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Abstract

The basic motivation of the present study is to extend the application of the local fractional Yang-Laplace decomposition
method to solve nonlinear systems of local fractional partial differential equations. The differential operators are taken in
the local fractional sense. The local fractional Yang-Laplace decomposition method (LFLDM) can be easily applied to
many problems and is capable of reducing the size of computational work to find non-differentiable solutions for similar
problems. Two illustrative examples are given, revealing the effectiveness and convenience of the method.

Keywords: Local fractional derivative operator, local fractional Yang-Laplace decomposition method, nonlinear systems of local
fractional partial differential equations.
AMS 2010 codes: 49K20.

1 Introduction

Fractional partial differential equations is a fundamental tool for the analysis of physical phenomena, such as,
electromagnetic, acoustics, viscoelasticity, electrochemistry, and others. These physical and other phenomena
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are expressed by fractional partial differential equations, which have been solved by several numerical-analytical
methods ( [13], [21], [25]). Among them, one of the most popular methods is the so-called Adomian decompo-
sition method (ADM), which has been developed between the 1970s and 1990s by George Adomian ( [1]- [5]).

With the new concepts of fractional derivative and fractional integral, as well as local fractional derivative
and local fractional integral, researchers were able to use the ADM method to solve these new types of equations
or systems which include, local fractional differential equations, local fractional partial differential equations and
local fractional integro-differential equations ( [6]- [10]).

Some more results were obtained by combining fractional differential operators with some known trans-
forms, such as the Young-Laplace transform method and the Sumudu transform method, thus obtaining a solu-
tion of fractional equations or systems, even in the nonlinear case. Among these works we find the local frac-
tional Laplace decomposition method [11] and the local fractional Sumudu decomposition method ( [12], [14]).
The theory and applications of local fractional derivative and integral operators, has been defined and deeply
investigated by Xiao-Jun Yang (see e.g. [15], [16]).

Based on the concept of local fractional operator and on the Yang-Laplace decomposition method, Jassim has
recently proposed a method [11] to solve linear local fractional partial differential equations. In this paper, we
will generalize the Jassim method and extend it to solve nonlinear systems of local fractional partial differential
equations. The Yang-Laplace decomposition will enable us to obtain exact solutions for nonlinear system of
local fractional partial differential equations. Two examples are also given to show the effectiveness of this
method.

This paper has been organized as follows: In Section 2 some basic definitions and properties of local frac-
tional calculus and local fractional Yang-Laplace transform method are given. In section 3, we present an
analysis of the modified method. In section 4 we apply the modified method (LFLDM) to nonlinear systems to
obtain the analytical solution. Two applications are given in the same section.

2 Basic definitions

In this section, we will present the basic concepts of fractional local calculus, and in particular the local
fractional derivative, local fractional integral, and local fractional Yang-Laplace transform.

2.1 Local fractional derivative

Definition 2.1. The local fractional derivative of ® () of order ¢ at » = 3 is defined as ( [15], [16])

d°d A° (D () —D
dx|,_,, (30 —1)°
where
A%(P() = D(>)) =T (14 0) [(P(5) = P(50))]- 2)
This operator can be extended to the interval (@, 8) so that for any s € (@, ), we can define
@) (52) = DIP(52),
denoted by
®(>) € DY, B).
For the local fractional derivative of high order
mtimes
@) (50) = D) ... DO D (), (3)
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and local fractional partial derivative of high order

m times

1) 9707 @

d Mo 0%  JdxuC

2.2 Local fractional integral

Definition 2.2. The local fractional integral of ®(3¢) of order o in the interval (@, B] is defined as ( [15], [16])

B
ol90) = mrrgy [ @@

1+0) Jq
U i Y e an)e 5
—mmﬂoj;)f(f])( 7)), &)

where AT; = Tj 1 — Tj, AT =max {A1),AT|,ATs,--- } and [T, Tj11], To = &, Ty = B, is a partition of the interval
[et, B].
For any s € (o, ), there exists
algfo—)q’(%)?
denoted by
D(x) € 17 (e, B).

