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Abstract

The index coding problem is studied from an interference alignment perspective providing new results
as well as new insights into, and generalizations of, previously known results. An equivalence is established
between the capacity of the multiple unicast index coding (where each message is desired by exactly one
receiver), and groupcast index coding (where a message can be desired by multiple receivers), which settles
the heretofore open question of insufficiency of linear codes for the multiple unicast index coding problem
by equivalence with groupcast settings where this question has previously been answered. Necessary and
sufficient conditions for the achievability of rate half per message in the index coding problem are shown
to be a natural consequence of interference alignment constraints, and generalizations to feasibility of
rate %H per message when each destination desires at least L messages, are similarly obtained. Finally,
capacity optimal solutions are presented to a series of symmetric index coding problems inspired by the
local connectivity and local interference characteristics of wireless networks. The solutions are based on

vector linear coding.

*Presented in part at ISIT 2012. Hamed Maleki and Syed Jafar (email: hmaleki@uci.edu, syed@uci.edu) are with the
Center for Pervasive Communications and Computing (CPCC) at the University of California Irvine, Irvine, CA, 92697. Viveck
Cadambe (email: viveck@mit.edu) is with the Research Laboratory of Electronics (RLE) at the Massachusetts Institute of
Technology (MIT), Cambridge, MA 02139. This work is supported in part by ONR N00014-12-1-0067 and by NSF CCF-
1143982.



1 Introduction

Much progress in network information theory can be attributed to the pursuit of the capacity of simple-
to-describe canonical network communication models. Simplicity in the network communication models
often affords a clear formulation of techniques involved in the communication system. The focus of this
paper is the inder coding problem which is arguably the simplest multiuser capacity problem because it
is a communication network that has only one link with finite capacity. Yet, this turns out to be the
proverbial case where appearances can be quite deceiving. More than a decade after it was introduced by
Birk and Kol in [1, 2], the index coding problem not only remains open, but also has been shown to include
as special cases a number of difficult problems in both wired and wireless settings — such as the general
multiple unicast problem with linear network coding [3], multi-way relay networks [4], and the topological
interference management problem in wireless networks [5, 6], to name a few. Remarkably, the index coding
problem is also the origin of the fundamental idea of interference alignment [2], which was re-discovered,
extensively studied and developed in a variety of forms in wireless networks [7, 8, 9]. Interference alignment
has recently found applications in network coding problems such as the distributed data storage exact repair
problem [10, 11] and the 3 unicast problem [12, 13]. In this paper, we attempt to bring this idea “home”, by
applying the understanding of the principles of interference alignment, into the original setting — the index
coding problem.

The essence of the index coding problem lies in its focus on a single bottleneck network. Having only
one link with finite capacity concentrates the challenge of network coding in one place, highlighting some of
the most fundamental, challenging, and surprising aspects of the network coding problem. Understanding
the role of a single bottleneck edge in a network when the rest of the network is composed only of trivial
links (of infinite capacity), is a natural stepping stone toward a broader understanding of communication
networks!. We start with a discussion of similarly motivated single-bottleneck settings for both wired and
wireless networks.

1.1 Single Bottleneck Wired Networks — Index Coding

Consider a general network coding setting shown in Figure 1(a) where the source nodes on the left communi-
cate with the destination nodes on the right through a network (possibly containing cycles) of intermediate
nodes connected via directed, orthogonal, noiseless, capacitated links. If only one link (shown in black) in
the intermediate network has finite (unit) capacity, and all the other links have infinite capacity, then the re-
maining problem is the index coding problem. Clearly, the only non-trivial message flows are those for which
every path between the source and the desired destination(s) must pass through the finite capacity link. All
other messages have either rate zero or infinity, and can be eliminated. The remaining network contains
three kinds of infinite capacity links in addition to the finite capacity link. First, the remaining source nodes
must connect to the transmitter of the finite capacity link via infinite capacity links. Second, the destination
nodes must connect to the receiver of the finite capacity link through infinite capacity links. Third, if there
are infinite capacity paths between any sources and their non-desired destinations, those paths are replaced
with infinite capacity links known as “antidote” links. An example is shown in Figure 1(b) where 5 messages
originate at the sources on the left and are desired by the destination nodes on the right. The bottleneck link
(finite capacity link) is shown at the top of the figure in black and carries a sequence of symbols from a finite
alphabet S™ € 8™, which are chosen with full knowledge of all messages. The antidote links are shown in
red. Clearly, the best use of the antidote links, which have infinite capacity, is to convey all the information,
i.e., the messages, from the transmitters to the receivers of the antidote links. These antidotes comprise the
side information that makes the problem interesting and quite challenging in general. Each destination must

1The edge-removal problem introduced in [14, 15] is another intriguing open problem that seeks to understand the role of a
single edge in a network, and has been shown to be closely related to the general question of whether zero-error capacity and
e-error capacity are the same for general network coding instances[16].

31t is worth noting that in some related works, the index coding problem is pictorially depicted using the side information
graph where the bottleneck link is not explicitly shown (See, for example, [17]). In contrast, our graphs explicitly show the
bottleneck link since we interpret the index coding problem as a special case of a network coding problem on a directed acyclic
graph.
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Figure 1: (a) General network coding problem: If only one link (shown in black) in the intermediate network has
finite (unit) capacity, and all the other links have infinite capacity, then the remaining problem is the index coding
problem. (b) Example of an index coding setting®.

be able to decode its desired message based on the sequence of symbols sent over the bottleneck link and
the set of undesired messages available to it as antidotes.

Index coding can also be seen as “source coding with side information”, or as a broadcast channel with
cognitive receivers, i.e., where certain receivers have full knowledge of certain messages a-priori.

1.2 Single Bottleneck Wireless Networks — Wireless Index Coding

Consider a wireless network shown in Figure 2(a) comprised of the source nodes shown on the left, which
communicate with destination nodes shown on the right, through an intermediate network of relay nodes.
Depending on propagation path loss different pairs of nodes may be connected or disconnected. Because
this is a wireless setting, signals emerging from the same transmitter are broadcast, and signals arriving at
the same receiver interfere. All transmitters are subject to power constraint P, and generally the receivers
experience additive white Gaussian noise (AWGN) in addition to the superposition of fading signals from
connected transmitters. As an analogue to the index coding problem defined by a single bottleneck link, let
us assume only one of the receivers in the intermediate network experiences AWGN, e.g., of unit variance,
while all other receivers experience no noise. It means all the other receivers have infinite resolution of
the complex valued signals, essentially providing them infinite capacity links to their respective connected
transmitters. Eliminating messages that have infinite capacity paths between their sources and all their
desired destinations, what remains is the wireless index coding problem, introduced in [5]. Depending on the
wireless network topology, the resulting wireless index coding problem can in general be quite challenging.
The problem can be quite involved, for example, if the wireless network contains cycles that provide feedback
from the output of the bottleneck receiver to the distributed or partially cooperating nodes transmitting to
the bottleneck receiver. Fig. 2(b) shows a relatively simple example of the wireless index coding problem
that corresponds to the index coding problem of Fig. 1(b), in the sense that the capacity of the index coding
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Figure 2: (a) Wireless network: If only one receiver (shown with incoming signals in black) in the intermediate
network has non-zero (unit) AWGN variance, and all the other receivers have zero noise (infinite capacity), then the
remaining problem is the wireless index coding problem. (b) Example of a wireless index coding setting.

