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ASYMPTOTIC EXPANSIONS OF THE GAMMA FUNCTION ASSOCIATED
WITH THE WINDSCHITL AND SMITH FORMULAS

CHAO-PING CHEN

ABSTRACT. In this paper, we develop the Windschitl and Smith formulas for the gamma
function to complete asymptotic expansions and provide explicit formulas for determining
the coefficients of these asymptotic expansions. Furthermore, we establish new asymptotic

expansions for the ratio of gamma functions I'(z + 1) /T'(z + %)

1. INTRODUCTION
Stirling’s formula
n! ~V2mn (9) . meN:={1,2..} (1.1)
e

has many applications in statistical physics, probability theory and number theory. Actually it
was first discovered in 1733 by the French mathematician Abraham de Moivre (1667-1754) in

the form
n! ~ constant - v/n(n/e)"

when he was studying the Gaussian distribution and the central limit theorem. Afterwards, the
Scottish mathematician James Stirling (1692-1770) found the missing constant /27 when he
was trying to give the normal approximation of the binomial distribution.

Stirling’s series for the gamma function is given (see [1, p. 257, Eq. (6.1.40)]) by

Tz +1) ~ 21z (%)i exp (Z 2m(2mB—2T)x2m—1> (1.2)

m=1

z\® 1 1 1 1
-2 (f) = _
T\e) P <12a? 3602% 126025 168027 © )

as © — oo, where B,, (n € Ny := NU {0}) are the Bernoulli numbers (see, for example, [?, Section
1.7]). The following asymptotic formula is due to Laplace

v 1 1 1 1
D(z+1) ~ 27mc(§) (1++ R +) (1.3)

12z 28822  51840x3 2488320z
as ¢ — oo (see [1, p. 257, Eq. (6.1.37)]). The expression (1.3) is sometimes incorrectly called

Stirling’s series (see [10, pp. 2-3]). Stirling’s formula is in fact the first approximation to the
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asymptotic formula (1.3). Stirling’s formula has attracted much interest of many mathematicians
and has motivated a large number of research papers concerning various generalizations and
improvements (see [4, 5, 7, 11, 12, 13, 14, 17, 18, 19, 21, 22] and the references cited therein).
See also an overview at [16].

Windschitl (see [3, p. 128], [23] and [24]) presented that

Tz +1) =2z (%)I (x sinh i)m (1 +0 (;)) . & oo (1.4)

Inspired by (1.4), Alzer [2] proved that for all > 0,

2nx (f)z (x sinh i)x/z (1 + %) <T(z+1) < V2rz (%)I (x sinh i)x/Q (1 + ﬁ)

e
(1.5)
with the best possible constants & = 0 and § = 1/1620.
Very recently, Lu et al. [12] extended Windschitl’s formula as follows:
P(n+1) ~ Varn (2)" (nsinh Lyor oo, on, " (1.6)
n |~ nsinh { =+ -7+ 5+ 5 , .
where
1 67 19
=— =—— =—,.... 1.
TR0 T Ta2s2st MM T 85050 .7

However, the authors did not give the general formula for the coefficients a; (7 > 7) in (1.6).
Subsequently, Chen [5] gave a recurrence relation formula for determining the coefficient of %
(j € N) in (1.6). Also in [5], Chen developed Windschitl’s approximation formula to a new

asymptotic expansion:

1 ) @/243052 g rje Y

Iz +1) ~V2rz (f)z (:E sinh —
e x

x — 00, (1.8)

)

and provided a recurrence relation for determining the coefficients r; in (1.8).
Smith [23, Eq. (43)] presented the following analogous result to (1.4):

r (a: + ;) —Vor (%)x (2:ctanh 21z>w/2 <1 +0 (;)) . oo (1.9)

The first aim of this paper is to develop the Windschitl and Smith formulas for the gamma
function to complete asymptotic expansions and provide explicit formulas for determining the
coefficients of these asymptotic expansions. More precisely, we provide explicit formulas for

determining the coefficients A;, i, a;, and 8; (j € N) such that

N 1 x/2 S )\j
P(a+1) ~ Vare (2) (wsinh— 2
(x+1) | - (1: sin x) exp ; >
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z/2 00
D(z+1) ~V2rx (E) (x sinh ) 1+ & ,
e x — 1J
j=1
. 1 z/2 [} a;
T (:v + 2) ~ V21T (7) (2x tanh 2:v> exp ; i
and
z/2 0
T\7* 1 f}]
r (3: + 2) ~V2r (7) (Qx tanh 23:) + Jzz:l o
as r — o0.

The problem of finding new inequalities and asymptotic formulas for the gamma function I’

and in particular about the Wallis ratio

I'(n+1) 1 (2n)!!

— L= N .

Tn+d) V& @n—nn "€ (1.10)
has attracted the attention of many researchers (see [8, 9, 20] and references therein).

