¯ � �#"���$ y 8

gap> sgp^(2,4)(7,8) = preim;

true

«!¯ � , Kg = M
Á U / È � Â y .
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6 % &('*),+,-/.1032�'54

6.1 687�9j���;:=<?>�7½�A@#B�CED

þGF�H	Ì�Í,IKJMLAF Ë ¦ ô�N!�GO B�P
Ê áAQ | ÛSR | 9 3 Ã "1� x Ð y 26 ë � +�Ê áMQ 	TJSLUF Ë 8WVX Ï | ��Y ��Z � , Û[R ��\ø| ��´ Z �5I �^]_FS`�x .=y . a , Ê áSQ � Û�R ¦ , b (Green), c (Red),d
(Blue), e \ (Yellow), f�g�Í (Pink), h (White) P \ Ã û�i Â ��j y 8¯� y . k A ,

\C|¬¡ � � P ,

G, R, B, Y, W, P
| J B ��8 P � y . É £ , l[m | Ö�n � y £[o P , pqFqH"Ì5Í(IrJ�LSF Ë ¦U� P N��O BsP � / Â ��j y 8¯� y .

£�t "
p R ⇔ G, u�R ⇔ R,

Þ R ⇔ B, v�R ⇔ W, wSR ⇔ P, x�R ⇔ Y

x!y y . p_FqHlÌ�Í�IzJ[L�F Ë ��® � ¦ Û{R � b�| P{y y J[LAF Ë | YG} iU~ j��{"��S�!j � x ( �� 
P ¦ � � �l� x �M�A�7ÁA� y Á , � \ P[~ æ ��j y 
 �W��� x Ð ~ j .

N��qOG� PU�{� |s��� � , � ¦� � �{� ¦ ��� � y ) k�� ¦[� | P�y!��J�LSF Ë P O æ � Ú � R ��\�� Ö�n "����q� � . ÚG�����_� À
P Y�� � ¦ 20 ë � J�LSF Ë �_y!� . Ú �[� 8 ë ¦ Ê áSQ ����� P�y � , � � � 12 ë ¦ Ê áSQ ����� u
P�� æ ��j � . � Â � � Ú ÂG�5Â ��� J�LSF Ë ,

� J�LSF Ë � V X � � P � � .

�
�

��

�
�

��

�
�

��

�
�

��

�
�

���
�

���
�

���
�

��

G

R

B

Figure 1. pqFqH"Ì5Í(IrJ�LSF Ë (3 × 3 × 3)

pqFqH=Ì5Í�I�J�LSF Ë � Y Ð ¦ ,   � � | � � ��Û[RG� � 90 ¡ �M��� �!y!� . Ú Â � � , x, x′, y, y′z, z′

�£¢ � � � P � � . x ¦ x   � � | � � � G R_� �A�U� , x′ ¦ x   � � | � � ��¤[R (Y RlÏ�� �A�U�
( k_w��s¥=Ï �¬¡ � . x, x′, y, y′, z, z′

��¦ �r§ "���¨#� Â �s©[ª � pGFqH�Ì1Í�©�ª �¬« � . pqFqHlÌ1Í�©
ª®­ 20 ë � J�LAF Ë �A�U�[¯ Ð1° ª ��$ �!� �A± � Ð � . "W}�" �[���!­ , Û{R{u �8² ë ��³ áA´�µS¶·

48 ë�PAw N��¸Oq� PU¹�º �s¯ û , x, . . . , z′
� �s» � � 48 ¼[� � ° ª ��$ ~{½ .

° ª x, x′, y, y′z, z′

�S¾S¿8is»GÀ S48
��Á�Â[Ã���Ä�Å�ÆSÇMÈ3ÉËÊ¸Ì�Å�Í�Î �1j � � � PM½q� .

x_1, x_2, y_1, y_2, z_1, z_2
�

G, Y, B, W, R, P
�{Ï » � » � | � ½¸��v � � � 90 ¡ �A� �

½q� .
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1 2 3

4 R 5

6 7 8

9 10 11

12 W 13

14 15 16

17 18 19

20 G 21

22 23 24

25 26 27

28 B 29

30 31 32

33 34 35

36 Y 37

38 39 40

41 42 43

44 P 45

46 47 48

Figure 2. pGFqH_Ð�Ñ(IrJ�LSF!Ò ��Ó�Ô�N

gap> x_1 := (17, 19, 24, 22)(18, 21, 23, 20)(6, 25, 43, 16)

(7, 28, 42, 13)(8, 30, 41, 11);

gap> x_2 := (33, 35, 40, 38)(34, 37, 39, 36)(3, 9, 46, 32)

(2, 12, 47, 29)(1, 14, 48, 27);

gap> y_1 := (25, 27, 32, 30)(26, 29, 31, 28)(3, 38, 43, 19)

(5, 36, 45, 21)(8, 33, 48, 24);

gap> y_2 := (9, 11, 16, 14)(10, 13, 15, 12)(1, 17, 41, 40)

(4, 20, 44, 37)(6, 22, 46, 35);

gap> z_1 := (1, 3, 8, 6)(2, 5, 7, 4)(9, 33, 25, 17)

(10, 34, 26, 18)(11, 35, 27, 19);

gap> z_2 := (41, 43, 48,46)(42, 45, 47, 44)(14, 22, 30, 38)

(15, 23, 31, 39)(16, 24, 32, 40);

gap> cube := Group(x_1, x_2, y_1, y_2, z_1, z_2);

gap> Size(cube);

43252003274489856000

��»�P O � pGFGH�Ð�Ñ?IzJSLAF�Ò Ã H =cube Õ �[Ö 43252003274489856000
�
S48
��Á[Â[Ã �{"��U×n ½q� . � �!Ø�Ù ~�Ú Ö �MÛ Ö Â�Ü ½q� � ,

gap> Collected(Factors(last));

[ [ 2, 27 ], [ 3, 14 ], [ 5, 3 ], [ 7, 2 ], [ 11, 1 ] ]

� ¨ � . ½_~MÝ¸Þ , |H | = 227 · 314 · 53 · 72 · 11.
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k_w ,
Ã
H =cube

�
48
�_ßGà�á!â

(
° ª�ã�ä )

��å "G�çæ�è!é�jê� . ë�ìAí[î Â�Ü���ï o � �

gap> orbits := Orbits(cube, [1..48]);

[ [ 1, 14, 17, 3, 48, 9, 22, 19, 41, 38, 8, 27, 24, 46,

11, 33, 30, 40, 43, 6, 32, 35, 16, 25 ],

[ 2, 12, 5, 47, 10, 36, 7, 29, 44, 13, 34, 45, 28, 4,

31, 37, 42, 15, 26, 21, 20, 39, 23, 18 ] ]

gap> List(orbits, c -> Size(c));

[ 24, 24 ]

� 2 ð à í{î�P Â�Ü ½q� . Ö � �sñ è!é � »_ò Â } � OG� P 1 ¹?ó à í[îqÕ ��� J[LAF!Ò à ° ª }8�=¨
� »¸�sí[î¸� , 2 ¹?ó à í[î¸ÕUô�J�LSF!Ò à ° ª }8�£¨�� »¸�sí[î¸�_y!� . k�� , �s» � ��õ�ö[÷�ø , ù÷�ø ��j � � � PM½®� . pqFqH_Ð�Ñ(IrJ�LSF!Ò Ã cube

à�Ã�ú[ûü�sý n ½q�[À o P cube
à���� í[î ßà�á!â � ô�í[î ßGà�á!â��SÏ » � »Mð � P æ�è � .