2.3 Some properties of the local fractional operators

The local fractional operators fulfill some fundamental equations. In particular, starting from the Mittag-
Leffler function we have the following

Definition 2.3. The Mittag-Leffler function, the hyperbolic sine and hyperbolic cosine are defined as ( [15],

[16], [17])
oo 20

EG(%G):EOW, 0<o<l, (6)
Es(#°)Es(0%) = Eg(%x+v)°, 0<o <1, (7)
Es(3°)Es(—0°) =Es(%x—v)°, 0<o<1, 8)

+oo 2 (2m+1)o
Si““<%">:E()(‘”mrm(zmmo)’ 0<o<l, ©)
+oo %2m6
cosg(#°) :mgo(—l)mm, 0<o<l. (10)

By using the local fractional derivative (1) and the definitions (2.3) it can be easily shown that ( [15], [16])
dC /Mo B F(l + mG)%(mil)G

= . 11
d»° I'(1+(m—1)o) an
dc
d%GEG(%G) = Eq(#7). (12)
(o2
di«r" sing (#°) = cosg (). (13)
(e}
ddjcosg(%o) = —sing (). (14)
mo (m+1)o
N -_Z . (15)

* T'l4+mo) T(l+(m+1)o)
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2.4 Local fractional Yang-Laplace transform
We present here the definition of local fractional Yang-Laplace transform (denoted in this paper by L' Ls][.])
and some properties concerning this transformation.
Definition 2.4. Let . .
- w(oe,7)[(d7)° < k < o ,
e |, meenl@
the Yang-Laplace transform of w(s¢, 1) is defined as ( [18], [19], [20]):

! )/mEG(—s"T")w(%,r)(dr)";O<G<1, (16)
0

LF Lo {w(o6,7)} = W(se,5) = Fiio)

where the integral converges and s € R.

Definition 2.5. The inverse Yang-Laplace transforms of W (5¢,7) is defined as [19]:

B+iee
LEL YW (5e,8) ) = w(oe, T) = ! / Es(s°t°)W(x,5)(ds)%; 0< o < 1, (17)
(2m)° /g

where s° = % 4% (Re(s) = B > 0) and i° is the fractal imaginary unit.

The Yang-Laplace transform is a linear operator ( [18], [20])

M Lo {af(5) +bg(3)} = " Lo(f(5)) + b Lo(g(>)), (18)
moreover the following properties hold ( [18], [20])
n
FLe {190 | =17 Lo {£(20)} = Y 55709 £(0) - =09 0), (19)
k=1
li =1 °F 2
lim f(50) = lim s°F(s), (20)
li = lim s°F 21
Jim f(5) = lim s°F(s), 21)
I'(1+ko)
LF (o c_GC _
Lo {#9Eq(a” s )}—((s_a)(kﬂ)c,, (22)
LF . [ a®
Lo {sing(a®°)} = 20 1 a2 (23)
LF s®
Lo- {COSg(aG%G)} = W, (24)
I'(1+ko)
LF ol _
Lo {M } = e (25)
3 Solution of a nonlinear fractional order differential system
Let us consider a general nonlinear system with local fractional derivative:
S+ 9L+ No 1 (X,T) +Ro 1 (X,T) = 9(5,7),
(26)
T+ 55 +Noo(X, T) + Re2(X,T) = y(3¢,7),
(o2
where W denotes linear local fractional derivative operator of order o, Ry 1, R > are the linear local frac-

tional operators, Ng.1, No 2 represent the nonlinear local fractional operators, and ¢ (s, T), y(sz, T) are two given
functions.
We will search an analytical solution of this system by the following steps.
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Step 1  First we apply the local Yang-Laplace transform to both sides of each equation in system (26), so that:

