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"AMICABLE NUMBERS -

By EDWARD BRIND ESCOTT

\HE theory of numbers has been studied continuously from the

A time of Pythagoras (Gth century B.C.) to the present time.
Two subjects which were among the first to be studied were Perfect
Numbers and Amicable Numbers.

A perfect nuinber is a number which equals the sum of its aliquot
divisors. By aliquot divisors is meant the divisors of the number
(excluding the number irself). Example: 6 is the smallest perfect
number. The aliquot divisors of 6 are 1,2,3andsincel +2 4+ 3 =6
this is a perfect number.

Two numbers are called amicable if each equals the sum of the
aliquot divisors of the other. . '

The smallest pair of amicahle numhere ie 990 and 904 mL_ Suma Of
the aliquot divisors of 220 is 1 +24+4+5+10-4+ 11 4+ 20 + 22 4+
4+ 55 + 110 = 284. The sum of the aliquot divisors of 284 is 1 +
244471 4+ 142 = 220. . :

This pair was known to the Pythagoreans.

In the 9th century an Arabian mathematician, Thabit ben Korrah,
gzave the following formulae for amicable numbers: 3

2"pg and 2"r are amicable numbers ifp=3.2"1—-1,¢g=3-2" -1
and 7 = 9:2= — 1 are all primes and # > 1. This rule leads to
umicable numbers for # = 2 (giving the above pair), n = 4, and n = 7
but for no further values of 1 < 200.

Fermat (1636) rediscovered this rule and gave the pair of amicable
numbers for n = 4. i

Descartes (1638) gave a rule the equivalent of the above and dis-
covered the pair of amicable numbers for # = 7.

Euler (1750) was the next one to study these numbers and, treating
the problem with his customary thoroughness, discovered 59 other
pairs,

The complete list is given on page 65. The history of the subject
4P 1o 1919 is taken from Dickson.*

In stud ying this subject, the following formulae due to Euler will be

R L, E. Dickson, History of the Theory of Numbers, v. 1, Washington, Carnegie Institute of
shington (1919).
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62 AMICABLE NUMBERS

useful. ... Denoting the sum of the divisors of a number (including the
number itself) by S(V) and let the number N be completely factored
into its prime factors ‘
N = p7g". .. then S(NV) = [(p" " — 1)/(p — DI-U(g" T = 1)/(g—1)]. ..
HN=p Sp)=@P*=1/(p—-1) =p+1

If M and N are relatively prime, S(MN) = S(M)-S(N).

The characteristic property of the amicable numbers 7 and # may
be expressed by the two equations S(m) — m = n, S(n) — n = m

These may be replaced by the two equations ’

S(m) = S(n) (1
Sim) =m + n (2)

In this paper (excepting the Miscellaneous Forms) the common
factor of the two numbers will be denoted by £ (an integer, not usually
prime) and by p, ¢, 7, s, .. .distinct odd primes not dividing E.

Usually the pair of amicable numbers Epg... and Ers... will be
written EPX .

The treatment of the possible solutions depends on the number of
orime factors in the numbers m and ».

1st Form: FEpgq, Er.
In this case equations (1) and (2) become

S(E)(p + (g + 1) = SE)-(r + 1) @)
SE)-(p + 1)(g + 1) = E(pg + ) 4)

Equation (3) may be further simpliﬁed by removing the common
factor S(E) which gwes

(P+1)q+1)=7’+1 ©)

Eliminating 7 between equations (5) and (4) we have
SE)(p + 1){g+ 1) = EQpg + P + q) (©6)

Then the problem reduces to the solution of equation (6) in the two
unknowns p and g subject to their being unequal odd primes not divid-
ing E.

Consider the case when F = 2%, Since S(2%) = 2"*1 — 1, equation
(6), reduces to

g— @2 - +tg=2""-1
This equation may be factored in the form

[p — (2" = Dllg — @ = D] = 2> (7)

- wr s ey
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p—(2 -1

whence

.p _ 27;_111(2771 + 1) - i, .
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EDWARD B. ESCOTT 63

Factoring the second member of this equation, the factors may be
taken as 2" and 2"*™. This gives for the solution of equation (7) '

P _— (2n — 1) —_ 2n—m’ g - (2n _— 1) — 2n+m

whence
P _ 2,,_m(2m + 1) _ 1’ qg = 2:1(2771 + 1) — 1, y = 2271—»;(217: + 1)2
: (8)

If 72 = 1 this solution takes the form
p=32""1—1 ¢qg=232" -1, r = 092”1 _ 1 (9)

which is the formula of Thabit ben Korrah.