6.2 þ�ÿE687�9�� � :=<ê>�7��M@

ë�ì , cube
à���� í�î orbits[1]

ßGà ° ª�ã�ä � æGè � . fV : H → S24
�
H =cube

à
orbits[1]ßqà ° ª�ã�ä ��" , HV = Im(fV ) =cube1, fV =hom1 ���#� . Hv

�sõ!ö!ÄGÅEÆSÇMÈ3ÉËÊ¸Ì�ÅGÍ�Î �
j � .

gap> cube1 := Action(cube, orbits[1]);

<permutation group with 6 generators>

gap> Size(cube1);

88179840

gap> hom1 := ActionHomomorphism(cube, orbits[1]);

<action homomorphism>

�s»GP O�� ,
° ª Ã HV = cube1 ⊂ S24 �
	���
���� fV = hom1 : H → HV Õ × n ½¸� . orbits[1]

­ H í{î à�� ��� t }������ HV
à�á�â ­���� ���!y�� . � ± , ! à À o ×�} o é�" OG� . #�¾%$'& ±(�) P+*¸�{P�,.-�Àq� � ­{~ j . ë�ì cube }/�10 o � � ,

gap> IsTransitive(cube, orbits[1]);

true

� ~ � $ à%2+3 ± ~ j .
Ï ��� æ�4 à ��5 é cube1 P��E� �

gap> IsTransitive(cube1, orbits[1]);

false
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� ~65 é , 7�7'7 !! ��j � � � P{~�� .
Ù #�8®­ Ï¸� j �:9<;>=@? fULAF�A t 5 é À�ëSPS­CBED � � �A±

y!�_iGF �IH��KJML � - é�j�� »¸� à �_y!�AÕ , N�O�P'#®­�Q �KJ:R - éü� ë�S � ò } � . T�­ cube1à�á!â�U ­�V�P [1..24] P[~W5 é�j � . orbits[1]
à ë�ëA�_­ ,

á�â'U ­ [1..48]
à�Á�Â�X ¶ P�Y[Z

~ j à �E���W��P�­[~ � ~ j à �_y!� .
Ï ���C\�].- | �s� »Mª �Sé ,

gap> IsTransitive(cube1, [1..24]);

true

� ½q� � , cube1
à�á!â Õ+���W���_y!��� � Õ ×q} o � »¸� .

o �_À�- ,
o �_À�- .

^ à �E_ P�`�5 é cube1
à

[1..24]
ßGà ���W�_~ á!â ­�a.- é+b�0 � } S � } �Gc � OG� .

gap> corners := Blocks(cube1, [1..24]);

[ [ 1, 6, 22 ], [ 2, 14, 18 ], [ 3, 15, 20 ], [ 4, 12, 16 ],

[ 5, 10, 21 ], [ 7, 9, 23 ], [ 8, 11, 24 ], [ 13, 17, 19 ] ]

d 5 é , cube1 ­ b@0 ����­�~ � , e�PEÒ�f¸Ð�Ñ{­ 3 ð à ^ }/� ~�� . orbits[1] � [1..24] � àEgh ã
1 14 17 3 48 9 22 19 41 38 8 27 24 46 11 33 30 40 43 6 32 35 16 25
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

i�j �
, block [1, 6, 22] ­ ^ à ¹_º ¯lk [1, 9, 35]

i g h - , [2, 14, 18] ­ [14, 46, 40]
i

g h ½q� . k_w � ¥ i - é , 8 ð à Ò�f¸ÐUÑ�Õ+m�npo à 8 ð à���� i g h ½G��� � Õ Â } � ( q 4 r�s ).d 5 é ��» � à Ò'fGÐUÑ à ° ª¸­�m@npo à��[�¸à ° ª i g h - , t�Ò'fqÐUÑ ��u } iU~ j cube1
à ^ ­g h ½q� ��� i � k � ����v�wpx Ò àM��� i g h ½q� .

y à q à j � i , 2×2×2 ð à�v%wEx Ò }z� ~���mpo ��c � � . �1»�­|{�} vpwEx Ò �1}�~'� Ð�� vpw+x
Ò �1}'� òA» é�j ��p xW� ÐUÑ�� v�wpx Ò à © ´�� �!y!� . u i�� è À j � i HV =cube1

�Gc � �_�
� ­ ±_� à p xW� Ð�Ñ�� v�w%x Ò à�� Ý � i ,

���lv�wpx Ò à "[}/� ~_��{G} v�wpx Ò ����� � � i ~
� . HV � à ¾S¿ ^ a1, a2, b1, b2, c1, c2 Õ ,

Ï » � »p��� , x'� , ��� , v�� , u'� , x�� � à 90 ¡ ���i g h ½G� .

�
��

�
��

�
��

�
��

�
��

�
��

Figure 3. {G} v�wpx Ò (2 × 2 × 2)

orbits[1] � [1..24]
à�g h à ±�� i {G} v�wpx Ò à�Ó�Ô q � k_w i��6� é��?� . k�� iE� � À�¾S¿^

a1, a2. . . . , c2
à ã���­���� i�� � À�¹_º ¯�k[à ±�� � à {G} v�wpx Ò à�u�á i �p�K- é�j � .

HV =cube1
à Ò�fqÐ�Ñ à�X ¶ ßGà ° ª[ã�ä ϕV : HV → S8

à����
ImϕV =cube1b ���?� .
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20 11

1 4

2 23

6 15

7 13

3 8

17 21

24 12

10 18

16 22

14 5

9 19

Figure 4. {G} v�wpx Ò à�Ó_Ô q

gap> cube1b := Action(cube1, corners, OnSets);

Group([ (3,7,8,6), (1,2,5,4), (4,5,8,7), (1,3,6,2), (1,4,7,3), (2,6,8,5) ])

gap> Size(cube1b);

40320

cube1b ­ S8
à�Á�Â�Ã �_y!� . ��n , GAP

à%� �W� Ö ��� 5 é ,

gap> Factorial(8);

40320

d 5 é , S8
à Ú Ö ­ 40320 � ,

Ï »q­ cube1b
à Ú Ö i ���q½¸� . HV ' S8 ÕA¿�m�-�� 	���
��+�

ϕV : HV → S8 Õ ¨���� À .
y i

KerϕV

i �!j[é�æ�è j � . ë�ì�� � ϕV =blockhom1
�

GAP
i��

"���� .

gap> blockhom1 := ActionHomomorphism(cube1, cube1b);

<action homomorphism>

KV = KerϕV =ker1
i �@�[é�æ�è�é�" j � .

gap> ker1 := Kernel(blockhom1);

<permutation group with 7 generators>

gap> Size(elab);

2187

gap> Factors(Size(ker1));

[ 3, 3, 3, 3, 3, 3, 3 ]

gap> IsElementaryAbelian(ker1);

true
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�s»!� , ker1 Õ�Ú Ö 37 à����l�'xC� p Ã i ~_��� � Õ Â } 5MÀ . ½�~{Ý¸Þ KV = KerϕV ' (Z/3Z)7

Õ�¿ � m � .  �u à�¡'¢ }/�I£�	�¤�¥
(6.2.1) 1 −−−−→ (Z/3Z)7 −−−−→ HV

ϕV−−−−→ S8 −−−−→ 1

Õ ¨�� »q� .

