
ar
X

iv
:2

40
2.

13
16

2v
1 

 [
qu

an
t-

ph
] 

 2
0 

Fe
b 

20
24

Separability criteria based on the correlation tensor moments for arbitrary

dimensional states

Xiaofen Huang1,2, Naihuan Jing3

1 School of Mathematics and Statistics, Hainan Normal University, Haikou 571158, China

2 Key Laboratory of Data Science and Smart Education,

Ministry of Education, Hainan Normal University, Haikou, 571158, China

3 Department of Mathematics, North Carolina State University, Raleigh, NC27695, USA

∗ Correspondence to huangxf1206@163.com

Abstract: As one of the most profound features of quantum mechanics, entanglement
is a vital resource for quantum information processing. Inspired by the recent work on PT-
moments and separablity [Phys. Rev. Lett. 127, 060504 (2021)], we propose two sets of
separability criteria using moments of the correlation tensor for bipartite and multipartite
quantum states, which are shown to be stronger in some aspects in detecting entanglement.
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1 Introduction

Quantum entanglement is a fascinating phenomenon in quantum physics. It is widely recognized

as a valuable resource in the rapidly expanding field of quantum information science, with various

applications such as quantum algorithms [1, 2], quantum cryptography [3, 4], quanum simulation

[5], telepotation [6] and so on.

Detecting wether a quantum state is entangled or not is a fundamental problem of quan-

tum information and quantum computation both in theory and experiments, much efforts have

been devoted to its characterization and quantification [7–11]. In [12] Peres has given the cel-

ebrated PPT criterion which says that for any bipartite separable quantum state the density

matrix must be semipositive (PPT) under partial transposition. The PPT is a necessary and

sufficient condition of separability for 2 ⊗ 2 and 2 ⊗ 3 quantum systems [13], but not sufficient
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for high-dimensional states as the bound entangled states are classes of families of inseparable

states with positive partial transposes. Another powerful operational criterion for separability

is the realignment criteria [14], which can detect entanglement of many bound entangled states.

Recently some further elegant results for the separability problem have been derived [15–19]. In

[17] the authors proposed a separability criterion in terms of moments of the partially transposed

density matrix, which shows that the first three PT-moments can be used to define a simple yet

powerful test for bipartite entanglement. Furthermore, some even stronger separability criteria

based on the positivity of Hankel matrices involving all PT-moments are presented in [18]. The

authors in [19] generalized this method to give separability criteria in terms of the realignment

moments. By the method of matricization of tensors, considerable developments have been

made in proposing stronger variants and multipartite generalizations in term of the correlation

matrices to detect non-full-separability of multipartite states [20–29].

The Bloch representation of the density matrix reveals intrinsic property of the quantum

state and encodes its quantum correlation. In [20, 21] the authors have given a separability

criterion based on the correlation matrix of a bipartite state, which seems more efficient than

the PPT criterion in many situations.

This raises a natural question whether more effective tests of entanglement can be found for

the quantum state. It is thus natural to study further properties of the correlation tensor, which

controls the intrinsic properties of the quantum state. In this paper, we propose a refinement

method to describe and quantify entanglement. By invoking moment vectors in terms of the

trace of various powers of the correlation tensor, a stronger separability criterium is derived

for qudits. The criterion consists of a sequence of moment matrices in terms of correlation

tensor moments and their interdependent relations. If one of the inequalities is violated, then

the quantum state is entangled. We can also use the moment vectors to quantify entanglement.

The new results demonstrate some improvements in several examples. For instance, our criterion

can be used to derive lower bounds for concurrence as an application.

2 Separability criteria for bipartite states

Let λ
(d)
i , i = 1, 2, · · · , d2 − 1 be the traceless Hermitian generators of su(d) satisfying the or-

thogonality relation Tr(λ
(d)
i λ

(d)
j ) = 2δij . Then any state ρ on Hd1 ⊗ Hd2 can be represented
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as

ρ =
1

d1d2
Id1 ⊗ Id2 +

d21−1∑

i=1

riλ
(d1)
i ⊗ Id2 +

d22−1∑

j=1

sjId1 ⊗ λ
(d2)
j +

d21−1∑

i=1

d22−1∑

j=1

Tijλ
(d1)
i ⊗ λ

(d2)
j , (1)

where Id denotes the d× d identity matrix, and the coefficients are given by

ri =
1

2d2
Trρλ

(d1)
i ⊗ Id2 , sj =

1

2d1
TrρId1 ⊗ λ

(d2)
j , Tij =

1

4
Trρλ

(d1)
i ⊗ λ

(d2)
j . (2)

