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Abstract— In a haptic teleoperation system, closed-loop sta-
bility is influenced by the human operator and the environ-
ment dynamics, which are typically uncertain, time-varying
or unknown. Therefore, in lieu of stability, the passivity of
a teleoperation system as a sufficient condition for stability is
investigated in the literature. The rationale for this is that, if
the two-port network representing the teleoperator (comprising
the master, the controller and communication channel, and the
slave) is passive and is terminated to any passive but otherwise
arbitrary operator and environment, the overall teleoperation
system will also be passive. Instead of ensuring the passivity of
the teleoperator in isolation, which is an overly-conservative
requirement, in this paper we study the stability of the
overall teleoperation system having assumed the passivity of the
operator and the environment while permitting the teleoperator
to be passive or nonpassive – such relaxation of the passivity
condition on the teleoperator is expected to reduce design
conservatism and allow for higher teleoperation performance.
The broader aim of this study is to find the conditions for
the stability of a teleoperation system when its controllers are
implemented in discrete-time – it is known that discretization
causes energy leaks and thus does not necessarily preserve
passivity or stability. The absolute stability conditions for the
sampled-data teleoperator are obtained using the Small Gain
Theorem. The resulting condition for stability of the sampled-
data teleoperation system imposes bounds on the controller
parameters, the sampling period, and the master and slave
robots damping terms.

I. INTRODUCTION

A teleoperation system consists of a user interface (master)
and a remote robot (slave) interacting with a human operator
and an environment, respectively. In bilateral teleoperation,
while the slave robot mimics the master robot, the forces
applied on the slave by the environment are displayed to
the operator by the master. Teleoperation has applications
ranging from telesurgery to material manipulation. Compre-
hensive studies on teleoperation can be found in [1], [2].

Teleoperation controllers are designed to meet two ob-
jectives: stability and transparency. Transparency can be
defined as matching of positions and forces of the master
and the slave, and ensures that the environment’s impedance
is transmitted to the operator with no distortion. There is a
tradeoff between transparency and stability [3], [4].

To analyze the closed-loop stability of a teleoperation
system, the operator and the environment models would
have to be assumed known. While this assumption will
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significantly simplify the stability analysis, it cannot be made
in practice because the dynamic parameters of the human
operator change in response to the specific requirements of
the task at hand [5], and the dynamic parameters of the
environment are also usually unknown, time-varying and/or
nonlinear. On the other hand, after modeling the teleoperator
as a two-port network [6], Llewellyn’s theorem has been
used for studying its absolute stability, which is equivalent to
the overall teleoperation system stability for any passive but
otherwise arbitrary operator and environment dynamics [7].
As a sufficient condition for stability, teleoperation system
passivity has been studied using the scattering theory [8].

Another challenge in stability analysis of teleoperation
systems is controller discretization. In teleoperation systems,
the controllers are typically implemented in the discrete-time.
The discretization of a stabilizing continuous-time controller,
however, does not necessarily preserve stability of the closed-
loop system due to energy leaks in the zero-order hold [9],
[10], [11]. A survey on sampled-data control for bilateral
teleoperation can be found in [12].

Two-port network passivity of teleoperation systems has
been extended to discrete-time using the Tustin method [13].
Also, [14] proposed a geometric approach that models all
components of a sampled-data teleoperation system includ-
ing both continuous-time and discrete-time parts in a unified
Port-Hamiltonian form and adjusts the energy flow at the
interconnection ports to preserve passivity of the system. A
sampled-data teleoperation system preserves passivity after
using six stable filters on the signals [11]. In addition,
for discrete-time teleoperation stability, [15] has proposed
boundaries on the controller gains and the sampling time.

The bilateral teleoperation problem has similarities with
the virtual wall haptic rendering problem. In both problems,
the user interacts with a master arm and feels forces due
to either a virtual or physical environment. For a virtual
wall, passivity approach has widely been applied for haptic
interaction stability analysis. For instance, Colgate found a
necessary and sufficient condition for passivity of a virtual
wall under the assumption that the wall is implemented
in the discrete-time domain while the operator is in the
continuous-time domain [16]. Furthermore, for the discrete-
time haptic rendering problem, [17] derived boundaries on
the stiffness of the virtual environment that are necessary
and sufficient for the passivity of the virtual wall considering
that the operator is acting as a mass-spring-damper model.
Due to the conservativeness of the passivity, it has been

49th IEEE Conference on Decision and Control
December 15-17, 2010
Hilton Atlanta Hotel, Atlanta, GA, USA

978-1-4244-7744-9/10/$26.00 ©2010 IEEE 3608



tried to design non-passive but stable controllers. In [18],
the energy of the system has been monitored by a passivity
observer and a passivity controller makes the system non-
passive in some time intervals to reduce conservativeness
and eventually to improve the performance of the discrete-
time haptic rendering system. No work to date has been
reported concerning the requirements for absolute stability of
a bilateral teleoperator considering the discretization effects.