KV

i �p��éG¦ i å - � æ�è � . 
 ��´ ϕV ­SÒCf{Ð¬Ñ à�§[ß�à ° ª � - éG¨C©�ª »�À à � , KV = KerϕV

­�t�Ò�f¸Ð�Ñ � 	qé¬« X ¶ � - é%­�®�¯ ½q� .
Ï »G­ , {G} v�wpx Ò à t ���E� 	qé@°�¨ ½q�s©�ªq� ±

� . {G} v'wpx ÒU� à�u/²S�Gc�³ ½G� � ÏSà j � ~�©�ª®­�t ��� � à����lv'w%x Ò à���� i�´ ~ � ~ �
� � Õ Â � .

d 5 é KV ­�t ��� � àM��� }/� ¾S¿ ª »¸� Ã (Z/3Z)8
i�µ ëU»¸��¶ KV ' (Z/3Z)7 Õ

(Z/3Z)8
à S à j � ~ Á�Â�Ã } ��ý ¨ - j � . ë�ì , 8 ð à����E�

[1,6,22], [4,12,16], [8,11,24], [3,15,20],

[7,9,23], [13,17,19], [5,10,21], [2,14,18]

à�· ¹ iG¸ è � . ��» � ­|{�} v�wCx Ò i ���{é ôG�E¹®ò�»�À ��� Õ�º � ¶ � j � iG¸ è À ± à ��±�� .

i ¹êó à��[� � à 120 ¡ àG»������ εi � ã_½ . ε1, . . . , ε8 Õ (Z/3Z)8
à ¾A¿ ^ � � � � . ε1 =(1,6,22),

ε2 =(4,16,12)
i g - é

gap> (1,6,22) in cube1;

false

gap> (1,6,22)(4,12,16) in cube1;

true

� ë � , ε1 ­ cube1
i�µ ë�»�ì , ε1ε

−1
2 ­ cube1

i�µ ë�»¸�q� � Õ Â � . ¼ �+½®� »qò , ε1ε
−1
2 ∈ KV

ÕU¿ � m � . {�} v�w%x Ò à�g�¾'¿ j � ε2ε−1
3 , . . . , ε7ε

−1
8 ± KV

iGµ ëU»q�{­Aì��6±�� . T�À ×�Á�ÂSé
" � � ,

gap> (4,16,12)(11,8,24) in cube1;

true

gap> (11,24,8)(20,15,3) in cube1;

true

gap> (7,9,23)(3,20,15) in cube1;

true

gap> (13,17,19)(7,23,9) in cube1;

true

gap> (19,13,17)(5,10,21) in cube1;

true

gap> (5,21,10)(14,2,18) in cube1;

true

  § j � , ε1ε
−1
2 , ε2ε

−1
3 , . . . , ε7ε

−1
8 Õ KV

à ¾M¿ ^ � � � ,

(6.2.2) KV =
{
(ελ1

1 , . . . , ελ8

8 ) ∈ (Z/3Z)8 |
8∑

i=1

λi ≡ 0 (mod 3)
}
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� ~_��� � Õ ×�Á@ÂÃ� »GÀ .

e�� i £�	�¤�¥ (6.2.1) Õ Â�Ä ½q��� � , ½_~MÝ¸Þ HV Õ (Z/3Z)7 � S8
à+Å�ÆpÇ

S8 n (Z/3Z)7
i �

� i ~_��� � � � Ï�� . ± - Å�ÆpÇ i ~_� � ½[»�ò , HV ­ S8 �G��� ~ Á�Â�ÃE� µ � ­Mì��@± � , � àÁ�Â�Ã ­ �!�lv�wpx Ò à (
�A� ~l- à )

° ª à 	 o � - é�¨È� »®�{­Sì�� ±!� .
Ï ��� ,8 ð àU����à�X

¶ [1,2,3,4,5,7,8,13]
à ° ª � - é�¨�� »¸� HV =cube1

à�Á�Â�Ã��
comp1 � ½q� . ¼ �E½¸� � �

comp1 ­ , [1,2,3,4,5,7,8,13]
à�X ¶ � - é à °�¨�É Ã i ~W5 é�� � .

Ï ���

gap> comp1 := Stabilizer(cube1, [1,2,3,4,5,7,8,13], OnSets);

<permutation group of size 40320 with 8 generators>

i�j �
, S8 �G��Ê Ú Ö ��Ë � cube1

à�Á[Â�Ã
comp1 Õ ¨�©�ª »q� . ϕV : HV → S8

à
comp1

ßGà�Ì Í
­ 	�� i ~_� . T@À

gap> Action(comp1, corners, OnSets) = cube1b;

true

d 5 é , ϕV
à

comp1
ß�àGÌ Í ­ ��� comp1 ∼−→S8

� � � , ��» j � (6.2.1) Õ Â'Ä ½��_� � Õ�Î Á »¸� .ÆpÏ
,
Å'ÆpÇ i ~_�_� � � ×�Á�Â � i ­ , comp1∩KV = 1 �6±!�_� ��� , HV Õ KV � comp1 �S¾M¿ ª

»¸��� � �EÐ »Gò �6� .

gap> Size(Intersection(comp1, ker1));

1

gap> Closure(comp1, ker1) = cube1;

true

  § � , HV ' S8 n (Z/3Z)7 � ~_��� � Õ ×�Á@Âz� »GÀ .

Ñ�Ò
. �CÓ i gp¾SÃ Sn �ÕÔ �UÃ Z/rZ � à�Ö:×�Ç , ½�~UÝGÞ Sn � (Z/rZ)n � à�ÅpÆ%Ç Sn n (Z/rZ)n

(Sn ­ (Z/rZ)n
i ° ª � - é á!â )

�
G(r, 1, n) � ãG½ ( Ø'Ù�Ú@Û Ã � - é à ¢ º ). (Z/rZ)n à ¾M¿ ^�

ε1, . . . , εn � ½q� � ²GÅ�ÆpÇ Sn nEr
�
G(r, r, n) � ãG½ . À�Ü�- Er ­

Er =
{
(ελ1

1 , . . . , ελ
n) ∈ (Z/rZ)n |

n∑

i=1

λi ≡ 0 (mod r)
}
' (Z/r/ZZ)n−1

� ¨�©/ª »¸� (Z/rZ)n à�Á�Â�Ã �6±!� . G(r, r, n) ­�Ú Ö n! × rn−1 à Ø'Ù�Ú6Û Ã i ~G� .   §�à ¢ ºà ±�� i , HV ' G(3, 3, 8) � ã ª »¸� .