From (1.4) and (1.9), we derive

P(z+1) 1\” 1
——~< ~ Vx| cosh — 1+0(—=) ), T — 0.
rery V() (100 (%))
This fact motivated us to establish new asymptotic expansions for the ratio of gamma functions

1? ((;EIP), which is the second aim of this paper. More precisely, we provide explicit formulas for
3

determining the coefficients 6; and ¥; such that

I(xz+1) 1\ o~ 0
IWNﬁ(COShZT) exp ZE
2 j=1
and
I(x+1) 1\ =
2 Jj=1
as r — OQ.

2. LEMMAS

The following lemmas are required in our present investigation.

Lemma 1 (see [6]). Let ag =1 and

o0
g(x) ~ Z anz™ "
n=0
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be a given asymptotic expansion. Then the composition In(g(x)) has asymptotic expansion of the

following form
In(g(z)) ~ Z bpz™ ",
n=1
where
1 n—1
by, =an — — - .
n ap n Z kbkan k> neN
k=1
Lemma 2 (see [6]). Let
g(x) ~ Z anxr” ", T — o0.
n=1

be a given asymptotic expansion. Then the composition exp(g(x)) has asymptotic expansion of

the following form

exp(g(x)) ~ Z bz ", x — 00,
n=0
where

1 n
bp=1, b,=— kapb,_k, e N.
0 nkz_:l ag k n

3. MAIN RESULTS

Theorem 1. The gamma function has the following asymptotic expansion:

I\ ) 1 z/2 [e's) )\j
N(z+1) ~V2rx (7) xsinh — exp —= 1, T — 00 (3.1)
e T — ]
Jj=1
with the coefficients \; given by
Bt gj+1 .
= — s JjeN, 3.2
TG+ 2 (32)
where
15
g =c;j— = karcj_x, JjeN
gt
with
= L d =0 e N
Coj = m and cj4+1 =0, J € No.

Here, By, are the Bernoulli numbers, and an empty sum (as usual) is understood to be nil.
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ot

Proof. Write (3.1) as

[(x+1) T 1 N
In(——— ) -=1 h—)~» —2 — 00.
n(v?ww(x/e)ﬂ”) 2 n(xsm :E) = 3’ T (3:3)

It follows from (1.2) that

F(l’ —+ 1 s i+1
In(—— B, T — 00. A4
<\/2 (z/e)* > g J(y —|—1 (3.4)
It is well-known (see [1, p. 85, Equation (4.5.62)]) that
. © L2541
smhz:jz:(:)m, |z| < oc. (3.5)

Let the sequence (c;) be defined by

1
L= — d . = O7 1 (= N .
T g e A J =T

Then, the formula (3.5) can be written as

(oo}
sinh z = E cjzi T, |z] < o0.
Jj=0

By Lemma 1, we have

In (w sinh — ) In[1+ Z G~ q—j_, T — 00, (3.6)

xJ . xJ
with
il
qj ZCj—EZkaijk, Jj>1,

where an empty sum (as usual) is understood to be nil. Substituting (3.4) and (3.6) into (3.3)
yields

Z.B'jl xi ZL Zl)\' T — 00. (3.7)
J

=G+ = 2
Noting that ¢; = ¢; = 0, it follows from (3.7) that

Biti  gu\ 1 &N
Z( G+ 2 )xj w T (3:8)

-1 j=1

Equating coefficients of the term 277 on both sides of (3.8) yields

Bj+1 G+ e N.

TG+ 2
The proof of Theorem 1 is complete. O
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Here, from (3.1), we give the following explicit asymptotic expansion:

z/2
z 1
D(z+1) ~V2rx (%) (CE sinh x)

. 1 o, 43 2260261 (39)
P\ 162025 1890027 ' 170100z° 1178793000211 '

as T — 00.
Using e” = >°72 “;—f, from (3.9) we deduce that
D(z+1) ~ V2rz (E)x (a: sinh 1)$/2
e x
x(1+ CON, | S R — —) (3.10)
16202>  18900z7 = 170100z° = 5248800x10
as T — 00.

Even though as many coefficients as we please in the right-hand side of (3.10) can be obtained
by using Mathematica, here we aim at giving a formula for determining these coefficients. Using

Lemma 2 and Theorem 1, we immediately obtain the following

Theorem 2. The gamma function has the following asymptotic expansion:

N7 1 x/2 o0 )
x+1)~ 27T.13<g) (xsinhx) B ) T — 00 (3.11)

zJ
j=0
with the coefficients p; given by
1 J
Ho = 1, Hj = ;Zk)‘k/’(’j—kh ] € N) (312)
k=1
where A; (j € N) are defined by (3.2).

In 2014, Lu et al. [12] showed by numerical computations that Windschitl’s approximation

formula
nyn 11 \\"?