In this paper, an absolute stability condition is developed
for a discrete-time controlled teleoperator without assuming
any model for the operator or the environment. Instead
of ensuring the passivity of the teleoperator in isolation,
which is an overly-conservative requirement, in this paper we
study the stability of the overall teleoperation system having
assumed the passivity of the operator and the environment
while permitting the teleoperator to be passive or nonpassive.
For this reason, the proposed absolute stability condition can
be less conservative than ensuring the passivity of individual
two-port networks that constitute the teleoperation system,
thus allowing for higher transparency. We will find a general
condition for stability of the overall teleoperation system.
The condition can be used to verify the suitability of a
discrete-time controller for a given teleoperation system.

This paper is organized as follows. A comparison between
absolute stability and passivity of a continuous-time bilateral
teleoperator is made in Section II. A sampled-data bilateral
teleoperation system is modeled in Section III. This model
is later used in Section IV to reach a condition for absolute
stability of the sampled-data teleoperator. A few special cases
that result in simpler conditions are considered in Section V,
followed by concluding remarks in Section VI.

II. BILATERAL TELEOPERATION STABILITY - PASSIVITY

Passivity is defined based on energy dissipation at the
port(s) of a network.

If the passivity condition is satisfied for each one-port
network (the operator and the environment) and the two-
port network representing the teleoperator (comprising the
master, the controller, the communication channel and the
slave), then their cascade interconnection will also be passive
(Fig. 1). While this approach makes sure that each individual
block is passive, in reality the overall teleoperation system
passivity is possible even with a non-passive teleoperator.
In fact, the best transparency in teleoperation can be reached
when the teleoperator is non-passive [19]. Thus, the passivity
framework has the limitation that, while passivity is a suffi-
cient condition for stability of a system, the conservatism is
furthere as passivity is ensured for individual subsystems in
a cascade interconnection rather than for the overall system.

On the other hand, absolute stability of a two-port network
is defined as its stability when it is coupled to passive but
otherwise arbitrary one-port terminations (Fig. 1). Alterna-
tively, a two-port network is absolutely stable iff the one-port
network shown in Fig. 2 resulting from coupling the two-port
network to a passive one-port network is passive.
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Fig. 1. Two-port network terminated to one-port networks. Passivity of
each block will result in the passivity of the overall system while absolute
stability will result in only stability of the overall system.
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Fig. 2. Connecting a passive one-port network to any of the ports of
a passive two-port network results in passivity of the remaining one-port
networks

III. SAMPLED-DATA TELEOPERATIONMODELING

The dynamics of the master and slave robots are consid-
ered to be

fm + fh = mmẍm + bmẋm

fs − fe = msẍs + bsẋs (1)

where fh is the interaction force between the master and
the operator’s hand, mm and bm are the master robot inertia
and damping terms, respectively, and xm is the position of
the master robot. Also, fe, ms, bs and xs are the slave and
the environment counterparts. In the s-domain, (1) can be
rewritten as

sXm =
1

mms+ bm
(Fm + Fh)

sXs =
1

mss+ bs
(Fs − Fe) (2)

The operator and the environment can be modeled as

F̃h + Fh = ZhsXm

F̃e − Fe = ZesXs (3)

where F̃h and F̃e are the exogenous hand and environment
forces, respectively. Also, Zh and Ze are the operator’s hand
and environment impedances, respectively.