If m is an even number, # is the difference of two squares and can-
not be prime. If m = 3 either p or ¢ would be the difference of two
squares and could not both be prime. If s = 5 there are no known
values of # which will make p, ¢, and » prime.

If m = 7and n = Swehave p = 257, ¢ = 33023, n = 8520191,

T Iee) ™ v +1. Teetbima Al raend Lo T o ~ LE
oll prime numbers,  Thic gives the cclution discovered by Legendre.

These are all the examples known where E = 2,
On the general case, equation (6) may be written

,-‘ SE) o @+ A+ (g+1)

"‘ E + g+ 1)
g1

! g

where g is a positive number (integral or fractional).
It is of advantage to make a table of values for which S{(E)/E is
less than 2 or a table of values of g and the corresponding values of E,

Example: Take, for example, E = 327-13, then g = g
S(E) = 13-8:14. From equation (6) we have
2pq — 7(p + q) = 16

which may be factored

(20 = 7)(2¢ —7) = 8l
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64 AMICABLE NUMBERS

Equating 2p — 7 and 2¢ — 7 to all possible unequal factors of 81 we
have .

% —7 = 1, 3

2 — 7 = 81 27
p = 4,5
g = 44 17

The only prime values of p and gare p = 5, ¢ = 17, whence r = 107.
We have the solution )

517
2,7.
32713 107

2nd Form: Epgq, Ers.
In this case equations (1) and-(2) become

SEN@ + Dlg+ 1) = S(E)-(r + 1)(s + 1) (10)

\

SE)(p + V(g + 1) = E(pq + 7s) (11)
In equation (10) the common factor S(E) mav be removed
@+ Dig+1) =+ 1D+ 1) (12)

Solving equation (12) for one of the unknowns—say s—and sub-
stituting in equation (11) we have

(r = 15)pg — (157 + 31)(p + ¢) — 16r* — 31(r + 1) = 0 (13)

In order to find solutions for p and ¢ in integers, it is of advantage to
have the coefficient of pg as small as possible.
Ist. Let r = 17, equation (13) becomes

pg — 143(p + ¢) = 2591
or, factored,
(p — 143)(g — 143) = 23,040 = 29325

Put the factors (p — 143) and (¢ — 143) in the first member equal
to all possible pairs of even factors of the second member (48 pairs
altogether); neglecting all values of p and g which are not prime.
From equation (12) find s and omitting values of s which are not
prime, only two sets of values of p, ¢, 7, and s remain, which give the
following pairs of amicable numbers:

0o 17:10 303 oy 17:5119
© 167-1103 239-383

2nd. Letr = 19, C
3rd. Let 7 = 23, T
4th. Letr = 47. O

Historical Notes:* Tt
discovered during the I
Pythagoras (¢c. 540 B.C.
numbers 220 (= 225-11)
discovered by Fermat an
century but even to'the ¢
been discovered. Detajlc
son, History of the Theo
38-50. .

The complete record o
follows:

Pythagoras 1 (540 1
Fermat 1 (1636)
Desecarteg 1 (1835)
Euler 59 (1747~
Legendre 2 (1830)‘
B.N. 1. Paganini 1.(1867)
P.-Seelhoff 2 (1884)]
L. E. Dickson 2 (1911)

1) 92 ?ill (Pythagoras)

S A (0 R
* From Mathematical Taples and

2 2

'T. E. Mason, “On Amicable N
v _‘.’S (1921), p. 195-200. [
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A_hu author of this doctor's dissert
|43 crcumstances.  World War |
“Vice.  No new examples are given
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EDWARD B. ESCOTT 65

ond. Letr = 19. One solution is found.
3rd. Letr = 23. Three solutions are found.
4th. Letr = 47. One solution is found.

Historical Notes:* This list contains 390 pairs of amicable numbers
discovered during the past 2500 years. Iamblichus attributes to
Pythagoras (¢. 540 B.C.) the discovery of the first pair of amicable
numbers 220 (= 2%5-11) and 284 (= 2271). The next two pairs were
discovered by Fermat and Descartes. Euler added 59 pairs in the next
century but even to the end of the nineteenth century only 66 pairs had
been discovered. Details in this regard may be found in L. E. Dick-
son, History of the Theory of Numbers, v. 1, Washington, 1919, p.
38-50.