LFp [”’X} 4 LFL, [LT] HLF L [Not (X, T)] +5F Lo [Rot (X, T)] = ¥ Lo [@(52,7)]

at° 0°
27)
Lo | 5E] + Lo | 52| 41 Lo Noa(X, T+ Lo [Raa(X.T)) = ¥ Lo [y(54,7)
According to the properties of this transform, we have:
L Lo [X] = X (52,0 459 (Lo [p(34,7)]) =5~ (LFLG [3% +Noi (X,T) + R (X, T)} )
(28)

LF Lo [T] = T(56,0) + 5~ (M L [W(5¢,7)]) —5~© (LF Lo [3"" + Noo(X,T) +RG,2(X,T)D

0°

By taking the inverse transformation on both sides of each system equation (28), there follows:

X = X(56,0)+1 L3 (s (M Lo [@(52,7)])) —1F Ly (sfc (LFL(y [3; +Ng1(X,T) +R"’1(X’T>D)

T =T (5¢,0)+1F L1 (s (F Lo [w(3¢,7)])) —LF L (s"’ <LFLG [3‘;{5 +Noo(X,T) +R0,2(X,T)D
(29)

Step 2 By using the Adomian decomposition method [1], we represent the two unknown functions X and 7" as
infinite series:

X(%a T) = ZZO:OXn(%? T)?

(30)
T(5¢,7) =Yoo Tn(52,7).
moreover, the nonlinear terms can be decomposed as:
NG71 (X7 T) = Z:ZOZOAH’
(31)
Noo(X,T) = Y0 B,
where A, and B, are Adomian polynomials [22].
Substituting (30) and (31) in (29), we get:
Y0 Xn(36,7) = X (50,00 +H L' (577 (M Lo [0 (2, 7)]))
LGt (Sic (LFLG [aa:o (X0 Tn) + Yoo An +Rio (Yoo Xn, oo Tn):|>> ;
(32a)

Lo Tu(3,1) =T (5,0) + g (570 (M Lo [ (52, 7)]))

LG (570 (H Lo [ £ (B0 Xa) + Ko Bat Roo (o Xn Eio )] ) ) -

\
By comparing both sides of (32a), we have:
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Xo(5,7) =X(5,0)+ LFL;' (s7° (*'Ls [@(5,7)])) 7

X (3,7) = L L1 <s’°— (LFLa [?;Z? + Ao +Ri.6 (X0, To) D)

Xo(5e,7) = — L (S—c (LFL {a T4 A +Ri 6 (X1,T}) ])) (33)

X (56,7) = = 1 (57 (VLo [ 52 + A0+ R16 (%0, 3)] ) )

and
To(3,7) = T(36,0)+1F L' (s7° (M Lo [w(,7)])), ]

Tl(}fy ’C) - _ LFL(_;I (S—O' (LFLG %c;}g) +Bo+ R (Xo,TO) )) s

0°

(e, 1) = — LFL! (s—o (LFL6 2% | g, 4R (X1,T1) )) : (34)

T3(5,7) = — L] (s*" <LFLG X 4Byt Roo (Xo,2) >) ;

Step 3 At the last step, we get the solution by a limit of the analytical solution (X, T') of the system (26):

(35)
T(5,7) = limy o YN T, (52, 7)

4 Applications

In this section, we will implement the proposed method based on local fractional Yang-Laplace decomposi-
tion method (LFLDM) [11] and Adomian decomposition for solving two nonlinear systems of local fractional
partial differential equations.