Fig. 3 shows the sampled-data bilateral teleoperation sys-
tem block diagram. The digital controller outputs (f∗m and
f∗s ) are converted to continuous-time (fm and fs) using
Zero-Order-Hold (ZOH) with the transfer function Gh(s) =
(1 − e−sT )/s. To discretize the continuous-time signals,
they are sampled at time instants separated by T . The ideal
sampler unit generates the output x∗(t) from the input x(t)
where

x∗(t) =

∞∑
k=0

x(kT )δ(t− kT ) (4)
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The Laplace transform of the sampled signal is given by

X∗(s) = L{x∗(t)} =
∞∑
k=0

x(kT )e−kT (5)

The z-transform of the sampled signal is given by

X(z) = Z{x∗(t)} = X∗(s)|s=1/T ln z (6)

The master and the slave position output signals (xm and xs)
are converted to discrete-time (x∗m and x∗s) using sampler
blocks and fed to the controllers. The controllers deal only
with discrete-time signals at their input and output. The
controller output signals are converted to the continuous-time
domain by the zero-order-holds:

Fm(s) =
1− e−sT

s
F ∗m(s)

Fs(s) =
1− e−sT

s
F ∗s (s) (7)

Assume that the teleoperation system uses a position error
based (PEB) controller. As depicted in Fig. 3, the master and
the slave position signals are transmitted to the other end
through the communication channel. The PEB controllers
work based on the master-slave position error in the discrete-
time domain and generate the following control signals f∗m
and f∗s for the master and the slave:

F ∗m(s) = Cm(z)[X∗s (s)−X∗m(s)]

F ∗s (s) = Cs(z)[X
∗
m(s)−X∗s (s)] (8)

Now, (8) gives

F ∗m(s) = Cm(esT )[−G∗m(s)F ∗m(s) +G∗s(s)f
∗
s (s)]

F ∗s (s) = Cs(e
st)[−G∗s(s)F ∗m(s) +G∗m(s)f∗s (s)]

(9)

where G∗m(s) and G∗s(s) are discrete-time transfer functions
and include dynamics of the sampler and the ZOH. Indeed,

G∗m(s) =
1

T

∑
k

Gm(s+ jkωT )

G∗s(s) =
1

T

∑
k

Gs(s+ jkωT ) (10)

where ωT is the sampling frequency and is defined as
ω = 2π/T and the continuous-time transfer functions for
the master and the slave subsystems are

Gm(s) = 1
mms+bm+Zh(s)

. 1−e
−Ts

s . 1s

Gs(s) = 1
mss+bs+Ze(s)

. 1−e
−Ts

s . 1s (11)

IV. MAIN RESULT

In section III, the discrete-time teleoperation system was
modelled and resulted in closed-loop equations (9). The main
theorem for testing absolute stability of the sampled-data
teleoperation system is given after the following lemma.

Lemma 1: The closed-loop characteristic equation of the
sampled data teleoperation system shown in Fig. 3 does not
depend on the input and output signals in the system and is

1 + Cm(esT )G∗m(s) + Cs(e
sT )G∗s(s) = 0 (12)

Proof:
It is easy to see that the transfer function from F̃h to Xm

is

Xm(s)

F̃h(s)
=

(1 + Cs(e
sT )G∗s(s))Hm(s)

1 + Cm(esT )G∗m(s) + Cs(esT )G∗s(s)
(13)

where

Hm(s) =
1

Zm(s) + Zh(s)
.
1

s
(14)

and the master robot impedance is defined by Zm = mss+
bm. It can be shown that (12) is the also denominator of all
transfer functions from inputs F̃h or F̃e to any other output.

Theorem 1: The sampled-data teleoperator resulting from
using the discrete-time controller (8) for the continuous-time
system represented by (1) as in Fig. 3 will be absolutely
stable if

||MmNm +MsNm||∞ < 1 (15)

where

Nm =
2bsCm(esT )r(s)

2bmbs + Cm(esT )bsr(s) + Cs(esT )bmr(s)

Ns =
2bmCs(e

sT )r(s)

2bmbs + Cm(esT )bsr(s) + Cs(esT )bmr(s)
(16)

Mm{s,G∗m} = −1 + 2bm
r(s)

G∗m(s)

Ms{s,G∗s} = −1 + 2bs
r(s)

G∗s(s) (17)

and

r(jω) =
T

2

e−jωT − 1

1− cosωT
(18)

Proof:
For absolute stability, it is necessary and sufficient that

(12) has all of its roots in the left half of the complex plane.
The only assumption on the environment and the operator
is that they are passive and as a result their impedances are
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Fig. 3. Discrete-time controlled bilateral teleoperation system

positive real functions. The proof starts with the passivity
assumption for the environment and the operator.