Denote r = (r1, r2, · · · , rd2
1
−1)

t and s = (s1, s2, · · · , sd2
2
−1)

t as the Bloch vectors in Hilbert spaces

Hd1 and Hd2 , respectively, where t stands for the transposition. The coefficients Tij form the

correlation matrix or correlation tensor T = (Tij) of size (d21 − 1) × (d22 − 1) and the canonical

correlation matrix is T̃ =

( 1
d1d2

st

r T

)
of size d21 × d22.

In the following we present separability criteria based on the moments of the (canonical)

correlation tensors using the Hölder inequality and Schatten-p norm of matrices. First of all, we

define the moments of the correlation and canonical correlation tensors of the given quantum

state ρ.

Definition 1. The moments of correlation tensor and the canonical correlation tensor are de-

fined by

ak := Tr(TT †)
k
2 , k = 0, 1, · · · , (d21 − 1)(d22 − 1),

bl := Tr(T̃ T̃ †)
l
2 , l = 0, 1, · · · , d21d22.

For convenience we set a0 = (d21−1)(d22−1), b0 = d21d
2
2. Denote the correlation tensor moment

vector and the canonical correlation tensor moment vector as a = (a0, a1, · · · , a(d2
1
−1)(d2

2
−1)) and

b = (b0, b1, · · · , bd2
1
d2
2
), respectively. Then we have the following result on quantum separability

in terms of the (canonical) correlation tensor moments.

Theorem 1. If a quantum state ρ in bipartite system Hd1 ⊗Hd2 is separable, then the following

inequalities hold

a22 ≤
√

(d21 − d1)(d22 − d2)

2d1d2
a3, (3)

b22 ≤
√
(2 + d21 − d1)(2 + d22 − d2)

2d1d2
b3. (4)

Proof The Hölder inequality for n-dimensional vectors v = (vi) and w = (wi) says that

|〈v,w〉| =
n∑

i=1

viwi ≤ ‖v‖lp‖w‖lq , (5)
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where p, q ≥ 1, 1
p
+ 1

q
= 1, and ‖v‖lp := (

∑
i |vi|p)

1

p is the lp norm of v. The Schatten-p norm of

Hermitian matrix M is given by

‖M‖p =
(
Tr(MM †)

p
2

) 1

p
= (

∑

i

σp
i )

1

p , (6)

where σi’s are the singular values of matrix M . Note that ‖M‖1 reduces to the trace norm

‖M‖tr of M . Also ‖M‖42 = (
∑

i σ
2
i )

2, ‖M‖1 =
∑

i σi, and ‖M‖33 =
∑

i σ
3
i . Let vi = σ

1

2

i and

wi = σ
3

2

i in the Hölder inequality, then

∑

i

σ2
i =

∑

i

σ
1

2

i σ
3

2

i ≤ (
∑

i

σi)
1

2 (
∑

i

σ3
i )

1

2 , (7)

i. e.,

(
∑

i

σ2
i )

2 ≤ (
∑

i

σi)(
∑

i

σ3
i ). (8)

Therefore, for any Hermitian matrix M one obtains

‖M‖42 ≤ ‖M‖1‖M‖33. (9)

Now take M = (TT †)
1

2 , where T is the correlation matrix of ρ in the Bloch decomposition

(1). Hence ‖M‖42 = a22, ‖M‖1 = a1 and ‖M‖33 = a3. By inequality (9), for any bipartite state ρ

we have

a22 ≤ a1a3. (10)

If ρ is separable, the correlation matrix criterion in [21] implies that the trace norm satisfies

‖T‖tr = Tr(TT †)
1

2 = a1 ≤
√

(d2
1
−d1)(d22−d2)

2d1d2
. Substituting into the inequality (10), one obtains

the inequality (3).

Furthermore, for M = (T̃ T̃ †)
1

2 , it has been shown that the canonical correlation matrix T̃

satisfies relation ‖T̃‖tr = Tr(T̃ T̃ †)
1

2 = b1 ≤
√

(2+d2
1
−d1)(2+d2

2
−d2)

2d1d2
for any bipartite separable state

[25]. Thus the inequality (4) can be proved similarly. ✷

The separability criteria in Theorem 1 use the first three (canonical) correlation tensor

moments. In the following improved separability criteria involving higher order (canonical)

correlation tensor moments are derived.