problem maps directly to the degrees of freedom (DoF) of the wireless index coding problem. As we show
later in the paper (Section 4.3, Theorem 5,) the capacity per message of the index coding problem in Figure
1(b) is 2/5, as is the DoF value per message for the wireless index coding problem in Fig. 2(b), and in both
cases the “unit” for measurement is the capacity/DoF of the bottleneck link/receiver. The index coding
problem normalizes the bottleneck link capacity to unity, so that the rates of all the messages are measured
as multiples of the bottleneck link capacity. Similarly, the wireless index coding problem normalizes the
number of signal dimensions (DoF) available to the bottleneck receiver to unity, and the DoF of all the
messages are measured as multiples of the bottleneck DoF. As explained in [5], the relationship between
the index coding problem and the wireless index coding problem goes much further, and much more can be
said about their similarities and differences. For instance, if full cooperation is allowed between all sources
directly transmitting to the bottleneck receiver in a wireless index coding problem, the DoF of the resulting
network is the same as the capacity of the corresponding index coding problem (in their respective units).
The DoF of the wireless index coding problem are, in general, bounded above by the capacity of the index
coding problem. It also highlights the main difference between the index coding problem and the wireless
index coding problem — all sources are necessarily allowed to fully cooperate in the former because the
bottleneck transmitter has full knowledge of all messages, but not necessarily in the latter (depending on
the topology of the original network in Figure 2(a)). However, if the index coding problem has a capacity
optimal vector linear coding solution that can be translated to the complex field, then the same solution
may be applied in the wireless index coding problem as well. This is because vector linear solutions are
comprised of a superposition of separately encoded messages, and a superposition over complex field is
naturally provided by the wireless medium [5]. Somewhat surprisingly, this is a very common situation, e.g.,
all the instances of the index coding problems studied in this paper have capacity optimal vector linear coding
solutions that translate to the complex field, thereby simultaneously providing the DoF characterization for



the corresponding wireless index coding problem.

In the wireless index coding problem discussed above, the bottleneck is concentrated at one receiver,
lending the bottleneck a multiple access character. Another formulation of the wireless index coding problem
is also conceivable where the bottleneck may be concentrated at one transmitter, e.g., all receivers experience
additive noise and there is only one transmitter with finite power (all other transmitters have infinite power),
which would lend the bottleneck a broadcast character, and which could be a similarly interesting and
promising research avenue.

The motivation for studying single bottleneck networks in both wired and wireless settings is evident from
an information-theoretical perspective as a stepping stone to a broader understanding of communication
networks. What is surprising is that the index coding problem, in spite of its simple formulation, not only
already captures much of the complexity of the full-fledged network capacity problem, but also contains a
class of problems known as topological interference management [5] problems (TIM) which are of immediate
practical interest for cellular wireless networks. Indeed, it is the TIM setting that motivates most of the
instances of index coding that we solve in this work.

1.3 Topological Interference Management Problem

Consider, as an example, the cellular downlink setting shown in Figure 3(a) comprised of 5 partially overlap-
ping cells depicted as circles. Each cell (circle) contains a transmitter (base station) near its center, shown
as a black square, and 3 receivers (users), shown as white squares. Propagation path loss is modeled by
the assumption that each base station transmitter (black square) is only heard within the circular region
defining its own cell. This gives rise to the connectivity pattern where each transmitter can be heard by three
receivers and each receiver can hear three transmitters. The resulting wireless network connectivity is shown
in Figure 3(b) where the links show the non-zero channel coefficients. The knowledge of non-zero channel
coefficient values, which are assumed to be drawn from identical distributions, is not available to the (blind)
transmitters. Depending upon the message sets, e.g., whether each transmitter sends a message to only one
user in its cell, or whether each transmitter sends 3 independent messages to the 3 users in its cell, we have
the partially connected interference channel or X channel setting, respectively (More details are provided
in Sections 3.2 and 3.3). Since both settings will benefit significantly from interference alignment and no
knowledge of non-zero channel coefficient values is assumed, this is known as the topological interference
management problem [5].
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Figure 3: Topological Interference Management problem: (a) Cellular layout governing the connectivity pattern, (b)
Locally connected wireless network representation, (¢) Corresponding index coding problem

The key to the TIM problem lies in its close relationship to a corresponding index coding problem.



For the TIM problem of Figure 3(a) and Figure 3(b), the corresponding index coding problem is shown in
Figure 3(c). In the corresponding index coding problem, the graph connecting black (transmitter) and white
(receiver) nodes in Figure 3(c) is complementary to that in Figure 3(b), i.e., a black and white node pair is
connected in the index coding problem of Figure 3(c) by an antidote link if and only if it is not connected in
the locally connected network representation of Figure 3(b). Thus, antidote links which allow a receiver to
subtract from its received signal the contribution from the corresponding undesired messages, especially in
a superposition based coding scheme as must be the case in the TIM problem due to the distributed nature
of the source nodes and the additive nature of the wireless medium, play the same role as a zero channel
coefficient value in the local connectivity pattern. The main difference in the index coding problem is that
full cooperation between sources is allowed, which makes the index coding capacity an outer bound on the
DoF of the TIM setting. However, as we will see in this paper, optimal solutions to the TIM based index
coding problems that we study are based on vector linear coding and robust to the choice of the underlying
field as the real or complex field. An important implication is that, for the scenarios that we study, our
optimal solutions of the index coding problem automatically yield optimal solutions to the corresponding
TIM problem as well (See [5] for more details).

Finally, we note that the TIM problem has a natural counterpart in the network coding setting, which is a
blind linear network coding problem®. Consider, for example, a wired network where the intermediate nodes
perform random linear network coding, creating a linear channel matrix comprised of polynomials in the
network coding coefficients of the intermediate nodes. Recent work [12, 20, 13, 21] has investigated how to
exploit the knowledge of these effective channel matrices at the source nodes to achieve interference alignment
by linear precoding, in a manner that mimics the wireless interference channel. However, suppose that the
source nodes only know the end-to-end connectivity but do not know the channel coefficient values, e.g.,
because they do not keep track of all the network coding coefficients. Aside from the significant distinction
of working over finite fields, the resulting blind network coding problem is virtually identical to the TIM
problem, and is similarly related to a corresponding index coding problem. For instance, if we take the
graph of Figure 3(b) to represent the resulting connectivity of a blind network coding problem, with no
knowledge of the channel realizations at the transmitters, then the corresponding index coding problem is
shown in Figure 3(c). Solving this index coding problem will solve both the corresponding TIM problem as
well as the corresponding blind network coding problem.

The preceding discussion of closely related problems sheds light on the significance of the index coding
problem. In spite of having only one finite capacity link, the richness of the index coding problem is evident.
The complexity of index coding problem is further underscored in the result by Rouayheb et al. in [3] and
its generalization by Effros et. al. in [22], where an equivalence is established between the general network
coding problem restricted to linear codes, and the index coding problem. On the other hand, the relative
simplicity of the index coding problem setting does make this setting more tractable in certain respects. As
an example, we note that the equivalence of e-error capacity and zero-error capacity, which remains open in
the general network coding problem, has been established for the index coding problem [16].

1.4 Organization of this paper

The rest of this paper is organized as follows. In Section 2, we formally describe the index coding problem.
In Section 3, we show that the index coding problem can, in fact, be viewed as problem in interference
alignment. We will use instances of index coding problems motivated by the TIM setting as examples to
establish this connection. In Section 4, we present the main results of our paper. The interference alignment
perspective of Section 3 serves as a common thread that ties together all the results of Section 4. We conclude
the main part of this paper with some interesting open questions in Section 5. We present proofs of the
results of Section 4 in Appendices A-E.

41t is important to distinguish our blind network coding setting from the non-coherent network coding setting (See, for
example, [18, 19].) In the former setting, we assume that the transmitters are unaware of the network coding co-efficients,
whereas the receivers have perfect knowledge of the coding co-efficient matrix. In the latter setting, neither transmitters nor
receivers have knowledge of the network coding co-efficients.



2 Index Coding — Problem Formulation
The index coding problem consists of a set of M independent messages
W = {Wl,Wg, .. .,WM},

and a set of K destination nodes
D= {D17D25"' aDK}v

with the k' destination node Dy, identified as
Dy, = Wk, Ax),

where Wy, C W is the set of messages desired by Dy, the set A C W is comprised of the messages available
to destination Dy as side information (antidotes). The set of antidotes Ay satisfies Wy N Ay = ¢, i.e., a
destination node does not desire a message that is already available to it.