In the Nyquist plane, Zh and Ze cover the entire right half
plane due to their positive-realness. Therefore, with positive
mi amd bi we can say the following about the regions
covered by each of the following functions:

1/(mis+ bi + Zh(s)) ∈ D{ 1

2bm
,
1

bm
} .= Dm

1/(mis+ bi + Ze(s)) ∈ D{ 1

2bs
,
1

bs
} .= Ds (19)

where D{x1, x2} is a disk in the Nyquist plane with the
center point of x1 and the diameter of x2. Such mappings
of the environment and the operator in (19) are frequency-
independent. Now, (19) can be replaced in (11) to ultimately
determine the regions of G∗m and G∗s in (10). Because Dm

and Ds are frequency-independent, we can move them out
of the summations in (10). The regions of G∗m and G∗s are,
therefore,

G∗m ∈ r(jω)Dm

G∗s ∈ r(jω)Ds (20)

where r(jω) is the frequency-dependent part in the summa-
tion (10) and can be calculated as

r(jω) =
1

T

+∞∑
k=−∞

1− e−(jω+jkωT )T

(jω + jkωT )2
(21)

Simplification of (21) will result in (18). Consequently, the
regions of G∗m and G∗s consist of a frequency-dependent part
r(jω) as in (18) and a frequency-independent part as in (19)
that are shifted and scaled in the Nyquist plane. The areas in
(20) can be mapped to the stable unit discs by the following
transformations:

−1 + 2bm
r(jω)

G∗m ∈ D{0, 2}

−1 + 2bs
r(jω)

G∗s ∈ D{0, 2} (22)

Based on the transformations in (22), the linear fractional
transformations (LFT) defined by Mm and Ms in (17) map
the regions of G∗m and G∗s in (20) to two unit discs. Now,
transformations Nm and Ns should be found such that the
transformed system

1 +MmNm +MsNs = 0 (23)

has the same roots as the original characteristic equation (12).
To do so, replacing Mm and Ms from (17) into (23) leads
us to the condition

1 +
−r(s) + 2bmG

∗
m

r(s)
Nm{s,G∗m}

+
−r(s) + 2bsG

∗
s

r(s)
Ns{s,G∗s}

= K(1 + CmG
∗
m + CsG

∗
s) (24)

Note that (24) should be valid for any G∗m and G∗s and the
coefficient K should be independent of G∗m and G∗s . By
solving (24), the transformations Nm and Ns can be found as
in (16). Finally, the Small Gain Theorem provides a sufficient
condition for the stability of the characteristic equation (23)
as given by (15).

In Theorem 1, transformations Mm and Ms are unit discs
in the Nyquist plane. Condition (15) is the general condition
that the controllers Cm and Cs should meet to ensure that the
sampled-data controller teleoperation system is absolutely
stable.

To achieve condition (15), it is sufficient to have
||MmNm||∞+ ||MsNs||∞ < 1. Since Mm and Ms are unit
discs in Nyquist plane, this sufficient condition for absolute
stability reduces to

||Nm||∞ + ||Ns||∞ < 1 (25)

Equivalently, the sufficient condition for absolute stability
can be expressed in terms of master and slave damping terms
and controllers as
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|2bsCm(ejωT )r(jω)|+ |2bmCs(e
jωT )r(jω)|

|2bmbs + Cm(ejωT )bsr(jω) + Cs(ejωT )bmr(jω)|
< 1

(26)
where r(jω) is defined in (18). Note that (26) gives a general
condition for absolute stability of sampled-data teleoperation
systems, which is more conservative than (15). Also note
that although absolute stability is less conservative than
passivity, we have introduced some new conservativeness by
addressing stability using the small-gain theorem.

V. SPECIAL CASES

Verifying (15) can be difficult in the general case for
arbitrarily controllers. In this and the following subsections,
condition (15) has been simplified for several special cases.
In the following, assumptions regarding the control structure
is made whereas (26) puts no assumption on it.

A. Symmetric master and slave controllers

A simplifying and realistic assumption is to design the
controllers of the master and the slave to be proportional to
the corresponding damping terms:

Cm(z)

Cs(z)
=
bm
bs

(27)

Replacing (27) in (16), Nm and Ns can be found as:

Nm = Ns =
Cm(esT )r(s)

bm + Cm(esT )r(s)
(28)

Thus, (28) and (25) can be combined to require the following
for the absolute stability of the sampled-data teleoperator:

||Nm||∞ <
1

2
(29)

As a result, the absolute stability condition is

| Cm(ejωT )r(jω)

bm + Cm(ejωT )r(jω)
| < 1

2
(30)

Let us define α and β as

α = <{Cm(ejωT )r(jω)} (31)

β = ={Cm(ejωT )r(jω)} (32)

It is easy to show that

α =
T

2

1

cosωT − 1
<{(1− e−jωT )Cm(ejωT )} (33)

β =
T

2

1

cosωT − 1
={(1− e−jωT )Cm(ejωT )} (34)

With these α and β, (30) can be simplified to

bm > −α
2
+

√
α2 +

3

4
β2 (35)

which puts a lower bound on the master (and slave) damping.
For a given controller Cm(ejωT ), condition (35) can be
checked to verify stability of the resulting sampled-data
teleoperator system. Alternatively, condition (35) can be
viewed as providing design guidelines in terms of selection
of various control parameters and the sampling rate for stable
teleoperation under discrete-time control.