6.3 ÝÃÞ/ß�à�� �âáÕã.ä ß/�+å

y i
cube

à ô�í[î orbits[2]
ßGà ° ª�ã�ä � æ�è � . fE : H → S24

�
H =cube

à
orbits[2]

ß
à ° ª�ã[ä�æ'- , HE = Im(fE) =cube2, fE =hom2 æ �?� . HE

� ù Ä�Å�ÆSÇMÈ3É Ê®Ì�Å�Í�Î æ �Ãç .
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gap> cube2 := Action(cube, orbits[2]);

<permutation group with 6 generators>

gap> Size(cube2);

980995276800

gap> hom2 := ActionHomomorphism(cube, orbits[2]);

<action homomorphism>

ô è x�� Ð�ÑÈ� v�w%x Ò Ã HE Õ�Ú Ö 980995276800
à�Ã æ�- éU×�¨ ½G� . HE =cube2

à
oribts[2]ßGà�á!â ­����W���6±!� Á�� , ��æ � ¥ i Ò'f¸Ð�Ñ Â�Ü Õ�� ² � .

gap> edges := Blocks(cube2, [1..24]);

[ [ 1, 11 ], [ 2, 16 ], [ 3, 19 ], [ 4, 22 ], [ 5, 14 ],

[ 6, 8 ], [ 7, 24 ], [ 9, 18 ], [ 10, 21 ], [ 12, 15 ],

[ 13, 20 ], [ 17, 23 ] ]

orbits[2] æ [1..24] æ à�g h ã�­ y à j ç i'é � .

2 12 5 47 10 36 7 29 44 13 34 45 28 4 31 37 42 15 26 21 20 39 23 18
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

� à�g h ã i�j � ,
y à ô v�wCx Ò à�Ó�Ô q�Õ ¨�� »¸� .

1

14 3

7

5

2 10

18

24

21 20

23

19

13 8

15

11

6 16

22

17

9 12

4

Figure 5. ô v�wpx Ò à�Ó_Ô q

�s» j � , t�Ò�f¸Ð�Ñ�Õ 12 ð à ô v�wpx Ò i g h - é�� ��� æ�Õ Â Á � .

HE =cube2
à Ò�f¸Ð�Ñ à�X ¶ ßGà ° ª�ã�ä ϕE : HE → S12

à����
ImϕE =cube2b æ �?� .

gap> cube2b := Action(cube2, edges, OnSets);

Group([ ( 7,11,12, 9), ( 1, 2, 4, 6), ( 3, 6,10,11),

( 2, 5, 9, 8), ( 1, 3, 7, 5), ( 4, 8,12,10) ])

gap> Size(cube2b);

479001600
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cube2b ­ S12
à�Á�Â�Ã �6± � , ��æ � ¥ i 12!

� ·pê - é

gap> Factorial(12);

479001600

cube2b ' S12
� ¨ � . ë i , ϕE : HE → S12 ­ 	 �@
z�+� i�é � . ϕE =blockhom2, KerϕE =

KV =ker2 æ �ê� . KE =ker2
� ·pê - j ç .

gap> blockhom2 := ActionHomomorphism(cube2, cube2b);

<action homomorphism>

gap> ker2 := Kernel(blockhom2);

<permutation group with 11 generators>

gap> Size(ker2);

2048

gap> Factors(Size(ker2));

[ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ]

gap> IsElementaryAbelian(ker2);

true

  § iWj � , ker2 ÕUÚ Ö 211 à��'�l�px+� è Ã �@±����6æ1Õ Â Á 5UÀ . KE ' (Z/2Z)11 �@±�� Á�� , £
	�¤�¥
(6.3.2) 1 −−−−→ (Z/2Z)11 −−−−→ HE

ϕE−−−−→ S12 −−−−→ 1

Õ ¨�� »q� .

KE ' (Z/2Z)11
àsú{ûü��ý Â j ç . ô v�wCx Ò à�u�²{��Ð ���@æ iWj � , KE ­ (Z/2Z)12

i�µ ë�»q� .

��� i t[¿ Â Z/2Z ­sô v�wpx Ò à 180 ¡ ì+í i g h ½�î . ��æ � ¥ i 12 ð à Ò�f¸Ð�Ñ i y à j ç é·�ïzðGñ »|î .

[1,11], [3,19], [7,24], [5,14], [2,16], [9,18],

[10,21], [17,23], [13, 20], [12,15], [6,8], [4,22]

� à�·�ï ��º � ¶ 5�À[Ò'fGÐ�Ñ i g h ½Wî�ô v'w+x ÒS­�m�nCo à�ò ��e'ó'ô�õ ð�ö î ± à i�é 5 é�� î .

� ë � , º � ¶ 5AÀsô v'w%x Ò à Ú ° �+÷�­�S^» ±E��Ê�ø ±�î . i ¹êó à Ò'fGÐUÑ i g h ½Wî�ô�Ò�fGÐ�Ñà
180 ¡ à ì+í ð εi æ ��ù . ε1, . . . , ε12 Õ (Z/2Z)12

à ¾S¿ ^ ð ��ú î . ε1 = (1, 11), ε2 = (3, 19)
i

g -

gap> (1,11) in cube2;

false

gap> (1,11)(3,19) in cube2;

true
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d 5 é , ε1 /∈ KE , ε1ε2 ∈ KE ø ±@î . ε1ε2, ε2ε3, . . . ε11ε12 ­ 	¸é è x|� Ð�Ñû� v�wpx Ò à'ò ø g'¾ é
Ú ° ð'ü Â î ý æ Á/� , εiεi+1 ∈ KE (1 ≤ i ≤ 11) æ é î6ý æ�Õ Â Á î . ýs» j � ,

KE =
{
(ελ1

1 , . . . , ελ12

12 ) ∈ (Z/2Z)12 |
12∑

i=1

λi ≡ 0 (mod 2)
}

Õ ¨�� »�î .

e'þ i , £p	�¤p¥ (6.3.2) Õ Â�Ä ½ î@ý6æ , ½ é ÝqÞ HE Õ S12 æ (Z/2Z)11
àEÅ'Æ+Ç ipé î@ý@æ ð ��½ .

gap> comp2 := Stabilizer(cube2, [1,2,3,4,5,6,7,9,10,12,13,17], OnSets);

<permutation group of size 479001600 with 8 generators>

gap> Action(comp2, edges, OnSets) = cube2b;

true

ÿ�� vCw�x Ò à�� ¶ æ ��� i , cube2
àpò i

S12 æ �|Ê Ú Ö ð Ë � ÁMÂ{Ã comp2 Õ ¨%©Ãª » , ϕE : HE →
S12
à

comp2
ßGà�Ì|Í ­ �E� comp2 ∼−→S12

ð �Wú î .
d 5 é , HE ' S12 n (Z/2Z)11 Õ ¨È� »|î . �� à�� º i d ú ò , ýs»�­ HE ' G(2, 2, 12)

ð	��
 ½�î .

6.4 Þ/ß
��� � á1ã[ä ß��%å������

è x6� Ð�Ñ�� v%w�x Ò Ã H ­ 48
� à ° ª Ã ø ± � ,

ÏSà
48
� Õ��[À � à íSî orbits[1] æ orbits[2]i Â[Ü ½ î . H Á���� Î ª »�À orbits[1]

§®à ° ª Ã Õ HV ø ± � , orbits[2]
§¸à ° ª Ã Õ HE ø

±6î . fV : H → HV , fE : H → HE
ð � � ø+¨�© -�À 	���
��E� æ�½�î�æ f : H → HV ×HE , g 7→

(fV (g), fE(g)) ­�� �'
���� ð �6ú î . ϕV : HV → S8, ϕE : HE → S12
ð � � à j ç i ö î .

y à q��ðGc ú î .