An (8,n,R) index coding scheme corresponds to the choice of a finite alphabet S of cardinality |S| > 1,
a coding function, f, and a decoding function g ;, for each desired message W; at each destination Dj. The
coding function f maps all the messages to the sequence of transmitted symbols

f(WlaW27"' aWM):Sn

where S™ € 8™ is the sequence of symbols transmitted over n channel uses. Here, Vm € {1,2,--- , M},
message W, is a random variable uniformly distributed over the set

Wm € {1u27 Ty |S|an}7

and R € Rﬂ‘ff is simply a rate vector
R = (RlvRQa'“ 7RM)

that satisfies the condition that |S|*f= an integer for every m € {1,2,..., M}. At each destination, Dy,
there is a decoding function for each desired message

9, (S", A) = Wk,i, Vi such that W; € W;.
The decoding is said to be in error if any desired message is decoded incorrectly. The probability of error is
P. =1 —Prob[Wy; =W;, Vi,k such that W; € Wy].

A rate tuple R = (Ry,Ra,...,Ry) € R% is said to be achievable if for every €,5 > 0 there exists a
(S,n, (Ry, Ry, -+, Ryr)) coding scheme, for some S, n, such that Vm € {1,2,...,M}, R,, > R,, — J, and
the probability of error P, < e. The capacity region of the index coding problem is defined as the set of all
achievable rate tuples (R, Ra, ..., Ry) and is denoted by C.

As an example of the notation, in Figure 1(b), we have M = K = 5 W = {Wy, Wy, -+ , W5},
Dy = ({(Wi}, {Ws, Wa}), Dy = ({Wa}, {W1,Ws}), D3 = ({Ws},{W2,Ws}), Dy = ({Wa},{Ws, Ws}),
D5 = ({Ws}, {Wa, W1}).

The definition of capacity region presented above is in the classical sense of asymptotically vanishing
probability of error, also known as e-error capacity, which can in general be larger than the zero-error
capacity where only achievable schemes with P. = 0 are allowed. Even for networks comprised of noise-
less links, e.g., in the network coding problem, the equivalence of the two is not known. Remarkably, for
index coding, it has been shown by Langberg and Effros in [16] that the e-error capacity is the same as the
ZEro-error capacity.

For a (n,S,R) coding scheme, the parameter n may be interpreted as the blocklength and S to be the
alphabet of coding. It is noteworthy that we could have chosen S to be an arbitrary fixed set above without



changing the capacity region. For instance, we can equivalently® define the capacity region to be the set of
all rates (Ry, R, ..., Ryr) such that, for every e,6 > 0, there exists a ({0,1},n, (R1, Ra, ..., Ry)) coding
scheme, where R,, > R,, — 0, whose probability of error smaller than e. Nonetheless, we explicitly identify
the parameter S in our definitions above mainly because this parameter helps distinguish between linear and
non-linear coding schemes, or scalar and vector coding (See Definitions 2 and 3).

We refer to the general index coding problem statement presented above as the groupcast setting,
where each message may be desired by multiple destination nodes. This general term includes within its
scope both the multiple unicast setting where each message is desired by exactly one destination node, and
the multisource multicast (or simply, multicast) setting where each message is desired by all destination
nodes.

Notation: For any subset of messages W C W we define the compact notation,
J— A [—
W EW-W

as the set of messages in W that are not in W. Further, we use the compact notation Wi ={W;, W;}, W, j 1 =
{W;, W;, Wi}, etc. Also we define the compact notation, R;,,, = R;, + R, +...+ R;,, K={1,2,... K}
and M ={1,2,...,M}

A few important classes of the index coding problem are formalized next.

Definition 1 —Multiple Unicast Index Coding
The index coding problem is called a multiple unicast index coding problem if and only if

thkQ S ]Cykl 7£ k2a Wkl N Wk2 = ¢ (1)

In other words, a multiple unicast index coding problem is one where no message is desired by more than
one destination.

Definition 2 —Scalar Index Coding Scheme
An (8,n,R) index coding scheme is called a scalar coding scheme if and only if

o - (ded)

In other words, a scalar index coding scheme sends one symbol for each message over n channel uses.

Definition 3 — Linear Index Coding Scheme
A linear (S,n,R) index coding scheme, achieving the rate vector R = (
uses, corresponds to a choice of

1. a finite field F = S as the alphabet

b B @) over n channel

n’mn’ ’n

2. V,, € FXPm Ym € M as precoding matrices
3. Upi € FPmxn m € M,Yk such that W,, € Wy, as receiver combining matrices
such that the following properties are satisfied

Property 1: UniVi=0, Vm,ic M, k€K such that m # i, W,, € Wy, W, ¢ Ay
Property 2: det(Upm Vi) #0,  Vm e M,k € K such that W,,, € W,

where all operations are over F.

5This equivalence can be shown by “simulating” a different alphabet S over {0, 1} by accumulating several symbols together
and coding over them. Specifically a coding scheme of blocklength m over S can be simulated over {0, 1} over blocklength of
[mlog, |S|] through a one-to-one mapping between |S|™ and {0,1}". The rate of such a coding scheme over {0, 1, } could be
smaller than the rate over S because of an integrality gap, but this gap will vanish as m — co. We omit a formal proof of this
equivalence here for brevity. We note that a linear coding scheme over one alphabet, when mapped in this manner to another
alphabet, may however lead to a non-linear coding scheme over the latter alphabet.



The transmitted symbol sequence S™ € F**! in a linear index coding scheme is

M
St=>" VX, (3)

m=1
where X, = (Tm.1, T2, > Tm,p, )] € FPn*Lisa P, x 1 vector representing W,,. In other words, message

Wi, is split into P, independent scalar streams, each of which carries one symbol from F, and is transmitted
along the corresponding column vectors (the “beamforming” vectors) of the precoding matrix for V,,. The
decoding operation for message W,,, € Wy, desired at destination Dy, is

Xm = (Um,kvm)_l Uk <Sn - Z Vin') . (4)

X;: W, €A

The above decoding operation can be interpreted as occurring in three steps. In the first step, the contribution
from undesired messages available as antidotes, W; € Ay, is eliminated from S™, then in the second step,
the remaining undesired symbols are zero-forced by Property 1, and in the final step, the desired symbols
X, are recovered by the invertibility of U,, 1 V,,, which is guaranteed by Property 2.

Note that a linear encoding scheme, as explained above, is a zero-error encoding scheme. The linear
coding scheme described above is also called vector linear coding schemes. This includes the special case
where P, = 1,Vi € {1,2,--- , M}, which is called a scalar linear encoding scheme.

2.1 Discussion on Index Coding Nomenclature

Our definitions and choice of nomenclature are motivated by commonly used of terminology in classical
network coding and information theory. However, the quantities defined here are sometimes referred to by
different names in some index coding literature. We discuss some of these differences here.

Symmetric Capacity

Consider an achievable rate point (Ri, Ra,...,Ry) and let R = miny,eq12,.. v} Rm. The quantity R is
often referred to in information theory literature as an achievable symmetric rate. The maximum achievable
symmetric rate is known as the symmetric capacity of the problem. Note that the quantity % can be
interpreted as the average number of time slots required for all the destinations to get a message from S.
In much of the index coding literature, the minimum value of % over the set of all achievable rates - or
equivalently, the reciprocal of the symmetric capacity - is the primary object of study and is often denoted
as B (e.g. [17, 23, 24, 25, 26]). Indeed, in these works, the index coding problem is formulated as one where
the goal is to minimize f, which is equivalent to determining the symmetric capacity of the problem.