First of all, we need to construct two families of semipositive Hankel matrices (cf. [18]), i. e.,

matrices Hk(a) (Hk(b)) with entries [Hk(a)]ij = ai+j ([Hk(b)]ij = bi+j) for k = 1, 2, · · · , ⌊d1d22 ⌋
and i, j = 0, 1, 2, · · · , k, and Bl(a) (Bl(b)) with entries [Bl(a)]mn = am+n+1 ([Bl(b)]mn =
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bm+n+1) for l = 1, 2, · · · , ⌊d1d2−1
2 ⌋ and m,n = 0, 1, 2, · · · , l, where ⌊·⌋ stands for the integer

function. Then we can propose separability criteria based on the Hankel matrices.

Theorem 2. Given a separable bipartite state ρ in Hilbert space Hd1 ⊗ Hd2 , then the Hankel

matrices satisfy conditions below

Ĥk(a) ≥ 0, B̂l(a) ≥ 0, (11)

and

Ĥk(b) ≥ 0, B̂l(b) ≥ 0. (12)

where Ĥk(a) (resp.Ĥk(b)) and B̂l(a) (resp.B̂l(b)) are the matrices obtained by replacing a1 =√
(d2

1
−d1)(d22−d2)

2d1d2
(resp.b1 =

√
(2+d2

1
−d1)(2+d2

2
−d2)

2d1d2
) in the Hankel matrices Hk(a) (resp.Hk(b)) and

Bl(a) (resp.Bl(b)).

Proof For any bipartite state ρ with the Bloch decomposition as Eq. (1), set H = (TT †)
1

2 .

We introduce two matrix vectors

x := (x0, x1, · · · , x⌊ d1d2
2

⌋
) = (I = H0,H,H2, · · · ,H⌊

d1d2
2

⌋),

and

y := (y0, y1, · · · , y⌊ d1d2−1

2
⌋
) = (H

1

2 ,H
3

2 , · · · ,H⌊
d1d2−1

2
⌋).

Under the Hilbert-Schmidt inner product of matrices, we can construct two Gram matrices in

terms of x and y by 〈xi, xj〉 = TrH i+j = ai+j and 〈yi, yj〉 = TrH i+ 1

2Hj+ 1

2 = TrH i+j+1 = ai+j+1.

So the Gram matrices happen to be the Hankel matrices Hk(a) and Bl(a), respectively. It is

known that the Gram matrices are always positive semidefinite, thus Hk(a) ≥ 0 and Bl(a) ≥ 0

for any state.

Since the first correlation tensor moment a1 = ‖T‖tr ≤
√

(d2
1
−d1)(d22−d2)

2d1d2
for any separa-

ble bipartite ρ [21]. Replacing all a1’s in Hk(a) and Bl(a) by

√
(d2

1
−d1)(d22−d2)

2d1d2
, we obtain the

inequalities (11).

Similarly, if we let H = (T̃ T̃ †)
1

2 , then b1 = ‖T̃‖tr ≤
√

(2+d2
1
−d1)(2+d2

2
−d2)

2d1d2
for a separable

bipartite ρ [25]. Replace all b1’s in Bl(a) by

√
(2+d2

1
−d1)(2+d2

2
−d2)

2d1d2
, then we get the inequalities

(12) in the Theorem. This completes the proof. ✷
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Note that Theorem 1 is a special case of Theorem 2. If we choose a1 =

√
(d2

1
−d1)(d22−d2)

2d1d2

and b1 =

√
(2+d2

1
−d1)(2+d2

2
−d2)

2d1d2
, by Theorem 2, the Hankel matrices B̂1(a) =

(
a1 a2
a2 a3

)
≥ 0 and

B̂1(b) =

(
b1 b2
b2 b3

)
≥ 0, which reduce to the inequalities in Theorem 1.

Obviously, the equalities in Theorem 1 and Theorem 2 hold for the separable state 1
d1d2

I,

as in this case all the moments are zero. We remark that the correlation tensor moments ai’s

and bi’s are closely related with the ith powers of singular values of the correlation matrix. In

fact, a fundamental theorem of algebra says that all roots of polynomial are determined by their

coefficients, which implies that the moments actually completely determine the singular values of

the correlation tensor. Therefore the criteria in Theorems 1 and 2 are intrinsically more refined

to measure the entanglement of quantum states. Furthermore, correlation tensor moments can

be estimated by experiments thus might be used in detecting entanglement in experiments.