(6.4.1) f̃ : H
f−−−−→ HV ×HE

ϕV ×ϕE−−−−−→ S8 × S12

S8 ­U¼�� {1, 2, . . . , 8}, S12
ð ¼�� {9, 10, . . . , 21} i �!½�î ° ª Ã æ "[é S8 × S12

ð
S21
à�Á!Â�Ã æ

" é ½ . A(S8 × S12) = (S8 × S12) ∩ A21 æ �Kù (A21 ­ 21
y à�����Ã

). A(S8 × S12) ­ S8 × S12
à

� Ö 2
à�Á�Â[Ã i'é î .

y ð �G½ .

(6.4.2) f̃(H) ⊂ A(S8 × S12).

T@À g = x1, x2, . . . , z2
i g - é , ϕV ◦ fV (g) ­�Ú Ö 4

à Ô ì ° ª i�é î . ýs»G­ ϕ ◦ fV Õ'ìEí ð� "!
-�À ÿ#� v�wpx Ò à ° ª ø ±@î ý æ j � ��� à ¹�a ø ±@îAÕ ,

Æ%Ï ×�Á@Â j ç æ1½S»Gò
gap> hom11 := hom1*blockhom1;;

gap> Image(hom11, x_1); Image(hom11, x_2);

(3,7,8,6)

(1,2,5,4)

gap> Image(hom11, y_1); Image(hom11, y_2);

(4,5,8,7)
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(1,3,6,2)

gap> Image(hom11, z_1); Image(hom11, z_2);

(1,4,7,3)

(2,6,8,5)

��� i , ϕE ◦ fE(g) ± ë{À�Ú Ö 4
à Ô ì ° ª ø ±@î .

gap> hom22 := hom2*blockhom2;;

gap> Image(hom22, x_1); Image(hom22, x_2);

(7,11,12,9)

(1,2,4,6)

gap> Image(hom22, y_1); Image(hom22, y_2);

(3,6,10,11)

(2,5,9,8)

gap> Image(hom22, z_1); Image(hom22, z_2);

(1,3,7,5)

(4,8,12,10)

§�à ¹�a Á/� g = x1, x2, . . . , z2
i g - é , f̃(g) = (ϕV ◦ fV (g), ϕE ◦ fE(g)) ∈ S8 × S12 ­�Ú Ö 4

à Ô
ì ° ª à�Ç ø ± î .

d 5 é , f̃(g) ∈ A(S8 × S12). x1, x2, . . . , z2 ­ H
à ¾[¿ ^ ø ±6î Á � , ý�» j �

(6.4.2) Õ ¨�� »|î .

e�þ i

(6.4.3) H ' f(H) = A(S8 × S12) n ((Z/3Z)7 × (Z/2Z)11)

ð � Ï ç . è x�� Ð�Ñû� v�wpx Ò Ã H
à�ú[û ­ (6.4.3)

i�j � £�	 i � � ª »|î .

(6.4.2)
j �

, H ' f(H) ⊂ (ϕV × ϕE)−1(A(S8 × S12)). ý�ý ø
(ϕV × ϕE)−1(A(S8 × S12)) ' A(S8 × S12) n ((Z/3Z)7 × (Z/2Z)11)

­ HV ×HE
à � Ö 2

à�Á�Â�Ã i�é î .
Ï ý ø , H =cube

à Ú Ö æ HV ×HE = cube1× cube2
à ÚÖ à+ÅSÂzðsñ�$ - é

gap> Size(cube) = Size(cube1)*Size(cube2)/2;

true

ýs» j � f(H) = (ϕV × ϕE)−1(A(S8 × S12)) æ é � , (6.4.3) Õ�¿ � m � .

e�þ i è x�� Ð�Ñû� v�wpx Ò Ã H
à'ò�%zð æ�è!é�� ý ç .

gap> Center(cube);

Group([ ( 2,34)( 4,10)( 5,26)( 7,18)(12,37)(13,20)

(15,44)(21,28)(23,42)(29,36)(31,45)(39,47) ])
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½ é Ý¸Þ , H
à�ò�% ­ {1, g} Á/� é î . ý�ý ø

g = (2, 34)(4, 10)(5, 26)(7, 18)(12, 37)(13, 20)(15, 44)(21, 28)(23, 42)(29, 36)(31, 45)(39, 47)

­ , 12 ð à ô v�wpx Ò ð 	Gé 180 & � 5 ù � § ½AÚ Ö 2
à ©�ª ø ±@î .

6.5 ')(+*-,/.)0"132

è xW� Ð�Ñ.� v'wCx Ò Ã H ­ x1, x2, y1, y2, z1, z2 Á�� ¾S¿ ª » é�� À .
�6ú � »�À H

à ^ ð ý�» � à
¾S¿ ^ à�Ç æ'- é ãG½�ý æ ð�c ú é�" j ç . ýs»�Õpè x�� ÐUÑ�� v�w%x Ò à ;54768436 i'é 5MÀ�9lA x?%ð	: $ i - é ^ à�;"< i8= ^ ª � î Á F[æ �Ãç?> xA@_à�BAC)D6xFE i�´�é � é � .

ësì�G � ðUÏFH ú î�ý�æ Á�� 0@Â î . H
à ¾�¿ ^ x1, x2, y1, y2, z1, z2

à
HV ø à �|ðUÏ »"Is» a1, a2, b1, b2,

c1, c2 æ �Kù æI KJ à j ç i'é î .

gap> a_1:= Image(hom1, x_1); a_2 := Image(hom1, x_2);

( 3, 8,13, 7)( 9,15,11,17)(19,23,20,24)

( 1, 2, 5,12)( 4, 6,14,21)(10,16,22,18)

gap> b_1 := Image(hom1, y_1); b_2 := Image(hom1, y_2);

( 4,10,19, 8)( 5,13,11,16)(12,21,17,24)

( 1, 3, 9,18)( 2, 6,15,23)( 7,14,22,20)

gap> c_1 := Image(hom1, z_1); c_2 := Image(hom1, z_2);

( 1, 4,11,20)( 3, 6,16,24)( 8,15,22,12)

( 2, 7,17,10)( 5,14, 9,19)(13,21,18,23)

HV
à ^

q = a1b1a
−1
1 , r = c−1

1 b−1
1 c1b1

ðGc ú î .

gap> q := a_1*b_1*a_1^-1;

( 3, 4,10,24)( 5, 8,15,16)(11,20,12,21)

gap> r := c_1^-1*b_1^-1*c_1*b_1;

( 3,24,20,11,15, 8)( 4,10,16, 5,12,21)

q, r ∈ HV
à
ϕV : HV → S8

ßGà��Ãð8L ê ½�î�æ ,

gap> qq := Image(blockhom1, q);

(3,4,5,7)

gap> rr := Image(blockhom1,r);

(3,7)(4,5)

gap> rr*qq;

(4,7)

ë i rq
à��3M

S8
à8N�OÃð � ú î . � ë � rq M ìEí ð� �! ½{»�ò N�O ipé î . rq JQP ð�R �{é�" î�æ
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gap> r*q;

( 4,24,12,11,16, 8)( 5,21,10)