Groupcast and Multiple Unicast Index Coding Problem

For the multiple unicast index coding problem, note that there is no loss of generality in assuming that
Wi = {Wy}, i.e., the kth destination intends to decode the kth message. Under this assumption, the directed
graph, whose vertex set is K and edge set is {(k,j) : j € Ak, k € K}, is known as the side information
graph of the index coding problem. Thus, a multiple unicast index coding problem can be equivalently
represented using its side information graph. In fact, as we shall discuss later in Section 4.1, references
[2, 27] describe an achievable rate for the index coding problem in terms of a certain functional of this side
information graph. To distinguish from the multiple unicast setting, the groupcast index coding problem is
sometimes referred to as index coding over hypergraphs. The motivation for this nomenclature comes from
[26], where the groupcast index coding problem was modeled via hypergraphs. We refer the interested reader
to the mentioned reference for details. In reference, [28], which is concurrent to our paper, the groupcast
setting is also referred to as bipartite index coding since the problem is modeled in the reference using
directed bipartite graphs. Finally, it is worth noting that the groupcast setting is also sometimes referred



to as multiple multicast in some network coding literature (See, for example, [29]). Our nomenclature of
groupcast, which describes a particular structure of the messages that generalizes the multiple unicast setting,
follows conventions in information theoretic literature where the message demand structure is often separated
from the physical communication scenario. Thus the term groupcast can be used in the context of various
network communication scenarios, such as wireless index coding. We use the term groupcast instead of the
term “multiple multicast” to avoid ambiguity, especially since the term multisource multicast (or simply,
multicast) is sometimes used to refer to the scenario where there are multiple sources, and every destination
intends to decode every one of the sources (see, for example, [30]).

3 Index Coding as an Interference Alignment Problem

In wireless communications, interference is a natural phenomenon because of the broadcast nature of the
medium. In wireline network communications, interference occurs because of multiple data streams con-
tending for a common link. Indeed this scenario is best exemplified by the index coding problem where a
single bottleneck link is shared by all data streams. In wireless systems, interference alignment provides
surprising gains by exploiting the inherent diversity in distributed linear systems - i.e., the notion that every
receiver sees a different alignment of signal dimensions, and therefore signals can be designed to align at one
receiver and stay separable at a different receiver. In the index coding problem too, we exploit the inherent
diversity that exists among the receivers because the set of antidotes is different for different receivers. This
diversity ensures that even if two signals align along the bottleneck link, they can be decoded at the desired
receivers if they have the appropriate set of antidotes. This alignment frees up the available dimensions (on
the bottleneck link) for other messages and hence makes the system more efficient.

To better understand the role of interference alignment in the index coding problem, let us examine
a (n,S,R) linear index coding scheme, where R = (%, %, R %) For simplicity of exposition, let us
consider a symmetric rate setting, i.e., P,, = P,¥Ym € M. For any subset of the set of messages B C W, we
use the following notation.

Vg ={v € F" : v is a column vector of V;,i € B},

i.e., Vg is the set of all column vectors which belong to at least one matrix V; : i € B.

Receiver k receives a n dimensional vector S™ which is a linear combination of the M P column vectors
of V). If all the M P column vectors are linearly independent, then, clearly the desired signal is resolvable
and a symmetric rate of 1/M per message is achievable. Note that this is the rate achieved by “routing”,
where each of the M messages occupies P time-slots that do not overlap with the time-slots occupied by any
of the remaining M — 1 messages®. The routing solution is in fact one such realization of V). In general,
however, the messages may be resolvable even if the M P column vectors of V), are linearly dependent,
because of the presence of antidotes. In fact, a rate greater than 1/M is possible only by making the column
vectors of W)y linearly dependent. Consider, for instance a receiver, say destination Dy, that wants to decode
messages Wy, and has antidotes for messages Aj. It receives the linear combination of M P vectors in an n
dimensional space, of which it can cancel the impact of |Ag|P vectors, V4, , using the antidotes. Therefore,
from the perspective of destination Dy, it observes (after cancellation), the linear combination of |Wy|P
desired vectors along Wy, , and (M — |Ag| — [Wg|) P interfering vectors along the columns of Vyy_ (4, uw,)-
A necessary condition for the resolvability of messages Wy at destination Dy can be expressed as

span(Vw, ) N span(Vyy—(4,.0m,)) = {0} ()

This means that a necessary condition for resolvability at destination Dy, is that the dimension of interference
span(Vyy—(4,uw,)) should be smaller than n—|Wy| P (because the vectors are all observed in an n dimensional
space). Clearly, if n—|Wy|P < |W — (A UWj,)|P, then, the interfering vectors need to align in an n—|Wy|P
dimensional space.

6More formally, routing involves partitioning the column vectors of the M P x MP identity matrix into M partitions of P
vectors each, and forming a linear index coding scheme by respectively setting the precoding matrix of each message to the set
of column vectors of one of these M partitions.



Next we illustrate the role of interference alignment in index coding, with a series of examples presented
in increasing order of complexity.

3.1 Example 1: Scalar linear index coding with One-to-One Alignment

S=1x1V1+ (z2+23)V2

Z1 x3
T2

W1 Wl

W 11,

Wi W

Figure 4: A simple example where interference alignment is useful in the index coding problem. In the example, the
alignment is realized with Vo = V3. The alignment enables transmission of 3 scalars to the 3 corresponding users in
a 2 dimensional vector space, ensuring that a rate of 1/2 is achievable. The field F can be chosen arbitrarily.

A simple interference alignment solution for an index coding problem is demonstrated in Figure 4, where
K = 3 and each user sends P = 1 vector. Because of alignment of V4 and V3, user 1 is able to resolve
x1. For instance, one may choose Vi = [0,1]7, V, = V3 = [1,0]7, so that the two transmitted symbols
on the bottleneck link are S? = (S1,S2) = (z2 + z3,71), from which each destination is able to recover its
desired message. Since only one symbol is sent per message, this is an example of a scalar linear index coding
solution. Furthermore, since the alignment of vectors takes place in a one-to-one fashion, i.e., V5 aligns with
V3, we refer to this as a one-to-one alignment solution, to be distinguished from the subspace alignment
solutions to be presented soon.

3.2 Example 2: Vector linear index coding with One-to-One Alignment

The next index coding example comes from the TIM setting shown in Figure 3(a), (b), (¢). Depending upon
whether each base station transmitter has a message only for one corresponding receiver, or an independent
message for each of the receivers that are within-range, we have the interference channel or the X channel
setting, respectively. Here we consider the interference channel setting.

The interference channel setting means that base station (source) i, 1 < ¢ < 5, has only one message,
W, for its corresponding receiver (destination) ¢. In the corresponding index coding problem, as in the
interference channel setting, there are M = 5 distinct messages and K = 5 destinations. The goal is to
achieve a symmetric rate of % per message, which is also the capacity optimal solution. The problem is
essentially identical to the setting considered in [26] to show that vector linear index coding outperforms
scalar linear index coding. The achievable scheme is a vector linear scheme operating over 5 channel uses.
The precoding vectors V;,1 <14 < 5 are 5 x 2 matrices and X, is a 2 x 1 vector X; = [z 1, 581‘72]T representing
W;. Therefore, the transmitted symbol sequence S° is

5
S° =) ViX,. (6)
=1



S1 = x51+ 22

Sy = T31+T52
S3 = x11+x32
Sy = x40+ T12
S5 = x91+xa2

(a) (b) (c)

Figure 5: Index coding problem corresponding to a TIM interference channel setting, (a) Desired message and
antidote sets, (b) Capacity optimal solution shows the 5 dimensional S° space, along which 2 symbols per message
are sent with one-to-one pairwise alignments along the 5 orthogonal basis vectors. The field IF can be chosen arbitrarily.

To see why interference alignment is necessary, note that each destination has access to the 5-dimensional
symbol S°, and it also observes 2 messages as cognitive information. After removing the known streams from
5% the receiver is left with 6 remaining unknown symbols in a 5-dimensional space. Since each destination is
interested in two desired streams which span a 2-dimensional space, the remaining 4 streams that constitute
interference must align in way that they occupy at most a 3-dimensional space.