3 Separability criteria for multipartite states

How to quantify entanglement of multipartite quantum states is a fundamental problem in

quantum information. In this section, we derive a criterion of fully separability based on the

(canonical) correlation tensor moments for multipartite quantum states.

Let λ
{µk}
αk

= Id1 ⊗ · · · ⊗ Idµk−1
⊗ λαk

⊗ Idµk+1
⊗ · · · ⊗ Idn with λαk

, the generators of su(di),

appearing at the µkth position. For a multipartite state ρ, let

T µ1µ2···µm
α1α2···αm

=

∏m
i=1 dµi

2m
∏n

i=1 di
Trρλ{µ1}

α1
λ{µ2}
α2

· · ·λ{µm}
αm

, (13)

be the entries of the tensor T {µ1µ2···µm}.

For αm = · · · = αn = 0 with 1 ≤ m ≤ n, we define that T̃α1α2···αn = T µ1···µm
α1···αm , and for

α1 = · · · = αn = 0, define that T̃α1α2···αn = 1∏n
k=1 dk

. For generally, let λµk
α0

= Idi in (13), we then

define the extended tensor T̃ with entries T̃α1α2···αn , αk = 0, 1, · · · , d2k − 1.

If we set λ
{k}
0 = Idk for any 1 ≤ k ≤ n, then any multipartite state ρ ∈ Hd1 ⊗Hd2 ⊗· · ·⊗Hdn

can be generally expressed by the tensor T̃ as

ρ =
∑

α1α2···αn

T̃α1α2···αnλ
{1}
α1

λ{2}
α2

· · ·λ{n}
αn

, (14)

where the summation is taken for all ak = 0, 1, · · · , d2k − 1. Next we adopt the definition of the

kth matrix unfolding Tk of a tensor T , which is a matrix with ik to be the row index and the
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rest subscripts of T to be column indices (detailed description can be found in Ref. [30]). The

Schatten-p norm of the tensor T over n matrix unfoldings is defined as

‖T ‖p := max{‖Tk‖p}, k = 1, 2, · · · , n. (15)

To obtain the separability criterion for n-partite quantum systems, we introduce the (canon-

ical) correlation tensor moments for multipartite quantum states.

Definition 2. Let ρ be a multipartite state in Hilbert space Hd1 ⊗Hd2 ⊗ · · · ⊗Hdn with decom-

position as Eq. (14), the (canonical) correlation tensor moments are given by

āi := Tr(T T †)
i
2 , i = 1, 2, · · · ,

n∏

k=1

(d2k − 1),

b̄j := Tr(T̃ T̃ †)
j

2 , j = 1, 2, · · · ,
n∏

k=1

d2k.

Recall that a multipartite quantum state in Hd1 ⊗Hd2 ⊗ · · · ⊗ Hdn is fully separable [30] if

and only if it can be written as a convex sum of tensor products of subsystem states

ρ =
∑

i

piρ
(d1)
i ⊗ · · · ⊗ ρ

(dn)
i , (16)

where the probabilities pi ≥ 0,
∑

i pi = 1, and ρ
(d1)
i , · · · , ρ(dn)i are pure states of the subsystems.

A state is called k−partite separable if we can write

ρ =
∑

i

piρ
(a1)
i ⊗ ρ

(a2)
i · · · ⊗ ρ

(ak)
i , (17)

where ai, i = 1, 2, · · · , k are the disjoint subsets of {1, 2, · · · , n} and ρ(ai) acts on the tensor

product space made up by the factors of H labeled by the members of ai.

If a state is separable for a bipartite partition, it is called biseparable. And a state is genuine

entanglement if it is not separable for any partition.

In [25, 30], the authors have given the generalized forms of separability criteria based on

the correlation tensor and canonical correlation tensor which says that if a quantum state ρ ∈
Hd1 ⊗Hd2 ⊗ · · · ⊗ Hdn is fully separable, then

‖T ‖tr ≤
n∏

k=1

√
dk − 1

2dk
, ‖T̃ ‖tr ≤

n∏

k=1

√
d2k − dk + 2

2d2k
. (18)

In the following we show that one can obtain the generalized correlation tensor moment criterion

from Theorem 1.
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Theorem 3. If a quantum state ρ ∈ Hd1 ⊗Hd2 ⊗· · ·⊗Hdn is fully separable, then the following

inequalities must hold

ā22 ≤ ā3

n∏

k=1

√
dk − 1

2dk
, (19)

b̄22 ≤ b̄3

n∏

k=1

√
d2k − dk + 2

2d2k
. (20)

In other words, if one of the inequalities is violated, then the state ρ is entangled.