½ é ÝqÞ rq
M Ò'f�ÐUÑ [4,12,16] æ [8,11,24]

i g h ½Wî	G � ð	�AO - , Ò�fGÐ�Ñ [5,10,21]
i g

h ½�î�G � à ì+í ðTS�²?U ý�½ . Figure 4
ð r�sK- é , rq = (c−1

1 b−1
1 c1b1)(a1b1a

−1
1 ) Õz{G} v�wpx Ò à

º �WV 5AÀ/XYG � à[Z�O ø ±�î ý æ1Õ Â Á î . è x�� Ð�Ñ � v�wpx Ò à�g'¾'¿ ÁÃ� , ¾S¿ ^ a1, b1, c1
ð

\ � i�´ à ¾S¿ ^ æ ö��YO ú îWý æ i�j ��]"��à º ��V 5T^ 2 G � à B à[Z�O Õ ��� i - é�_È�a` î .b
g ∈ HV

ð�ö î . ϕV (g) ∈ S8
M ý `[� à�N"O�à�Ç ø Rlk î à ø , g

i � Á/� rq c ð�dû�We -gf k î
ý6æ iWj � g′ ∈ KV = ker1

i8h�i�j î6ý@æ?k ø ² î . ( ¼ �E½ ú î|æ , rq c ðld��me - \ â j î6ý6æ ij �
, {G} v�wpx�n{à t�G � ð ( ì+í ð�o �[é ) p.- � Ú Z i Ë 5 é�q î ý ælk ø ² î ).

r ý ø g ∈ KV ægs ¨ - é j � . ϕV (rq)
M�N"O Ü Á/� , (rq)2 ∈ KV ø ±@î .

gap> (r*q)^2 in ker1;

true

L ê - é�" î�æ ,

gap> (r*q)^2;

( 4,12,16)( 5,10,21)( 8,24,11)

j é Ý®Þ (rq)2
M

3 G � [4,12,16], [5,10,21], [8,24,11] � k î 120 & à ��ì%í ø ± î . t�n ,

a1, b1, c1
ð
c1, b1, a2

i ö���O ú é ,

gap> r_1 := a_2^-1*b_1^-1*a_2*b_1;

( 1,12,22,16, 6, 4)( 5,13,21,17,10,19)

gap> q_1 := c_1*b_1*c_1^-1;

( 1,10,19,12)( 4, 6, 5,13)(16,22,21,17)

gap> r_1*q_1;

( 4,10,12,21,16, 5)(13,17,19)

gap> (r_1*q_1)^2;

( 4,12,16)( 5,10,21)(13,19,17)

r ý ø , (r1q1)
−2(rq)2

ð8L ê j î�æ
gap> (r_1*q_1)^-2*(r*q)^2;

( 8,24,11)(13,17,19)

ý ` M , æ é � ± 5T^ 2 G � [8,11,24], [13,17,19] ø à � 120 & ,
»

120 & à ì+í ø ±6î . uAv ^ð�ö���O ú î�ý æ i|j � , 	qé à º �YV 5T^ 2 G � ø , ý à j ç é�h OÃðsá î ýWæ�k ø ² é ,
r `[� k ,

KV
ð uFv j î .

d 5 é g ∈ KV
M

, (r1q1)
−2(rq)2

à i à ^ à�Ç ø R�k î .   §®à	w[á ø G � M 	�é ( ì
íyx µ ÂSé ) p[- � Ú Z i Ë 5 é�z ù ý æ�k ø ² î .

pV : H → HV
ð
HV ×HE ÁÃ� HV

ß�à �A{ ð H
i Ì6Í -8^Kx à æ j î . KerpV = H ∩HE ' A12 n

(Z/2Z)11 ø ±@î .
b ë ø à�¡'¢ Á/� g ∈ Ker pV ( | M j è!é r H 5 é�� î ) æ'- é j � . u = (x2

1y
2
1)

3

æ �Kù .
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gap> u := (x_1^2*y_1^2)^3;

( 5,45)( 7,42)(18,23)(26,31)

gap> Image(hom2, u);

( 3,12)( 7,17)(15,19)(23,24)

d 5 é , u
M

Figure 5
i � k î ô v�wpx�n [7,24] æ [17,23]

ð�ñ ` O ú , [3,19] æ [12,15]
ðGñ

` O ú ,
´ M j è�é�°�¨ j î h O ø ±�î . ϕE ◦ fE(u) ∈ S12

M�N�O
2 ð à�Ç i'é î . ϕE ◦ fE : H → S12M 	'� é à ø , A8

à 	Gé à ^ ð u à�}�~ ^ � ù ��Á àGÇ (
àG�

) æp- é ú v ø ² î .
r ý ø g

i
u
à8}

~ ^ c ð \ � i f k î ý æ i�j � , ϕE ◦ fE(g) = 1,
j6é Ý¸Þ g ∈ (Z/2Z)11 æ ø ² î . ì+í ð�o �[é ôà Ú Z3M@ð 	qé r H 5T^ ;�< i'é î .

e�þ i , (Z/2Z)11
à ^ ð

H
à u�v ^ ð�� 5 é äGÝ r ç . v1 = y−1

1 (x2y1x
−1
2 y−1

1 ) æ � ² , u
à[}"~ ^

w1 = v−1
1 uv1

ðGc ú î .

gap> v_1 := y_1^-1*(x_2*y_1*x_2^-1*y_1^-1);

( 3,27,33)( 5,21,45)( 8,24,46,32,25,30,40,38,19,43,14,48)

(26,28,31)(29,47)(36,39)

gap> w_1 := v_1^-1*u*v_1;

( 5,21)( 7,42)(18,23)(26,28)

gap> Image(hom2, v_1);

( 3,20,12)( 4, 8)( 6,22)(13,15,19)

gap> Image(hom2, w_1);

( 3,20)( 7,17)(13,19)(23,24)

w1
à
fE ø à���M , ô v�wpx�n [7,24] æ [17,23]

ðGñ ` O ú , [3,19] æ [20,13]
ð ý àE·�ï ø ñ

` O ú î . t�n , v2 = x−1
1 z−1

1 x1y
2
1x

−1
2 y−1

1 æ � ² , u
à[}�~ ^

w2 = v−1
2 uv2

ðGc ú î .

gap> v_2 := x_1^-1*z_1^-1*x_1*y_1^2*x_2^-1*y_1^-1;

( 1,46, 9,40,35,14)( 2, 4,47,12)( 3,25,33,19,27, 8)( 5,26)(10,39,37,34)

(21,29,31,28,36,45)(24,32,30,38,43,48)

gap> Image(hom2, v_2);

( 1,14, 4, 2)( 3,19)( 5,22,16,11)( 6,12,20, 8,15,13)

gap> w_2 := v_2^-1*u*v_2;

( 5,28)( 7,42)(18,23)(21,26)

gap> Image(hom2, w_2);

( 3,13)( 7,17)(19,20)(23,24)

w2
à
fE ø à��3M , ô v�w%x�n [7,24] æ [17,23]

ð�ñ ` O ú , [3,19] æ [13,20]
ð ý à�·�ï ø��T`O ú î .

r ý ø

gap> w_1^-1*w_2;

( 5,26)(21,28)

gap> Image(hom2, w_1^-1*w_2);

( 3,19)(13,20)
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j é Ý�Þ w−1
1 w2

M e�ó�ô�õ i ±6î 2 ð à ô v�wpxKn�ð Ú ZÃð�u Á�ª[� i r ` I ` 180 &WìCí ª � î .