Suppose T, Ty, T3, Ty, T5 are 5 linearly independent vectors over the 5-dimensional space. These 5
vectors can be chosen to be the columns of 5 x 5 identity matrix. At destination D;, messages W5 and
Ws, each composed of two independent scalar streams, should align such that they together occupy a 3-
dimensional space. One way to do so is to perfectly align the precoding vector of one of two streams of Wy
with one of two streams of Ws, e.g., Vo2 = V51 = T1. Similarly, in order to satisfy the alignment constraint
at all the destinations, the precoding vectors are chosen to be

Voo=V51=T, V52=V3,=T9, V3,=V1=T3, Vi2=V,1 =Ty, Vyo=Vy; =Ts. (7)
Thus, the 4 undesired signal vectors are aligned at each destination such that they occupy only 3 dimen-

sions. Now what we need to prove is the resolvability of desired messages at the corresponding destinations.
They are resolvable because at each destination D;, the desired messages are received in a space Vyy, that is



linearly independent from the space of interfering messages denoted as Z;.
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Finally, if we choose the receiver combining matrices as follows, we can easily verify that both property 1
and property 2 are satisfied

At destination Dy: U, = 8 8 (1) (1) 8 , At destination Dy: Uz = { (1) 8 8 8 (1) }
At destination D3:  Ujsz = 8 (1) (1) 8 8 , At destination Dy:  Uyy = { 8 8 8 (1) (IJ }
At destination D5:  Usp = (1) (; 8 8 8 )

Note that the field can be chosen arbitrarily, i.e., any choice of F works for the linear solution presented above.
The solution also translates to the real or complex fields, thereby establishing the DoF for the corresponding
TIM problem as 2/5 per message (See [5] for more details).

3.3 Example 3: Scalar linear index coding with Subspace Alignment

Like the previous example, this example also corresponds to the TIM problem in Fig. 3(a),(b),(c). The
difference is in the message sets. While in the previous example, each base station served only one receiver,
here we assume that each base station has 3 independent messages, one for each of the 3 receivers that are
within receiving range of the base station. In the parlance of wireless networks, while the previous setting
is an interference network, the current setting is an X network. In an X network, there is an independent
message to be communicated between each transmitter-receiver pair that are within range of each other, i.e.,
have a non-zero channel coefficient between them.

The index coding problem for the X network setting is also well defined. There is an independent message
between each source and destination pair that are not connected via an antidote link. The specific index
coding problem that we solve in this example is shown in Figure 6. Notice that an X network setting is a
mulitple unicast setting, since each message has a unique source and a unique destination. It is also sometimes
referred to as the all unicast setting, since here all possible non-trivial unicast flows are simultaneously active
(the unicast flows between source destination pairs connected by infinite capacity antidote links are ignored
because they trivially have infinite rate). Also note that as always it is possible, without loss of generality, to
represent this index coding problem with only one message per source and only one message per destination
by increasing the number of sources and destinations, but we prefer the compact representation shown in
Figure 6 which directly reflects the X channel setting. X networks often lead to interesting interference
alignment problems. Indeed, that is the case with this example as well, where one-to-one alignment does not



suffice and the optimal index coding scheme is a scalar linear subspace alignment scheme. Next we proceed
to describe the alignment solution.

Wy5.6 = Wss.7
S1 = wx3+x10+T13+T14 + T15
Wrso o > We.s.10 Sy = w5+ T10+T11 + T4+ T1s
. S; = xr+x0+T11+x12+ 215
Wio.11,12 71— Wo1113
Sy = To+T3—T10— T15
Wiz14,15 T — Wia 14,1 Sy = X4+ xg+xg— T1o— T11 — L15
. S¢ = T +agt+rs+x
Wiz — = Wis2.4 6 ! 6 8 14

(a) (b)

Figure 6: Index coding problem corresponding to a TIM X channel setting, (a) Desired message and antidote sets,
(b) Capacity optimal solution shows the 6 dimensional S% space, along which 15 symbols are sent. The field F can
be chosen arbitrarily.

There are M = 15 distinct messages and K = 5 destinations. Each black square on the left is a base
station (source) sending 3 distinct messages. Base station (source) ¢,1 < i < 4 sends messages W3;11.3i+3
and the 5-th base station sends Wi.3. We have

Wi ={Wss7}, Al ={Wi2a6890UWi}°
Wo = {Wss10}, Az ={Wis7011,12UWs}°
Wy = {Wo1113}, As ={Wrs10121415UWs}¢
Wy ={Wiz141}, As={Wio11,13.1523UWs}°
Ws = {Wis2a}t, As ={Wiz14,1,356UWs}°

Our goal is to achieve the symmetric rate of % per message, which is also the capacity of this network (the
outer bound follows from a subsequent solution of a broader class of X networks, presented in Section 4.3.3).
The achievable scheme is a scalar linear achievable scheme over 6 channel uses and hence the precoding
vectors V;,1 < < 15, are 6 x 1 vectors. Therefore, the transmitted symbol sequence S° is

15
i=1

where the scalar symbol z; represents message W;. To see why interference alignment is necessary, note that
each destination has access to the 6-dimensional symbol S®, and it also observes 6 messages as cognitive
information. After removing the known symbols from S® the receiver is left with 9 remaining unknown
symbols in a 6-dimensional space. Since each destination is interested in 3 desired symbols, they must
occupy a 3-dimensional space, leaving only 3 dimensions within which the remaining 6 undesired symbols
that constitute interference, must align.

Suppose T4, Ts, T3, Ty, T5, T are 6 linearly independent vectors over 6-dimensional space. These 6
vectors can be chosen to be the columns of 6 x 6 identity matrix. Since W3 5 7 are desired at destination D;,
they should span a 3-dimensional space and therefore are sent over 3 linearly independent vectors T, To, T'3.
On the other hand, W5 4 are the interfering messages at destination D; and both are desired at destination
Ds5. So these two messages should be sent over vectors that are linearly independent of each other and



linearly independent from T;, Ty, T3. Therefore, we send Wy, Wy over Ty, T5, respectively. Also Wi is
desired at destination 4 and is considered as an interfering message at both destination D; and destination
Ds5. So Wy should be sent over a vector that is linearly independent from T4,...,Ts and is chosen to be
sent along Tg.

Interfering messages Wy, Wy, W4 occupy a 3-dimensional space at destination D;. The remaining inter-
fering messages at destination Dy, i.e., W g 9, should be sent along precoding vectors chosen such that they
remain in the same span as span(Ty, T5, Tg), i.e.,

span(Vﬁ, Vg, Vg) S span(T4, T5, Tﬁ) (11)

One way to satisfy (11) is by choosing V4 = T, Vg = T5. The remaining precoding vector is designed later
to satisfy the following

At destination Dy : span(Vg) € span(Ty, Ts, T¢) (12)

Similarly, to satisfy the requirement of aligning interfering messages in 3-dimensional space at different
destinations, we design the precoding vectors as follows:

At destination Ds : span(Vy1) € span(Ty, T3, T5) (13)
At destination Ds : span(Vy4) € span(Vs, T3, Vi) (14)
At destination Dy : span(Vsa) = span(T4) € span(Vi1, Vi, T1) (15)
At destination Ds : span(V) = span(Ts) € span(Vig, T1, Tg) (16)

Vig =Ts, Vis =Vyg, Vig=T, (17)

leading to the formulation

Vs =a1Ts+ a2Ts +a3Te (18)
Vi1 =0Ty +bT3 + b3T5 (19)
Vig=c1Vig+ T3+ c3Vy (20)
Vio=diVi1 +d2T1 +dsTy (21)
Vig=e Ty +exTy + e3Tg (22)
where aq,b1,...,ds,es are linear combination coeflicients. In order to satisfy (18)-(22), the only thing that

restricts us from choosing the linear combination coefficients to be random is that Vg should satisfy both
(20) and (21). If we substitute from (18),(19) and (22) into (20) and (21), V¢ should satisfy the following
two equations