Example 4.1. Consider the following coupled nonlinear system of local fractional Burger equations

2°X 325X 2xx( )_'_(XT)E{G)

9t 9 0

,0<o<l, (36)

c 20
21 2T o1 (X1)D ~0

under the initial conditions:

X (5,0) = sing (), T(5¢,0) = sing(5°). (37)

From the equation (29), we obtain:

X(56,7) = sing (%) =1 L1 (57 (M Lo |~ 25 — 217+ (x7))] ) )
(38)
T (3,7) = sing (%)~ L5 (579 (FLo [~ 52X 2777 + (x 1)) ))

0220 P
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So that by using the Adomian decomposition [1], each function of the solution (X,7") can be decomposed

as infinite series:

oo

X(s,7) = ZX”(%’ 7),

nO:OO
T(3,7) =Y Ti(,7),
n=0

and the nonlinear terms can be decomposed as:

oo

XX =y Au(X),
n=0

oo

(XT)S?) = Z Bn(Xa T)
n=0

and

Substituting (39), (40), (41) and (42) in (38), we get:
. _

Yo 0 Xn(,T) =sing (3°) —LE LG | 579 | L L

Yo oTn(3¢,7) =sing (%) —LE LG [ 570 [ L Lg

By comparing both sides of (43), it is:

Xo(22,7) = sing (#9),

9

826

T 920

826

T 920

(X0 X (5,7))

| 257040 (X) + B0 Ba(X,T)

(X0 Tn(5:7))

[ —2Y520 Ca(X) + o Ba(X, T) |

X1 (5,7) = — LFL (u—° (LFLG [— 27T _240(X) + Bo(X, T)D) ,

Xo(5¢,7) = — L] <u—<’ (LFLG [— PN 24, (X) +Bl(X,T)D) ,

dx

X3(5,7) = — L (wff (LFLG [—ﬂ;ﬁz —24,

To(s2,T) = sing (59),

(X)+B:(x,7)])).

Ti(5,7) = — ML) (S-G (LFLG [—% —2Cy(T) +BO(X,T)D) :

T (3,7) = — LFL! (yc (LFL(, [ 9% _20y(T) +BI(X,T)D> ,

T 920

T3 (6, 7) = — LFL! (S,G (LFLG [—% —26,(T) +BQ(X,T)D) ,

and so on.

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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For example, The first few components of A,(X), B,(X,t) and C(T) polynomials [22], are given by:

Ao(X) = XX,

)

A1(X) = XX\ + X1 X7, (46)

Ar(X) = XoX3%) + XoXy ) + X1 X9,

Bo(X,T) = (XoTp)!?,

B1(X,T) = (XoTh +X1To)f),

(47)
By(X,T) = (XiTi + Xo > + X Ty,
and
Co(T) = ToT,?),
(1) =11 + 17,
1( ) 04y 5 140,5¢ (48)

b4 17;{a

Oo(T) = B, + BT, + 1T,

According to the equations (44)-(45) and formulas (46)-(48), the first terms of local fractional Yang-Laplace
decomposition method of the system (36), is given by:

Xo(22,7) = sing (),

Xi(5,7) = = sing (°) rfrgys
. 20
Xa(s2,7) = SIHG(%G)M’ (49)
. 30
X3(%, T) = — SIHG(%G)F({ET?WO')’

and
To(s2,T) = sing (59),

Ty(5,7) = —sinc(%")r(fia),
. 20
Th(s,7) = smo(%")m, (50
. 30
T3(5,7) = —sine (%% 75347
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So that, the local fractional series solution (X,T), is:

. o 20 30
X (5,7) = sing (°) (1 ~ ey T M2y — Mo T ) ,
b
. o 20 30
T (5, 7) = sing(°) (1 - F(11+0') + r(11+2o) - r(17+3c) +- ) )
and in a closed form, we obtain the non-differentiable solution (X, 7):
X (5¢,7) = sing (3° )Es(—19),
(52)
T (5,7) = sing(%°)Egs(—1°).
By letting 6 = 1 into (52), we have:
X(52,7) =sin(sx)e™ ",
(53)

T (5¢,7) = sin(s)e”".

It should be noticed that, solution (52) satisfies the initial conditions (37), and in the case o = 1, we have
the same solution obtained in [23] by homotopy perturbation method, and in [24] by the natural decomposition
method.