ë i w−1
1 w2 ∈ (Z/2Z)11 ø ±@î . è x��#��� � v�wpx�n{àEg�¾�¿ Á/� e@ó�ô�õ i ±6î�S	� é 2 ð à ôv�wpx�n i �@�[é x ��� à h O k ( uAv ^ ð�ö���O ú î ý æ i�j � )

ú v ø ² î . (Z/2Z)11
M ý `[� àh O iWj � uTv ª�` î à ø , ¹#�Mô v�w+x#n�ð ( ìEíEë ø µ ÂSé ) 	Gé pK- � Ú Z i Ë 5 é�� ù ý6æ?k ø² î . ý `@ø g ∈ H

M uAv ^ à�Ç ø ã ª8` , �A� i > xA@ k £ v j î .

6.6 �����ÃÞ/ß
��� �âáÕã.ä ß/� (3 × 3 × 3)

è x������ � v�wpx"n�ð�ú v.- é�� î�t v�w%x�n k�� ø M é ù , J@q à j ç i�� � i�j 5 é��"��ª8`��
� î�æ j î .
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Figure 6. ��� � è x��K��� � v�wpx�n (3 × 3 × 3)

ý à8�AV , G � v�wCx�n æ�� vpwCx�n i ���T� M �.æ hK� � é � k ,
ò[%|v'wCx�n i ���T� M r à	�"Z øà

90 &@ì+íyx c'³ j î	� C kTu Ê î .
b�� ø à ¹�a Á�� , �K� à è x ����� � v�wpx�n	� H

M
S48
à

�"� � æ�� ��� v ª8`���� î .
r ý ø , 6   à�ò�%lv�wpx�n{à ,

r ` I ` 90 & ì+í i V ��� � , 24   à� � , {49, 50, . . . , 72} ð	¡lk8¢ ú , S72
à �"� � æ�� � ��� � è x��K��� � v�wpx�n�� H̃

ð � v j î .

H
à uAv ^ x1, . . . , z2

i g h j î+è x������ � v�wpx�n{à�w#£ i�j�¤ � t'� à'ò�%zv�wpx�n{à ì+í�k
� Î ª8` î .

r ý ø H̃
à uAv ^ æ�� � xx_1, xx_2, yy_1, yy_2, zz_1, zz_2

ð y à j ç iA¥ ù .

gap> xx_1 := x_1*(49,50,51,52);;

gap> xx_2 := x_2*(53,54,55,56);;

gap> yy_1 := y_1*(57,58,59,60);;

gap> yy_2 := y_2*(61,62,63,64);;

gap> zz_1 := z_1*(65,66,67,68);;

gap> zz_2 := z_2*(69,70,71,72);;

r ý ø H̃ = excube
ð  KJ à j ç i ¨�© j î .

gap> excube := Group(xx_1, xx_2, yy_1, yy_2, zz_1, zz_2);

<permutation group with 6 generators>

gap> Size(excube);

88580102706155225088000



100

H × (Z/4Z)6
à ��� �

H̃
à ��¦ ð	§ ¨ � j ç . p : H̃ → H

ð	¨ { H × (Z/4Z)6 → H
à
H̃ © à�ÌWÍ

æ j î . p(xx1) = x1, . . . , p(zz2) = z2
j3ª

, p
M�«"¨"¬3­�® i'é î . K̃ = Ker p æ ¥ ù .

y à £ « ¤�¥ðGc ú î .

(6.6.1) 1 −−−−→ K̃ −−−−→ H̃ −−−−→ H −−−−→ 1

ý�ý ø K̃ = H̃ ∩ (Z/4Z)6 ø ± ª ,
� ^

gap> Size(excube)/Size(cube);

2048

gap> 4^6;

4096

j�ª
, K̃

M
(Z/4Z)6

à ��¯
2
à �A� � i�é î . K̃

à ��¦ ð?°K± î . (Z/4Z)6
M

, tp� ø à 90 &6ì�í i gh � �'� î .
b

, 6   à � à�·�²lð º ª V ¤ ^�� M � i � ð�}A³ j î j ç i ¨|Â ,
r à u�v�´ ð ε1, . . . , ε6

æ j î .
·#²�à�§ Â n Á¶µ ε1 = (49, 50, 51, 52) k x1

i g h � , ε2 = (57, 58, 59, 60) k y1
i g h j î

æ�� � j � . ý à æ ²

gap> (49,50,51,52) in excube;

false

gap> (49,50,51,52)(57,58,59,60) in excube;

true

gap> (49, 50,51,52)^2 in excube;

true

· ¤ � è x��K��� � v�wpx#n{à[¸'¾�¿ Á¶µ , ε2i ∈ K̃, εiεi+1 ∈ K̃ k[v ª�¹�º . ý `�» ª

(6.6.2) K̃ =
{
(ελ1

1 , . . . , ελ6

6 ) ∈ (Z/4Z)6 |
6∑

i=1

λi ≡ 0 (mod 2)
}

k _
µQ` î . ý `@ø t�¼ H̃
à ��¦ M � Á ¤ ^Ak , £ « ¤�¥ (6.6.1)

M � Ä � é � à ø , (6.6.1) Ü#½ ø M¾ M ª�¿�À k�Ázî .
r ý ø H × (Z/4Z)6

à ��� � æ�� � à H̃
à » ª�Â"Ã|é[Ä�Å ðlÆ�Ç � �"È î .

� �É3Ê8Ë � j î .

(6.6.3) (Z/3Z)7 × (Z/2Z)11 ⊂ H̃.

Ì À , (11, 24, 8), (20, 15, 3) ∈ HV
M

[1..24] ⇔ orbits[1]
Ê » ª (25, 19, 8), (11, 17, 6) ∈ S24

Ê ¸ ¼
� , (7, 24), (14, 5) ∈ HE

M
[1..24]⇔ orbits[2]

Ê » ª (7, 18), (4, 10)
Ê ¸ ¼ j î . ý à æ ²

gap> (25,19,8)(11,17,6) in cube;

true

gap> (25,19,8)(11,17,6) in excube;

true

gap> (7,18)(4,10) in cube;

true
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gap> (7,18)(4,10) in excube;

true

· ¤ � , (25, 19, 8)(11, 17, 6), (7, 18)(4, 10) ∈ H̃ k � Á î . è�ÍKÎ �	�7ÏÑÐAÒ Í nMà�¸p¾%¿ Á+µ , (Z/3Z)7,

(Z/2Z)11
à uAvK´ M j ± � H̃

Ê µ � ` î . » ¤ � (6.6.3) k�v ª�¹�º .

(6.6.3) » ª É kEÎ Á�` î .

(6.6.4) H̃ ' H̃1 n ((Z/3Z)7 × (Z/2Z)11)).

ý'ý ø H̃1 = H̃ ∩ (A(S8 ×S12)× (Z/4Z)6)
M
A(S8 ×S12)× (Z/4Z)6

à ��¯
2
à ��� � ø ±�î (

Å'Æ%Ç
ø à (Z/4Z)6

à8£#Ó)M�Ô?Õ é £#Ó æ j î ). H̃
ð�§ Â îA^ Â Ê M , H̃1

à ��¦ ð�§ Â�`�Ö�»�× . A8 ×A12M
A(S8 × S12)

à �"� � ø ±@î ý æ Ê8Ë � � � É ð Å�j .