V10 = clelTl + 01€2T2 + CQT3 + 03a1T4 + C3Q2T5 + (Cgag + Cleg)TG (23)
V10 = d2T1 + dlbng + d1b2T3 + d3T4 + d1b3T5 (24)

To satisfy (23) and (24), we have the following

ds = cie; (25)
dib; = cres (26)
dybs = ¢ (27)
ds = c3aq (28)
d1bs = czaz (29)
czas +cre3 =0 (30)

Clearly, there are many solutions. One of the solutions for these system of nonlinear polynomial equations
isay =as=a3=by=by=c1 =cy=d; =dys =e; =e3 =e3 =1, by = c3 = ds = —1, according to which,



the precoding vectors are chosen as follows

Vg =
Vi =
Vi =
Vip =

Ty +T5+ T
Ty +Ts;-Ts
Ty + Ty + T
T+ Ty + T3 —-Ty —Ts

Note that this is not a one-to-one alignment solution, e.g., Vg does not align with Ty, T5, Tg individually.
In fact it is pairwise linearly independent of all three. Vg aligns only within the subspace spanned by
Ty, T5, T¢. This is referred to as subspace alignment.

After satisfying all the alignment constraints, we need to prove the resolvability of desired messages at
the corresponding destinations. They are resolvable because at each destination D;, the desired messages
are received in a space denoted as V), which is linearly independent from the space of interfering messages,

7.

Yw, = [V3 V5 Vi] =

Vw, = [V Vg Vig] =

Vw, = [Vg Vi1 Vi3] =

Yw, = [Vi2 Viu V] =

Yws = [Vis Va2 V4] =

1 00 0 0 0
01 0 0 0 0
0 0 1 00 0
000l =110 0
0 0 0 01 0
0 0 0 0 0 1
00 1 0 0 0
00 1 1 0 0
00 1 01 0
01 -1 2700 0
01 -1 0 0 1
11 0 00 0
[0 0 1 0 0 17
0 1 0 0 0 1
0 1 0 7|0 10
0 0 o110 0
1 -1 0 1 00
L0 0 0 1 0 1|
[0 1 0 1 0 0 ]
01 0 00 1
1 00 00 1
000" 101 o
0 0 0 0 0 —1
011 00 0 |
1 00 1 0 0
1 0 0 01 0
1 00 00 0
110" 5B=100 0
-1 0 1 0 0 0
0 0 0 0 0 1

Finally, the receiver combining matrices are chosen as follows, so that both property 1 and property 2 are

satisfied

At destination D;: U3 =[100000], Us;=[010000], Uz7;=[001000]
At destination Dy Ugz=[-100 —101], Uss=[100100], Uz =[100000]



At destination D32 U9,3 = [O 1001 — 1], U1173 = [0 1010 — 1], U1373 = [1 0010 — 1]
At destination D4Z U1274 = [0 0101 0], U14,4 = [0 1001 0], U1,4 = [0 —100 —1 1]
At destination Ds: U555 =[001000], Uys=1[001100], Us5=[001010].

)

Note that the field can be chosen arbitrarily, i.e., any choice of F works for the linear solution presented above.
The solution also translates to the real or complex fields, thereby establishing the DoF for the corresponding
TIM problem as 1/6 per message.

4 Background and Results

In this section we present the results of this work along with the relevant background comprised of related
prior work. In particular, we demonstrate the power of the interference alignment alignment perspective,
which was described in the previous section, through the following results.

1. Our first result settles an open question related to the sufficiency of linear coding for multiple unicast
index coding problems. We show in Theorem 1 in Section 4.1 that linear codes are insufficient for the
multiple unicast index coding problem.

2. In our second main result presented in Theorem 3 in Section 4.2, we explicitly characterize the index
coding scenarios where a rate of L%rl per message is achievable in index coding scenarios where each
destination desires to decode at least L messages. Our result generalizes a result of Blasiak et. al. [17],
where the acheivability of a rate of 1/2 was characterized.

3. In Theorems 5 and 6 presented in Section 4.3, we solve the index coding problem for certain sym-
metric antidote structures, some of which are motivated by applications to topological interference
management.

4.1 Insufficiency of Linear Codes for Multiple Unicast Index Coding

The index coding problem was introduced in the multiple unicast setting by Birk and Kol in [2] and subse-
quently studied by Bar-Yossef et al. in [31], where the rate achievable by the optimal scalar linear code was
related to a graph functional that they called the minrank of the graph. For a fixed finite field, the minrank
of a graph G = (V, E) is defined as follows: An |E| x |E| matrix A = (a, ;) over the finite field is said to fit
graph G = (V, E) if a; ; # 0, and a; ; = 0 whenever (¢, j) is not an edge of the side information graph. It was
recognized in [2, 31] that the reciprocal of the symmetric rate achievable by the optimal scalar linear code
over field I is equal to the minrank of the side information graph evaluated over F’. Algorithms for finding or
approximating the minrank function are proposed in [32] and [23]. Haviv and Langberg in [24] investigated
the minranks of random digraphs. Within the class of scalar index coding schemes, the insufficiency of linear
codes was established by Lubetzky and Stav in [25]. Alon et al. further established the sub-optimality of
scalar linear solutions in [26] by highlighting the benefits of vector linear coding. Since vector linear coding
is a more powerful form of linear coding than scalar linear coding, its optimality relative to non-linear coding
schemes has been a topic of great interest. This line of work has produced a series of results in general
contexts that have progressively closed in on the index coding problem. The series of breakthroughs started
with the work of Dougherty et al. in [33] who used the connections between the network coding problem
and representability of matroids to establish a gap between vector linear coding and non-linear coding for
the multiple unicast network coding problem. However, the gap result of Dougherty et al. did not apply to
the index coding problem which is a special case of the network coding problem. Building upon the work
of [33], Rouayheb et al. established connections between the representability of matroids and the problem
of groupcast index coding [3]. Most recently, Blasiak et al. further developed this relationship in [34], and
used the construction of lexicographic products of graphs to show that for the problem of groupcast index

7The connection of the achievable rate to the minrank of the graph was first shown in the context of coding over the binary
field in [2]. An extension of this concept to an arbitrary finite field was described in [31].



coding, vector linear codes are strictly out-performed by non-linear codes. However, the gap result for the
problem of groupcast index coding, does not apply to the multiple unicast index coding problem. Hence, in
the original setting of multiple unicast index coding, which is also the most commonly studied form of index
coding, the optimality of linear codes remains open.

Our first result, presented in Theorem 1, settles this issue.

Theorem 1 Linear coding is insufficient to achieve the capacity region of the multiple unicast index coding
problem.

The proof of Theorem 1 is presented in Appendix A. The key to this result is the construction of an
equivalent multiple unicast problem for an arbitrary groupcast setting. Loosely speaking, this equivalent
multiple unicast setting has the following two properties:

e Any rate that is achievable with linear coding in the groupcast setting is also achievable with linear
coding in the multiple-unicast setting and vice-versa.

e Any rate achievable in the groupcast setting (using any achievable scheme including possibly non-linear
strategies) is achievable in the multiple unicast setting®.

Since [34] has a construction of a problem of groupcast index coding where linear coding schemes are
insufficient, the above conditions imply that linear coding is insufficient in the equivalent multiple unicast
setting as well. Our equivalent multiple unicast construction is described formally next (See Construction
1). The above two properties are stated formally in Theorem 2. In the sequel, the overline notation is used
to describe entities in the multiple unicast index coding setting (for example, a destination in the multiple
unicast setting is denoted as D; ;.).