B. Known structure for controllers

The stability condition (30) can be restated as

|1 + bm
r(jω)Cm(ejω)

| > 2 (36)

In (36), the controller Cm can be selected to have the
following structure:

Cm(z) =
z−2 + 2z−1 − 1

2z−1 − 2
k1 (37)

where k1 > 0 is a controller tuning parameter and we are
interested in finding its admissible range for closed-loop
stability. This controller in the ω-domain is

Cm(ejωT ) =
e−2jωT + 2e−jωT − 1

2e−jωT − 2
k1 (38)

Now, replacing (38) into (36) yields

λ2 + 2λ cosωT + 1 > 2λ (39)

where λ = Tk1/(2bm)
The condition should be valid for all ω values. Thus for (39)
to hold, it is sufficient that λ2 − 2λ+ 1 > 2λ or

k1T

bm
< 2(2−

√
3) (40)

which implies a lower bound on the master (and slave)
damping for the stability of the sampled-data teleoperation
system. Also, it places an upper bound on the controller gain
and on the sampling period. This makes sense from a control
perspective because generally as the controller gain and the
sampling period increase, the stability margin of a sampled-
data system shrinks.

In contrast to (27), another possibility for the controllers
is

Cs(z)

k2
=
Cm(z)

k1
=
z−2 + 2z−1 − 1

2z−1 − 2
; k1, k2 > 0 (41)

Replacing (41) into (26) reduces the absolute stability con-
dition to

bsk1T + bmk2T < |2bmbsejωT +
bsk1T

2
+
bmk2T

2
| (42)

or

k1T

2bm
+
k2T

2bs
< |ejωT +

k1T

4bm
+
k2T

4bs
| (43)

Thus,
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2γ < |ejωT + γ| (44)

where

γ =
k1T

4bm
+
k2T

4bs
(45)

It is easy to show that (44) can be simplified to

2γ < γ2 + 2γ cosωT + 1 (46)

but (46) should be valid independent of frequency ω. There-
fore it is sufficient to have 2γ < γ2 − 2γ + 1. As a result,
the condition reduces to

k1T

bm
+
k2T

bs
< 4(2−

√
3) (47)

which again implies upper bounds on the sampling time
and controller gains and lower gain on the master and slave
damping terms.

The above were only two examples for selecting the
controllers Cm and Cs, and can be repeated for any given
control structure to arrive at similar bounds in terms of
the sampling period, robot damping and control gains such
that the absolute stability of the resulting sampled-data
teleoperator is ensured.

C. Virtual wall

The discrete-time controlled teleoperation system studied
in this paper can be reduced to a discretely-simulated virtual
wall that is haptically rendered for a user through a master
user interface (no slave robot). It is easy to show that in this
case the counterpart of the condition (35) on bm is

bm > −α (48)

where α is given in (33). With a PD-type controller for
the master, it can be shown that (48) is satisfied for all
frequencies ω if the following condition is satisfied:

bm >
KT

2
+B (49)

where K and B are the proportional and derivative gains of
the master’s PD controller, which actually plays the role of
the virtual coupling between the user and the infinitely-stiff
virtual wall. This result is consistent with the condition given
in [16] for the virtual wall haptic rendering problem.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we found a condition for stability of a
sampled-data teleoperation system using small gain theorem.
Instead of requiring the passivity of the two-port network
representing the teleoperator (i.e., the teleoperation system
excluding the operator and the environment), we considered
the closed-loop stability of the overall teleoperation system.
Our contribution was to consider the impact of controller
discretization on the stability of the teleoperation system.

The final condition for stability of the sampled-data system
was simplified for certain controller structures, for which

bounds were found on the controller parameters, the sam-
pling time and the robot damping terms. Extending the
proposed absolute stability criterion to the case of four-
channel teleoperation control (as opposed the position-error
based control considered in this paper) remains as future
work.
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