As a second example, let us now consider the following:

Example 4.2. Let
X 4107 — 1979 — _x

79 1 x07 1 xl79 7 0<o<], (54)

20+ x01 x0T = 7
be a nonlinear system of local fractional partial differential equations given under the initial conditions:
X(5,0,0) = Eg(#° +0°), T(5,0,0) = Eg(3° —0°), Z(5£,0,0) = Eg(—»° +0°). (55)

Also in this case we will search for solutions by first applying the local fractional Yang-Laplace transform
on both sides of each equation of the system (54):

(LF S [X (52,0,7)] = X (5¢,0,0) — 5~ (LF Lo [T;’)sz’) 1979 4 x] )

L § [T (5,0,7)] = T(56,0,0) — 5~ (LF Lo [X;’>z£f’> +x©079 7] ) . (56)

LF§ o [Z(5,0,7)] = Z(5,0,0) — 5~ (LF Lo [XL“)Téc) +xO719 7] )

From here, by taking the inverse local fractional Yang-Laplace transform on both sides of each equation of
(56) and taking into account the initial conditions (55), we have:

|
). e

Z(36,0,7) = Eo(—% + %) = 151 (570 (VLo [XI TS + (0T - 2] ))

X(5,0,7) = Eq (5% +0°) —LF [ (s*" (LF Lo [T}f”zﬁf’) X

_ T(G) (o) +
T(36,0,7) = Eo (57— v°) = L5} (579 (Lo X127 + (02 -1
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Then by using the Adomian decomposition method [1] each function of the solution (X, 7, Z) can be decom-

posed as an infinite series:

X(56,0,7) =Y 0 Xn(2,0,7),

T(,0,7) =Y, o Tu(5,0,7),

Z(5,0,7) =Y 0 Zn(52,0,7),

and the nonlinear terms can be decomposed as:

oo

T2 = Y 4,(T,2), T\779 =Y AL(T,2),
n=0

n=0
X9z =¥ B.(X,2), X\
n=0

and

X919 =Y C(X,T), X
n=0
Substituting (58), (59), (60) and (67) into (57), we get:

;

By comparing both sides of (62), we have:

7(9) = Y B,(X,Z),
n=0

(=)

T\ =Y C,(X,T).

n=0

Yoo Xn(56,0,7) = Eg(° +07)

LG (579 (Lo L0 An(T,Z) = Lo AW(T. Z) + Lo Xa(52,0,7)]) ),
Yoo Ta(56,0,7) = Eg (%7 —v°)

LG (579 (M Lo [T_0 Ba(X, Z) + L0 By(X,Z) = Lo Tu(2,0,7)])) |
Yo 0Zn(32,0,7) = Eg(—5° 4+ 0°)

LG (570 (Lo L0 Ca(X, T) + L0 CL(X. T) = X0 Za(54,0,7)])) -

Xo(5¢,0,7) = E5(3¢° +0°),

X (oe,0,7) = LG (570 (M Lg [A0(T, Z) — AY(T, Z) + Xo(5,0,7)])) ,
Xo(5e,0,7) = LG (570 (M L6 [AN(T,Z) — AY(T,Z) + X, (5,0,7)]))

X3(56,0,7) = LG (570 (M Lg [A2(T,Z) — AY(T, Z) + Xa(5,0,7)]) ) ,

TO(%a U,T) = EG(%G - DG)’

Ti(5,0,7) = =L (s7° (M Ls [Bo(X,Z) + By(X, Z) — To(52,0,7)]))
Tr(5,0,7) = =L (s7° (M Ls [B1(X,Z) + B} (X, Z) — Ty (5,0, 7)]))

T3(52,0,7) = =L (s7° (M Ls [Ba(X,Z) + By(X, Z) — T (52,0, 7)]))
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and
Z0(3,0,T) = Eo(—5° 4+ v°),
Zi(56,0,7) = =M LG (57 (M Lo [Co(X, T) + Cy(X, T) = Zo(%,0,7)]))
Zo(36,0,7) = —LF LG (579 (¥ Lo [C1 (X, T) +C} (X, T) — 71 (36,0,7)])) (©3)
Z3(2,0,7) = =L (570 (Lo [G(X,T) + G4(X,T) = Za(2,0,7)]))
and so on.