The complete record of discoveries, with approximate dates, is as
follows:

Pythagoras 1 (540 B.C.) T. E. Mason* 14 (1921)
Fermat 1 (1636) P. Poulet? 65 (1929)
Descartes: 1 (1638) A. Gerardin® 5 (19297?)
Euler 59 (1747-50) E. B. Escott® 233 (1934)
Legendre 1 (1830) B. H. Brown® 1 (1939)
n NT Pngfxnﬁn; 1 (1QR7:\ Poulet and Gerardin 4 {1929)
P. Seelhoft 2 (1884)
L. E. Dickson 2 (1911) ToraL (May 1943) 390

Form Eprq

191-383 (Descartes)

5-11 (Pythagoras) 2347 (Fermat)
227 @) 2' 115 @) 27 73797

* From AMathematical Tables and Other Aids to Computation, v. 1, 1943, p. 95-96.

1T, E. Mason, “On Amicable Numbers and Their Generalizations,” dmer. Math. Mo.,
v. 28 (1921), p. 195-200.
~ *P. Poulet, La Chasse Aux Nombres. Fascicule I. Parfait, Awmiables et Extensions,
Frussels, 1929, p. 28-51. The 156 pairs of amicable numbers, known at this time, are here
ussified, and include the 68 new pairs found by Poulet.

* All of these pairs are in Poulet’s list of 1929, It is possible that their discovery was an-
counced carlier in Gerardin’s periodical Sphinx Oedipe.

' P. Poulet, “‘De nouveaux amiables,” Sphinx, v. 4 (1934), p. 144-135. Poulet here states
it Mr. Escott had sent him 322 pairs of amicable numbers; he prints 21 pairs discovered
tv Mr. Escott, and all but one of the 42 numbers are less than 10%  The other 214 pairs
.1l not been published.

) i B. . Brown, ‘A New Pair of Amicable Numbers,” Amer. Math. Mo., v. 46 (1939), p.

Otto Gmelin. Ueber volkommene und befreundele Zahlen. (Inaugural-Diss., Heidelberg,
17,

. I'he author of this doctor’s dissertation informed the writer that it was written under
‘viny circnmstances. World War [ was in progress and most of the students were in

“fvice.  No new examples are given.
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: (Euler) -
s 5187 . - 7887 5-103 73-264959
(4) 2223 g0 o (9) 8%5:19-37 5 4a (14) 327%13-97 ] o (71) 284;%8%«; (83)
s1n 1 389500 o 5017 29-89 . 1379
(5) 2213-17 Y5809 (10) 3%7-13 { )y (15) 3%5-11 5504 (72) 27 2859%45837 (84)
~ ~ 53-1889 o 5-977 11-211 =gy o7 1797364
(6) 325-7 1(1)?0?3 (11) 3°7-18-41-163 3oer (16) 3°7%13:53 5,5 (73) 2 gég‘%gggg (85)
o< qn 11-1€ . 41-461 263-
(7) 3%5-13 939 (12) 327211-13 19403 (74) 28 16487 -17599 (86)
- 99569 prar o 541 263 -36227327
(8) 325-13-19 17099 (13) 3%7%13 551 (75) 28 Q513-11233927 (87)
2694755967
e - STTTR (76) 25 209475 (89)
(17) 20 22033023 (1 egendre) (20) 3:7213-19-23 %gz})ggl (Seelhoff) 33295333;83
R 8 1022 77) 28 293; 89
(18) 2263 12012000 (poutety  (21) 3%5213-31 129449 (Poulet and Gerardin) @7 1 (89)
. 281.2107103 crie 140449 ' - (78) 2° 1429668159 (90)
o] 7 osx319 ’ v 5]
(19) 27467 504203327 (Poulet) ‘ (22) 3%°13 67400 (Poulet and Gerardin) 2oy o 3837643 o)
(23) 315-11+59 52:5309 (\pason) @ 1567 -1871
477899 (80) 2919 67 -1367 (Gerardin) (92)
<7 101-911
(Escott) 19-2087 (Poulet and
. L 930-161039 g opms D10314691  os e 1ian, T00-2120 | (8D) 2020 122087 Gerardin) (93
(24) 2:5-11-61 5ggqgp09 (37) STU13-17:23 gngygqg”  (B1) 36-11%71 1599500 | 101 348628799
I . Q S 3 v 5
(25) 2-5%31.79 13- 7109 (28) 3277131923 31951 32) 35-11-149 113303 (82) 2%37 301911774879 )
27¢ ¥ 3228 34
2= 10 3200-4493 wim 11217 omq 1795410 sa1a 1000 41173
(26) 3%-7-107 {59028 (20) 34711717271 gr3:52 (33) 3%7213-19-20 7307 531750
7559 (107) 2-5-1140 3
(30) 87213-17-271 L19:5419 S
! = ("
(108) 2-5-31 £3%5057
Torth T par U0 Gvade 17.1507R7
s (1) =92 9712701
(Escott) (110) 2570 22710427
W\ o3 17:107-4339 17-151-1283 17-167-709 ©resl-srel
(34) 2331 8436959 (36) 2¢ 3513023 (38) 2t 2147039 (111) 253593 37-2_216{)247
(35) 347213 5-43°167 (37) 37213 5:93:97 (59 geyayg.1g 11-70-2020 i 2273794207
44351 31751 39) 3% 1948799 (112) 2eymy 2351 0486280
y oy Q 4 o2
19137167 19387 -782783
(20) 2* goassd (113) 20151 3373132047