The basic idea of our construction of the equivalent multiple unicast index coding problem from a group-
cast index coding problem is to replace each groupcast message that is desired by multiple destinations in the
groupcast setting, with a new set of independent messages in the multiple unicast setting. Specifically, in the
multiple unicast construction, there is one independent message for each destination that originally desires
the groupcast message, implying that, as required for a multiple unicast setting, no message is required by
more than one destination. The equivalent multiple unicast construction has, in addition to the destinations
in the original groupcast setting, one auxiliary destination corresponding to each groupcast message. Thus,
the number of destinations in the multiple unicast construction is equal to the number of destinations in the
original groupcast setting plus the number of messages in the original groupcast setting. We next present a
formal description of our equivalent multiple unicast construction (Construction 1). Later, we state Theorem
2 and provide an intuitive overview of the proof, which uses the interference alignment perspective.

Construction 1 Consider an arbitrary problem of groupcast index coding where there are M messages and
K destination nodes. Without loss of generality’, we assume that

e cach message is desired by L destinations, and
e cach destination desires exactly one message, so that K = LM.

In this index coding problem, the set of messages, the set of destinations, and the set of antidotes are
respectively denoted by W, D,{ A, : k=1,2,..., K}, where

Dy = ({Wi}, Ax),m = [k/L]

8Note that this property goes only one way, i.e., we show that an arbitrary achievable scheme in the groupcast setting can be
translated to an achievable scheme in the multiple unicast setting. The question of whether a rate achievable via an arbitrary
coding scheme in the multiple unicast setting is also achievable in the groupcast setting is in fact an open problem. However
the property that we show suffices to establish the insufficiency of linear codes in the multiple unicast setting.

9There is no loss of generality in the first assumption because if there is a message desired by L’ < L destinations, then we
can add L — L’ virtual destinations with antidote sets identical to any of the L’ (original) destinations, and which desire the
appropriate subset of the messages desired by the original destinations. Similarly, there is no loss of generality in the second
assumption because if a destination desires multiple messages, it can be equivalently replaced by multiple copies of itself, each
interested in only one of the originally desired messages.



We now construct an equivalent multiple unicast index coding problem as follows. The multiple unicast
setting has LM + M messages and K 4+ M destinations. In this multiple unicast index coding problem, denote
the messages as

W={Wi0,Wi1,Wia, ... Wi, Wao,War,....War,.... Waro,Wn1,War2,-- -, WarL}
The destinations in the multiple unicast system are denoted as
D;j:i=12,...,M,j=0,1,2,...,L
and the antidotes are denoted as

Aiji=1,2,...,M,j=012,...,L

so that destination D; ; = (W, j, A; ;). The set of antidotes is
A, = { % I)WL:;’?* UWao U{W,y 1 # 5}, j i 8 } ’ (31)
where
A = Wy Wy € A, 1=0,1,2,... L} (32)
Wio = {Wi0,Wao, +,Wao} (33)
Wis = {Wko, Wi, ,Wg L} (34)

In this construction, W, ¢ is the set of auxiliary messages and Wi, . is the set of independent messages
that has replaced message Wy. We provide here an informal description of the construction. We will use an
instance of the construction depicted in Fig. 7 to aid our description.

In the groupcast setting, a message Wy, is desired to be decoded by L destinations, D(mm—1)r4+1, D(m—1)1+2> - - -

The equivalent multiple unicast construction described above can be intuitively viewed as one obtained by
replacing the message W,,, by L independent messages Wm 1,Wm DY Wm 1, — each of these L messages
desired uniquely by one destination as required for a multiple unicast index coding problem. In the example
of Fig. 7, messages W1 1 and W 2 are the independent messages that replace the groupcast message Wj.
Similarly messages Wy 1 and Wy 5 are the independent messages that replace the groupcast message Ws.

There is a correspondence between destination D(,,_1)r4; in the groupcast setting, and destination Dm’j
in the equivalent multiple unicast setting. This correspondence is maintained in the antidote structure which
is carried over from the groupcast setting to the multiple unicast setting. In particular, if a message W,
is present as an antidote at destination D(,,_1)r4; in the groupcast setting, then, destination Emd has
Wl’l,Wl’g, ... 7Wl, 1, as antidotes in the multiple unicast setting (and vice-versa). Notice this in the example
of Fig. 7, where the destination EZQ has both Wl,l and WLQ as antidotes.

Destination Dy, ; has as antidotes, all the messages W ! = [. For instance, in the example of Fig. 7,

m,l"
D1 1 has W, 2 as an antidote, and D, 2 has W1 1 as an antidote. Similarly, D2 1 has W, 2 as an antidote,
and D2 5 has W2 1 as an antidote.

Finally, there 1s one auxiliary destination in the multiple unicast setting corresponding to each groupcast
message. The m!" auxiliary destination, denoted as Dm 0, intends to decode an independent message VVm 0,
which is available as an antidote to all other destinations (including other auxiliary destinations) except those
that desire to decode T/Vm 1, Wi 2. Wm L. The mth auxiliary destination itself has all the messages
as antidotes except T/Vm O,Wm 17Wm 2, ... Wm 1. For instance, in Fig. 7, destination D1 o has Wg « as
antidotes, and similarly, destination Dzyo has Wl,* as antidotes. Auxilliary message W170 is available as an
antidote for all the destinations EQJ, j =0,1,2. A similar observation can be made for the availability of
message Wa .

To summarize the construction, it is instructive to observe the set of “interferers” seen by each destination
in the multiple unicast setting. The set of interfering messages (i.e., those messages for which the antidotes
are unavailable) seen by destination D,, ; for j # 0 are
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Figure 7: (a) A groupcast index coding problem where M = 2, L = 2 and each message is desired by two destinations
(b) Equivalent multiple unicast index coding problem

o Wi1,Wia,...,Wy for every | such that W; interferes with D(,,_1)r+; in the groupcast setting, and
o the auxiliary message Wy, 0.

The set of interferers seen by auxiliary destination D,y o is {Wy.1, W2, ..., Wy 1 }. The next step that we
take, loosely speaking, is to take an index coding scheme that is able to resolve interference in the groupcast
setting, and show that an analogous scheme can resolve the interference in the equivalent multiple unicast
setting , and vice-versa. More specifically, we describe in Theorem 2, which is stated next, a relation between
the rates achievable in the groupcast setting and the equivalent multiple unicast construction.

Theorem 2 For every groupcast index coding problem, the equivalent multiple unicast index coding problem
specified by Construction 1, satisfies the following properties:

Property 1: Rate tuple R = (R1, Ra,...Rar) is achievable in the groupcast setting only if the rate
tuple

no={ | 070 .
is achievable in the equivalent multiple unicast problem, for alli € {1,2,... ., M}, €{0,1,...,L}.

Property 2: Rate tuple R = (Ry, Ra, ... Ry) is achievable via linear coding in the groupcast setting

if and only if the rate tuple
R Ri7 j 75 0
&a—{1_&,j:o} (36)

is achievable via linear coding in the multiple unicast problem, for alli € {1,2,...,M},j €{0,1,...,L}.

We present a formal proof of Theorem 2 in Appendix A, where we also show Theorem 1. Here, we summarize
the intuition behind the proof.

Consider a linear coding achievable scheme in the groupcast setting. We can use this scheme to build
a scheme over the multiple unicast setting as follows. All messages in the set {Wm71,Wm727 e s W},
simultaneously use (i.e., align in) V,,, - the nR,,, dimensional space used by W,, in the linear coding scheme

in the groupcast setting. The auxiliary message W,, o occupies a n(l — R,,) dimensional space that is



linearly independent of V,,,. This strategy leads to an achievable linear coding scheme in the multiple unicast
setting. To see this, observe that the multiple unicast setting essentially inherits the antidote structure from
the groupcast setting allowing destination D, ; to cancel any interference from W, j for | # m. This is
because this interference arrives along V; and achievability in the groupcast setting implies that the vectors
V.. are linearly independent of all the vectors of V;. Also, notice that in our multiple unicast construction,
a destination that desires one of the messages WmJ,Wm,Q, ... an, 1 has the remaining L — 1 messages
from this set as antidotes, hence allowing these messages to align in V,,, without interfering with each other.
Therefore, the only other interference that a destination D,, ; faces is from the auxiliary message W, 0.
This interference can be cancelled because by design of our scheme, the auxiliary messages chose precoding
vectors that are linearly independent of the precoding vectors V,,, used by message W, ;. Using a similar
argument, it can be noted that all the auxiliary destinations can resolve their interference as well. This means
that any achievable scheme in the groupcast setting naturally translates to the multiple unicast setting as
per the rates prescribed by Theorem 2.