For example, the first few components of A, (7,Z), B,(X,Z) and C,(X,T) polynomials [22], are:

Ao(T,2) =T'9Z\%

0z “0v >

AT, 2) =T D7 + 197 -

AT1.2) = T, 250 + 1,0 25 + 1,024,

Bo(X,Z) =x\27\%)

0z “0v >

B2 = X7 XA, o

(0) /(0)

1 “1v >

By(X,2) = X077 + X977 + x

and
Co(X,T)=x21

» 0V

Cx 1) =X T + X274, )

(G>T(G)

1 “1v

CEX.T) =X Ty + X0 T30 +X

The other polynomials A/, B), and C},, can be computed in the same way.
From the equations (63)-(65) and formulas of the polynomial terms, the first terms of local fractional Yang-
Laplace decomposition method of the system (54), is given by:

Xo(22,0,7) = E5(#° +0°),

X (%7 v, T) = _EG(%G + Do) F(fj—o‘) s

,L.ZO'

Xa(56,0,7) = Eq (3% + ) iy ©

30

X3(%7 D, T) = _EG(%G + vc)m7
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TO(%v D7T) = EG(%G - DG)’

Ti(5,0,7) = Eo (" = 0°) iy

T3(74,0,7) = Eo(5° — ) gy (70)

30
(34,0, 7) = Eo (% — 0°) iy,

and

Zo(5,0,7) = Eg(—»° 4+ 0°),

Z1(36,0,7) = Eo(—° + %) iy,

ZQ(%avaf):EG(_%G—i_vc)%) 1)

30
Z3(%,U,’L’) = EG(_%G—FUG)m’

Each function of the solution (X, 7,Z) is defined by an approximate series as follows:

o 20 30
X(#,0,7) = E(x° +0°)(1 = /ey + 720y — 3307 T )
c 20 30
T(5¢,0,7) = Eg (%7 = 0°)(1 + {55y + Fi2e) T ri3e) T ) (72)
o 20 30
Z(5,0,7) = Eg(=2° +0°) (1 + {557 + mis2e) T 30y T ) -

So that in closed form, the non-differentiable solution (X,7,Z) can be written as:
X(5,0,7) = E5(x° +V°)Es (—1°),

T(,0,7) = Eg(#° —V°)Es; (19),

(73)
Z(5,0,7) = Eg(—x° +V°)Es (1°9),
and, according to [17],
X (52,0,7) = Eg(#° +0° — 1),
T(%,'U,T) :EG(%G_UG"FTG); (74)
Z(5,0,7) = Eg(—#° +v° +19).
In particular, by letting ¢ = 1, from (74), we get
X(5,0,7) =€* V77,
T(,0,7) = * VF7, (75)

Z(5,0,7) = e ¥,

§ sciendo


https://www.sciendo.com

Yang-Laplace Decomposition Method for Nonlinear System of Local Fractional Partial Differential Equations 501

Let us notice that, our solution (74) fulfills the initial conditions (55), and in the case ¢ = 1, we re-obtain the
same solution already obtained both in [26] by the projected differential transform method and Elzaki transform,
and in [24] by the natural decomposition method. Thus showing that the method proposed in this paper is the
more general approach to the solution of nonlinear fractional differential system.

5 Conclusions

The local fractional Yang-Laplace transform decomposition method (LFLDM) has been used to solve non-
linear systems of local fractional partial differential equations. It has been shown that combined with the Ado-
mian decomposiition method, LFLDM enables us to establish an efficient algorithm. This algorithm provides
the solution in a series form that converges rapidly to the exact solution, as shown by the results obtained through
the two non-trivial examples given in this paper. From the obtained results, it can be concluded that this algo-
rithm is powerful and effective and it can be used to explore some more complicated nonlinear systems with
local fractional derivative.
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