TForm E P4
s

6287 -70853
! o~ 6739104399

i (114) 27887 9600 . 9970797

s 0 g

aay 15217 2647943

(116) 2*1087 90563.1950077
o

(118 g0 12794725863

5147+

, 1279
D10

H8) 2% 6911

| o1 1279

120) 2% gouz.

1175039
126359
23399
125063 .
23039

(Euler)
, 5-131 23479 cer o5 53-10550 v W
2z 2 4 5 25.1173
(1) 2% 17045 (8) 2'gg.107  (35) 2759 7197 (62) 3513 5. 79
5.95 47 . .47 - 7.997
PR M ¢ T G —
PR e
a4y 04 17:5119 . . 50-1103 o2p7 17203 35) 347.112 g 09 10959
(44) 2 ga970g3  (B1) 29 59 050" (58) 21 431707 (65) 3'7-1119 120 5087
o 2 0 B w2 o vens A
00231367 oy o) 38340203 oy i 11y 477019
(40) 2'53.607  (53) 2 1151.5067 (60) 3'7-11%19 359843
o 2 gt o 20T Bt o oo fLT
o0 130867 waveia 1o 11-1049€
(67) 2¢ }'37‘781'3 (Seelhoff) (69) 3%7*13-19 89-1399J (Mason)
(68) 2-5%31 i‘;;;g (Mason)  (70) 315-11 éé;’fg (Mason)

RNV SE

2 93039225263

100y 013 6143 187067

122) 2" {5197.71263

g1z 6143-7610483
12347 -3786751
2944687

124) 8%5-13-19 {53 1950

e - {
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463679
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(63) 3%5-19 &-227
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(Poulet)
0 2o 138017
o vn 10 350
9 21 0,
o wis 58
(&) 2443 75 st
v 2 S0

_ 29.2215823
(89) 267 506760520

(95) 21683 39125020

(96) ‘21007 17 10TOTo
(97) 212187 1ozl 1900}
(98) 27639 110558003
(09) 3%5+13-31 371 512000
00y 395413 3211395000

237523
(101) 327-11-13 23 5545
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oy 2 AT (et ) s SO 0 57 a0 B

0 200 DS 20 RS om o0 S
(Escott)

531759
(107) 2-5-11 59.7583
o, 7-30689
v 591081
17150767
(109) 2349 9712791
. 997-10427
(110) 279 31 .3761 .
. 37.92765247
(111) 233593 99773791907
9357 - 6436223
(112) 2°131 7 g357.789783
. 3373132047
6
(113) 20131 Gog7.70853
s 6739104399
(114) 27837 95090072727
(15 oergy 13043536423
(115) 291087 51917.993021
e oernan 152172647043
(116) 21087 9531050077
1y oqermg 586725579
117) 2°1279 7673.19550
o o1 12794725863
115 10
118) 210 51 17.1175039
110y g 1279+120359
2% 601123309
o o 1279125063
12 0
) 2% 6947 .23039
21 ou 5119-1013087
2" 530530225263
9y oua 6143187067
2 1612771263
123) 212 6143-7610483
193473786751
ex m 1o 2044687
5-13-19 1463. 1250

(103 2°8

e T,

(125) 325-13-

41 11-2686319
223-143909

(194) 225.21 7-929

11015

2579133979

(127) 3%5%11-43 470973079

499 -280979 .