P(n+1) =~ V2mn (g) (n sinh <n + 810n7>> =v, (see [3, p. 128]) (3.13)

is stronger than other known formulas such as:
_ 1 _
n!~V2mne ™" | n+ i (Mortici [17]), (3.14)
12n — ———— 32369
10n4—252-
e J2E (YT (L ! 2 5 (Mortici [21]),  (3.15)
I~y — xp [ — — - .
e e P\12n ~ 1207 T 36007 40n* ’

2 1\" 5 17 172\ V/¢
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n\" 1 "
! ~ V2 (g) (1 + 12n2—110> (Nemes [22)). (3.17)
Very recently, Chen [5] showed by numerical computations that the following approximation
formula:
n\"™ 1 %+ﬁ
n! ~ V2mn (7> (n sinh > :=A, (Chen [5]) (3.18)
e n

is a little stronger than the formula (3.13).
Tt follows from (3.9) and (3.10) that

n/2
ny" 1 1 11
I~ V2 (f) inh — - = uy, 1
" e (”Sln n> eX10(1620715 18900n7> “ (3.19)

and

I~ /2 (”)n an 1) (1 L LI (3.20)
mEvEme ) 162075~ 1890027 ) T M ‘

It is observed from Table 1 that, for n > 2, the formulas (3.19) and (3.20) are stronger than
the formula (3.18).

Table 1. Comparison among approximation formulas (3.18) to (3.20).

n!l—\n n!l—u, nl—wvy,
n! n! n!

2 3.20 x 1075 1.0981761 x 107  1.0982847 x 10~°
10 5532 x 1071 8.22120727 x 10713 8.22139422 x 1013
100 5.613 x 107'® 8.40490272 x 10722  8.40492177 x 10~22
1000 5.433 x 1072°  8.40680034 x 10731 8.40680224 x 103!

n

Theorem 3. The gamma function has the following asymptotic expansion:

1 AN 1\*/? = a;

F'(z+<)~V2rm (7) 2z tanh — exp 21, T — 00 (3.21)
2 e 2z = )

with the coefficients a; (j € N) given by

(1-277)Bjs1 pin

a; = GE D =, jeN, (3.22)
where
14
Dj =w; — EZ kprw;i_k, jeN (3.23)
k=1
with
w; = A2 VB jeN. (3.24)

(j+2)! ’

Here, By, are the Bernoulli numbers, and an empty sum (as usual) is understood to be nil.
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Proof. Write (3.21) as
I'(z+1) ) x ( 1 ) = a;
In{ ——22") —Zln|(22xtanh — | ~ -, T — 00. 2
(\/27r (x/e)” 2 2z ; xJ (3.25)
The logarithm of gamma function has asymptotic expansion (see [15, p. 32]):

1 1 N (—1)"FIB, () 1
InT t) ~ t—=|]Inx— —In(2 - )
nl(z+1t) (x—i— 2) nx sc+2n( 7r)+7;1 2T D) o (3.26)
as * — 0o, where B, (t) denotes the Bernoulli polynomials defined by the following generating

function:

xet;v & "
= > Bn(t)—- (3.27)
n=0

et —

Note that the Bernoulli numbers B,, (for n € Ny) are defined by (3.27) for ¢ = 0. It is well-known
(see [1, p. 805]) that

B,(3)=—-(1-2""")B,, n € Np.

Setting ¢ = 1 in (3.26) yields

D(z+1 . _(1—21"/\B.
In (W) ~3 =20 (3.28)
V27 (2/e) — j(j—1)al~
i=
The Maclaurin series of tanh(z) (see [1, p. 85, Equation (4.5.64)])
N 20(20 —1)B; w
tanhzzzszj ! |z < 5
j=2
yields
QaUtaHhi 1—|—iﬂ T — 00
2z L g7’ ’
j=1
where
4(27+2 — 1)B s ‘
wj = ———— eN.
7 (j +2)! J
By Lemma 1, we have
1 > Wy > Dpj
In <2xtanh2x) ~ In 1+Zg NZ—j, T — 00, (3.29)
J=1 Jj=1
with

1
1% .
pj=wj — ;Z kpewj—r,  JEN,
k=1
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where an empty sum (as usual) is understood to be nil. Substituting (3.28) and (3.29) into (3.40)

yields
(=28 P N
Z G —Dai-t opi—1 " Z i’ L — o0 (3.30)
Jj=1 j=1
Noting that p; = wy = 0, it follows from (3.30) that
o (—(1 - 279)Bjt1 pi\ 1 = a;
jz::l ( 3G +1) 2 ) ai ; o T (3.31)