(6.6.5) A8 ×A12 ⊂ H̃1.

� � A(S8 × S12)
à
H © à�Ø Â�Ù3È ð�Ú�Û�Ü Ê §3Ý î ý æ�Þ µàß Ý î .

gap> Orbits(comp1, [1..24]);

[ [ 1, 2, 3, 4, 5, 13, 7, 8 ], [ 6, 14, 15, 16, 21, 17, 9, 11 ],

[ 10, 18, 20, 12, 19, 23, 24, 22 ] ]

gap> Orbits(comp2, [1..24]);

[ [ 1, 2, 3, 4, 5, 6, 17, 13, 9, 12, 10, 7 ],

[ 8, 16, 18, 19, 22, 14, 23, 20, 15, 21, 11, 24 ] ]

S8
M

comp1 æ�� � HV
à'ò Ê Ì"á¶â ` ^ .

· ¤ � , S8
M

,
É à�ã�ï�¡ ½ µa` ^ 8   à[ä¸à[Z�O æ�� �

_
µa` î .

[1, 6, 22], [2, 14, 18], [3, 15, 20], [4, 16, 12], [5, 21, 10], [13, 17, 19], [7, 9, 23], [8, 11, 24]

orbits[1]
à�å ø M ,

¸ ¼ Ä Ê » ª

[1, 9, 35], [14, 46, 40], [17, 11, 6], [3, 33, 27], [48, 32, 38], [24, 30, 43], [22, 41, 16], [19, 8, 25]

æ�ç î .
­ � Ê S12

M
comp2

æ � � HE
à�ò Ê Ì"á-â ` î à ø , S12

M�ã�ï�¡ ½ µa` ^ 12   à[ä®à[ZO æ � � Ì"á¶â ` î .

[1, 11], [2, 16], [3, 19], [4, 22], [5, 14], [6, 8], [17, 23], [13, 20], [9, 18], [12, 15], [10, 21], [7, 24]

orbits[2]
à�å ø M

[2, 34], [12, 37], [5, 26], [47, 39], [10, 4], [36, 29], [42, 23], [28, 21], [44, 15], [45, 31], [13, 20], [7, 18]
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æ	ç î . ý `7» ª , è ú Ö 3   à G � Ð�Ò Í n [1,9,35], [14,46,40], [17,11,6]
ÊFé j î�ê â 3

à
ë)ì Z�O3M

H
à ´ æ � � (1, 14, 17)(9, 46, 11)(35, 40, 6)

æ Ä â `�í .
r ý ø

gap> (1,14,17)(9,46,11)(35,40,6) in cube;

true

gap> (1,14,17)(9,46,11)(35,40,6) in excube;

true

­ � Ê 3   à � Ð#Ò Í n [2,34], [12,37], [5,26]
Ê#é j í ê â 3

à ë�ì Z�O+M
H
à ´ æ � �

(2, 12, 5)(34, 37, 26)
æ Ä â `�í .

r ý ø

gap> (2,12,5)(34,37,26) in cube;

true

gap> (2,12,5)(34,37,26) in excube;

true

åqà�îFï)M
S8

æ
S12
à

( ð ç ù æ xlt º à ) ê â 3
à ë�ì ZFO k H̃

Ê�ñ � `Kí ý æ	ò ��
 j í .
æ[ó H�ô

,

A(S8×S12)×(Z/4Z)6 õ Õ µ Þ Ê , S8×S12
à�}�~Gà�£AÓ Ê » ªö¿Fh ô�÷ í . H̃1

õ A(S8×S12)×(Z/4Z)6à �"¯
2
à �"� � ç àAô ¾ õ ª , S8 × S12

à�£�Ó�ô ¿"h Ê ç í . ��^Ak ¤ � S8
à j ± � à ê â 3

à ë
ì Z�O

, S12
à j ± � à ê â 3

à ë)ì Z"O k H̃1

Ê�ñ � `�í ó)æ k � Þ í .
��ø"� õ ê â 3

à ë)ì Z�O
Ê » ¤ � uAv â `�í àAô ,

ó `�» ª (6.6.5) k _
µa`�í .

â � (6.6.1)
æ

(6.6.5)
ò V �"ù � , H̃1

õ (A8 ×A12) × K̃
ò �"¯

2
à �"� � æ � � ñ�ú ó�æ k � Þ í .

Á ª à�û�ü"ý�à�ø Ä ´ õ , è)þ Ö
g = (1, 14)(9, 46)(35, 40)× (2, 12)(34, 37)× (49, 50, 51, 52)

ôAÿ þ µa`3í . � 1 �)kFG�� Ð�Ò Í n [1,9,35]
æ
[14,46,40]

à�N#O
, � 2 ��k�� Ð"Ò Í n [2,34]æ

[12,37]
à�N"O

, � 3 �)k���� Ð#Ò Í n{à 90 � ì
	 ô�÷ í .
ó ` Ê » ª ,

(6.6.6) H̃1 =
(
A8 ×A12) × K̃

) ⋃(
(A8 ×A12) × K̃

)
g

æ Ä â `)í .
ó à�î"ï Þ É à »�� Ê j `�Ö , » ª�
 ¾ j�� ç í .

b
,

ψ1 : A(S8 × S12) → A(S8 × S12)/(A8 ×A12) ' {±1},
ψ2 : (Z/4Z)6 → (Z/4Z)6/K̃ ' {±}

Ê » ª ¬�­�® ψ1, ψ2

ò���� j í .
¬)­�®

ψ : A(S8 × S12)× (Z/4Z)6 → {±1} ò ψ(a, b) = ψ1(a)ψ2(b)Ê » ª ��� j í .
ó à æ��

, H̃1 = Kerψ k�v ªW¹�º . � å�à�î"ï ò � æ Ý í æ ,

(6.6.7) �������)Í)Î ��� Ï Ð#Ò Í n�� H̃ �

H̃ ' H̃1 n ((Z/3Z)7 × (Z/2Z)11)
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ôTÿ þ µQ`�í .
ó"ó Ê

H̃1 = Kerψ � A(S8 × S12) × (Z/4Z)6
à�� ¯

2
à �"� �)ôK÷ í . � Ê ,

|H̃| =
1

24
(8! × 12! × 38 × 212 × 46) = 88580102706155225088000.

 "! Ê
, �������)Í)Î ��� Ï Ð#Ò Í n�� H̃

à ��� Z(H̃)
ò Ç�Ý � ¥#� .

gap> Center(excube);

<permutation group of size 4096 with 10 generators>

· ¤ � Z(H̃)
à�� ¯ � 4096

ôK÷ í . g
ò%$"& à »�� Ê H

à ��� à ´ æ j í æ��

(6.6.8) Z(H̃) ' 〈g〉×K̃

k�v ª�¹�º .
Ì�'

gap> g in Center(excube);

true

gap> (49,50,51,52)(57,58,59,60) in Center(excube);

true

gap> (49,50,51,52)^2 in Center(excube);

true

2
²�( æ

3
²�(Uà�) Þ µ , (6.6.2)

ò%* × ^ à æ ­,+�à,-�.3ô K̃ ⊂ Z(H̃) k�/)þ í .
r ó ô 〈g〉×K̃ æ

Z(H̃)
à�� ¯ ò10�2 � � (6.6.8)

ò _�í .