Proof Note that ā1 = ‖T ‖tr and b̄1 = ‖T̃ ‖tr, then the inequalities are similarly shown as

that of Theorem 1.

As we have remarked that the singular values of correlation matrix reveal intrinsic informa-

tion about entanglement of the quantum state, the moment vectors provide overall information

of the singular values and easier to compute. Thus Theorem 3 gives a refined and balanced

method to detect entanglement, while Ref.[25] involves only the first power of singular values of

the correlation matrix.

4 Efficiency of the Criterion

The following examples illustrate feasibility and effectiveness of our separability criteria in

detecting entanglement for the Werner states and the PPT entangled states. They show that

the criteria provide some general operational and sufficient conditions to detect entanglement

in quantum states of arbitrary dimensions.

Example 1. The Werner states in bipartite system Hd ⊗Hd can be represented as

ρW =
1

d3 − d
[(d − x)I ⊗ I + (dx− 1)F ], (21)

where −1 ≤ x ≤ 1, F is the flip operator defined by F (φ⊗ϕ) = ϕ⊗φ. These states are separable

iff x ≥ 0 [31] and the Bloch representation is given by

ρW =
1

d2
(I ⊗ I +

d(dx − 1)

2(d2 − 1)
λi ⊗ λi). (22)

Theorem 1 recognizes separability when 2−d
d

≤ x ≤ 1, while the separability criterion in [21,

Prop. 3] detects separability for d−2
d(d−1) ≤ x ≤ 1

d−1 . Clearly our criterion is stronger than that of

[21].
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Example 2. Consider the 3× 3 PPT entangled state [4]:

ρ =
1

4
(I9 −

4∑

i=0

|χi〉〈χi|), (23)

where |χ0〉 = |0〉(|0〉 − |1〉)/
√
2, |χ1〉 = (|0〉 − |1〉)|2〉/

√
2, |χ2〉 = |2〉(|1〉 − |2〉)/

√
2, |χ3〉 =

(|1〉 − |2〉)|0〉/
√
2, |χ4〉 = (|0〉 + |1〉 + |2〉)(|0〉 + |1〉 + |2〉)/3. Let ρ be the mixed state with white

noise:

ρx = xρ+
1− x

9
I9, 0 ≤ x ≤ 1.

The correlation matrix criterion [21] shows that ρx is entangled for 0.9493 < x ≤ 1, and the

separability criterion [25] says that it is entangled when 0.89254 < x ≤ 1. Using the separability

criterion (3) in Theorem 1, one can show that ρx is entangled for 0.84327 ≤ x ≤ 1, which is

stronger than both tests.

It is noted that that the examples above show that our criteria provide an operational method

on the sufficient conditions for entanglement, since the inequalities in Theorem 3 provide the least

set of constraints for the separability and confinement of the singular values. As the moments

represent global information on entanglement, while singular values reveal the local information,

it is easier to verify. In other words, the inequalities Theorem 1, Theorem 2 and Theorem 3

of the moments ai’s give information about the lower bound for entanglement. By comparing

lower bounds for entanglement of various criteria, it shows that our criteria is stronger than that

of criterion in [21] and [25].

5 Conclusions

We have investigated the entanglement detection for both bipartite and multipartite quantum

systems. Using the correlation tensors of the Bloch representation, we have provided a necessary

condition of separability based on the two types of tensor moments. Detailed examples show

that our separability criteria are more effective than the criteria established before based on

the correlation matrices such as Li’criterion [25] and dV’criterion [22]. Our method has used

the Bloch representation in term of the usual Gell-Mann type generators of su(d), it would be

interesting to explore the Bloch representation using other types of basis such the Weyl operators

[32], which may lead to other effective separability criterion. Since it is widely believed that a

stronger violation of a separability condition indicates a bigger amount of entanglement, it has
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been shown that they can be used to place lower bounds on different entanglement measures

[33]. As an application, our criterion can be used to derive lower bounds for concurrence.
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