Equating coefficients of the term £~/ on both sides of (3.31) yields

(1-279)Bjs1 pjna
JG+1) 2

The proof of Theorem 3 is complete. O

a; = — ]€N

Here, from (3.21), we give the following explicit asymptotic expansion:

z/2
1 T\® 1

« exp ( 8L 1397 10439
5184025 ' 2419200z7 1244160029
4626754267 26820782411 ) (3.32)
2414168064000'1 4184557977600z
as r — OQ.
Using e” = >°72 ?—f, from (3.32) we deduce that
r (m + 1) ~V2r (£)$ (23: tanh 1)-’”/2
2 e 2x
31 1397 10439
< T 5184025 | 241920027 1244160027
961 4626754267
537477120040 | 2414168064000211 ) (3:33)

as r — o0.
Using Lemma 2 and Theorem 3, we immediately obtain Theorem 4 below. Theorem 4 gives a

recurrence relation for determining the coefficients in (3.33).

Theorem 4. The gamma function has the following asymptotic expansion:

z/2 o
r (a: + 2) ~ 2T (g) (236 tanh 2:17) ZO il x — 00 (3.34)
i=
with the coefficients B; (j € N) given by

1< .
Bo =1, ﬁj=32kakﬁj_k, jEN, (335)
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where o (j € N) are defined by (3.22).

Theorem 5. The following asymptotic expansion holds:

I(x+1) 1\” gy
—~ sh — L 3.36
T (z+1) ﬁ(‘“ 2x> P ;xa (3.36)
with the coefficients §; (j € N) given by
(1= (=1)*1(277 = 1)) Bj1
0, = — Ty, i € N, 3.37
’ iG+D) AR (337
where
14
T = dj - - Zkadj,k, j € N (338)
J =
with
1 .
dgj = W and d2j+1 = O, VS Np. (339)

Here, By, are the Bernoulli numbers, and an empty sum (as usual) is understood to be nil.

Proof. Write (3.36) as

D(z+1) > ( 1 > gy
In ( —xln | cosh— | ~ - T — 00. (3.40)
Val(z + 1) 2 ; J
From (3.26), we obtain, as x — oo,
T 1Y/ =) 1 & (1)t (B..4(t) — B, 1
0] [ S T B = Brat) 1) a1
T(x+s) t—sj:1 jG+1) xd
Setting (s,t) = (1,1) and noting that
B,(0)=(-1)"B,(1) =B, and B,(3)=02'""-1)B, for neN
(see [1, p. 805]), from (3.41) we obtain, as z — oo,
r 1 2 (1= (=1)7T (279 —1))Bjs1 1
111((”” ) >NZ( S NBisn 1 (3.42)
Val(z+3)) = 3G +1) !
The Maclaurin series of cosh z (see [1, p. 85, Equation (4.5.63)])
coshz = —, z| < o0
JZ:; (25)! .
yields
h L _ 3 ! 0 3.43
COS % = Z W’ X # . ( . )

Jj=0
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Let the sequence (d;) be defined by
dgj L

221(2j)!

Then, the formula (3.43) can be written as

and d2j+1 =0, 7 € Np.

oo

1 d;
cosh—:Z—J.7 z #0.

2 xd
j=0

By Lemma 1, we have

ln(cosh) In 1+Z— NZ%’ T — 00,

where
1 .
Ty = dj — ; E ]W‘kdj_k, jeN.

Substituting (3.42) and (3.45) into (3.40) yields
SO B i S
=~ JG+1) al 2

Noting that 1 = d; = 0, it follows from (3.46) that

0 (1 o (,1)]*1(2*1' — 1))Bj+1 . - 23 €T — 00
Z( iG+1) ) ' Z”C |

Jj=1

Equating coefficients of the term 277 on both sides of (3.47) yields
(1- (=127 - 1))Bjn
v —Tji+1,
JG+1)
The proof of Theorem 5 is complete.

Oj: jeN

Here, from (3.36), we give the following explicit asymptotic expansion:

e ()

y 7 187 n 48763 29383393
ex
P\ 57602 ~ 16128027 T 2903040029 7664025600z

as & — 00.
Using e* = Z;x’ 0 j, , from (3.48) we deduce that

( 7 187 48763 49
1+

5760x> 161280z + 29030400z° + 66355200210

as r — OQ.

11

(3.44)

(3.45)

(3.46)

(3.47)

+ )

(3.48)

) Ga)
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Using Lemma 2 and Theorem 5, we immediately obtain Theorem 6 below. Theorem 6 gives a

recurrence relation for determining the coefficients in (3.49).

Theorem 6. The following asymptotic expansion holds:

D(xz+1) 1\ [,
— ~ h— —L 3.50
I(z+3) \/E<COS 2:6) Zxﬂ (3:50)
7=0
with the coefficients ¥; (j € N) given by
1 J
do=1, 0;== kb, jEN, (3.51)
J =1
where 0; (j € N) are defined by (3.37).
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