(128) 3%'11-71 g39.167249

(129) 327-11
(130) 33%35-11

67 -874619

*13-43 1989.46103

67-874619

“43 198946103

41-1286107

(131) 3*7*11-13 4pu 115193

(132) 345-11

(133) 3%5-11-59
(134) 347-11°
(135) 355°13-
(136) 37-112
(137) 355213~
(138) 3%7-11219-83 .
(139) 357213 -
(140) 3'7-11?
(141) 857%13-
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- 663 -9859

47 1 400-3943

<o 80-1691647
99 707921503
101-64271
17 a11.21011
101 -64271
17 311 -21011
- 101-4799
1 479.1019
101-4799
17 476.1019
1403163199
AOUG 47807
o 14903163199
1983 5)90.47807
age 53774959
19-3229 174 932187
53774959

10-3229 179.232187
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68 AMICABLE NUMBERS
par |
Form E st |
(Euler)

,5-13-1187 11-59-173 be 7-11-29

(142) 22 4370007 (148) 2° 47 2600 (154) 3%5 3 ‘g9 ;
11-23-1619 29.47-59 i 5-17-1187 -
(143) 2% 4477719 (149) 2277 4700 (155) 3%7-13 {51971 |
L 11-23-1871 1716713679 11-19-367 !

(144) 2° 4571151

(150) 2% g09.51071
23-47-9767

(156) 3%7-13-23 25" 17pa
.93 11-19-367

- 11-23-2543 = 5
(145) 2% 30371007 (151) 2* {583.7103 (157) 3% 79-1103
(146) 2 19175 152) 25 PR (s 3 TR 1
53 11-163-191 & 7-19-107 :
(147) 2% 31 11807 (153) 2:5 47350 ;
(Mason)
- 11-31-233 13-23-149 oy op 17:19-281
(189) 2° 1977701 (162) 2* Yog.951 (165) 22 BASIO
Go0) 2 B0 oy 2T BIN (g gz 123,108
11-41-173 13-23-1109
(161) 2 71-1217 (164) 2371~5179 .
) (Dickson)
o4 17-137-262079 o oy 17-137-2000783
(167) 2% 1095050231 (168) 230103735263
(Poulet)
-19-108 19-79-10691 o\ oy 37-43-107
(169) 2:7-11 g5 1310889 (17g) 94 1979106 (187) 24 Gaatacs
L 13-71-241 . 19-R3-3719 Ay e 37 T-4TR7

ey 571 3277128

17-139-336247
(171) 2% 5979 160481
(172) o+ 17:149-8887
2) 2% 999110799

o oy 17-101-26249
(178) 2% 5037170999

o o, 17-379-13339
(174) 2% 9977400100
o\ . 17-599-5927
(175) 2% 19; 333410
o1 17-727-6269
181451439

o, 17-811-27919
A77) 2 17570545979

Pl

(176)
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117. Martin’s Problem. The solutions of Martin’s problem discussed by J. Ginsburg.
Scrrpra MATHEMATICA, v. X1, 1945, p. 191, are of two types: that illustrated by Martin,
in which the hypotenuses of three Pythagorean triangles form a new right triangle and
that illustrated by Ginsburg, in which not only the hypotenuses but also corresponding legs
form right triangles.

The Martin problem seems to be more prolific than originally supposed. For example,
for the great hypotenuse 65 there are the following solutions:

Ginsburg Martin Martin Martin
15, 20, 25 15, 20, 25 15, 20, 25 15, 20, 25
36, 48, 60 36, 48, 60 36, 48, 60 36, 48, 60
39, 52, 65 33, 56, 65 16, 63, 65 25, 60, 65
Martin Martin Martin Martin
7, 24, 25 7, 24, 25 7, 24, 25 7, 24, 25
36, 48, 60 36, 48, 60 36, 48, 60 36, 48, 60
39, 52, 65 16, 63, 65 33, 56, 65 25, 60, 65
Martin Martin Martin Martin
15, 36, 39 15, 36, 39 15, 36, 39 15, 36, 39
20, 48, 52 20, 48, 52 20, 48, 52 20, 48, 52
39, 52, 65 36, 63, 65 33, 56, 65 25, 60, 65

If the great hypotenuse is a product of two equal prime numbers, there is oue solution
of each type. For example:

Ginsburg Martin
9, 12, 15 9, 12, 15
12, 16, 20 12, 16, 20
15, 20, 25 7, 24, 25
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For example, when n =
possible:

1+1—-1-
1—-1+41"-
1—-1-1-

The sum of any of these s
| by breaking off a series a
| in any case it lies betwees
gation being made by one
in how many of the arrang

Of the 6 arrangementd
Similarly, of the 20 arrar
ceptable: '

e

and of the 70 arrangemen
good ones. It is now e
uCo/(n + 1) of the 2,C, g
It is a curious fact thaf
to be wise to generalize g
one’s and let it be requir
Let us denote by f(m, n)
condition. If m > n 4
sum cannot fulfill the con|

fOm, {

Um=mnorn+1, we:

e e A o e ————
- - -