For the converse establishing equivalence (in Property 2), we need to show that a linear scheme achieving
rate R,, for messages mel, . ,Wm, 1, and rate 1 — R,,, for message Wmo in the multiple unicast setting can
be translated to a linear scheme achieving rate R,, for message W, in the groupcast setting. The auxiliary
destinations Emp play a key role ensuring that the achievable scheme can be translated from the multiple
unicast to the groupcast setting. The message W, o desired by auxiliary destination D,, o is provided
as an antidote to all the other destinations and therefore does not affect achievability of rate R; for any
other destination [ # m. Destination D,, o faces interference from the messages W, 0, Wi 1, .., Win .
This means that the space occupied by W,, o has to be linearly independent of W, 1, W,0,... Wy, L.
Now, if this message W,, o has a rate of 1 — R,,, then the interfering messages faced by this destination —
WmJ,Wm,g, «oo, Wy — have to together occupy a space of dimension nR,,. This implies that if each of
these interfering messages have to achieve a rate R,,, they have to align (nearly) perfectly. This aligned space
can be used in the groupcast setting to encode W, at rate R,,. Since, the groupcast setting and the multiple
unicast setting have essentially similar antidote structures (with the exception of auxiliary messages), the
use of this aligned space leads to an achievable scheme in the groupcast setting where the interference can
be resolved, hence establishing the desired equivalence. The equivalence for non-linear schemes (Property
1) is based on random coding arguments and superposition coding for auxiliary messages, according to the
detailed proof presented in Appendix A.

Remark 1 It is worth noting that our result only shows the insufficiency of linear coding in the multiple
unicast setting for achieving the entire capacity region. The question of whether linear coding suffices for
the achievability of the symmetric capacity, a quantity that is commonly studied in previous index coding
literature, for the multiple unicast setting remains open. This is because in Theorem 2, the rate of an
auxiliary message is not equal to the rate of the other corresponding messages.

4.2 Feasibility of Symmetric Rate 7 when V&, Wi > L

Recall that W, denotes the set of messages that are intended to be decoded at destination Dy. Suppose that
Yk, [Wk| > L, then, without loss of generality we can assume that [Wy| = L,V k € K, i.e., each destination
is interested in decoding exactly L distinct messages, i.e., Wy = {Wi,, Wiy, ..., Wi, }, Vk; € M. This is
because destinations that wish to decode more than L messages can be split into multiple destinations with
the same set of antidotes, that each wish to decode a subset of size L of the original messages, such that the
union of these subsets is the original set of desired messages.

Note that the assumption |Wy| > L implicitly means that M > L. If M = L or M = L + 1, it is easy
to achieve rate bigger than or equal to %H per message by sending each message separately at each time

and each destination can achieve rate % or %“1’17 respectively. If M > L + 1, intuitively, since all the desired
messages must pass through the bottleneck link of capacity 1 and all messages must simultaneously achieve
rate L%rl each, then some overlap of signal dimensions within the bottleneck symbol S™ is unavoidable.
The interfering messages that are available through antidote links can be subtracted. The desired signals

consume a fraction LL_H of the capacity of the bottleneck link, which must be free from interference. This



leaves only the remaining L%_l of the signal space for interference within which all interfering messages, each
of which carries rate L%-l’ should overlap nearly perfectly. The intuitive explanation is formalized for all
possible coding schemes through a Shannon theoretic framework.
The following terminology is introduced specifically for the setting where each message wants to achieve
1
rate T
e Alignment Relation: We define a relation W; & W; as follows. W; & W; ifft W & Ap, Wi & Wi,
W; ¢ A, and W; ¢ Wy, for k € K and distinct indices 4, j € M. In the L%H rate feasibility problem,

the relation W; & W; represents the understanding that W; and W; must align (into L%_l of the signal
space within the bottleneck link in order to leave the remaining LLH of the signal space for Wy).

e Alignment Subsets: The set of messages W is partitioned into alignment subsets, created as follows.

We use the notation W; <+ W; to mean that W; & W; for some k € K. If W; <+ W; , then both
Wi, W; belong to the same alignment subset. Further, if W; < W; and W; < W, then W;, W;,
Wi, all belong to the same alignment subset. For the ﬁ_l rate feasibility problem, we expect that
the messages within an alignment subset will need to align almost perfectly within the bottleneck link
signal space.

As an example, consider an index coding problem shown in Fig. 8, where Wy = {Wy, Wa}, Wy = {W;, W3}, W3 =
{Wo, Wy}, Ay = O, Ay = {Wy}, A3 = {W3}. In this example, the alignment relations are Wj & W, and
the alignment subsets are {W1}, {Wa2}, {W3, W,} and the rate § per message is feasible. Note that since the
alignment subsets form a partition of the messages, they can be interpreted as dividing the messages into
equivalence classes.

W,
w, — Wl; Wz
W; — Wl: W3
W, Wy, W,

Figure 8: A groupcast index coding problem with M =4, K = 3 and L = 2 where the rate % per message is
feasible

Based on this definition for the alignment subset, we have the following theorem for the L%rl rate feasi-
bility.

Theorem 3 The rate tuple R with Ry = Ry = ... = Ry = L%rl is not achievable in the groupcast index
coding problem where |Wy| = L, ¥V k € K, if and only if there exist distinct indices i,j7 € M such that W,
W, belong to the same alignment subset and W; € Wy, and W; ¢ Ay, for ke K

The statement of Theorem 3 is intuitively interpreted as follows. If messages W;, W; belong to the same
alignment set then they should overlap almost perfectly. Because of their overlap, it is not possible to recover
one of them unless the other message is available as an antidote. If such an antidote is not available then
the achievability of rate %H for every message becomes infeasible. Note that our feasibility condition refers



to all possible coding schemes and not just linear coding schemes. The theorem also implies the converse,
specifically, the following: if for every pair of messages W;, W; that lie in the same alignment subset, a
destination that desires one of these messages has the other as an antidote, then a rate of L%rl is achievable.
In addition, since an alignment subset can have more than one member only if M > L41, it is automatically
implied by the theorem that if M = L or if M = L + 1, then the rate tuple Ry = Ry = ... Ry = is
achievable. A proof of Theorem 3 is presented in Appendix B.

As a special case of Theorem 3, for L = 1, we recover the feasibility condition for achievability of rate

half per message, previously obtained by Blasiak et al. in [17].

1
L+1

Corollary 1 The rate tuple R with Ry = Ro = ... = Ry = % is not achievable in the groupcast index coding
problem where each destination desires only one message, if and only if there exist distinct indices i,7 € K

such that W;, W; belong to the same alignment subset and {W;} =Wy, and W; ¢ Ay, for some k € K.

The rate-half feasibility condition of Corollary 1 has previously been presented by Blasiak et al. in
[17] using graph theoretic terminology which involves notions such as almost-alternating cycles and graph-
compatible functions. While the two results are essentially identical, viewing the problem through the lens
of interference alignment allows a more intuitively transparent statement in terms of alignment subsets. It
is also worth comparing the feasibility condition of Corollary 1 to the graph coloring based achievable rate
of [17]. The authors of [17] note that the reciprocal of the fractional clique cover of the side information
graph also yields an achievable symmetric rate for the multiple unicast index coding problem. However, as
also noted in the reference, this achieved rate is not tight. Here, we simply remark that the fractional clique
cover based approach does not suffice for achievability, even for feasibility of a rate of 1/2. For example,
in an index coding problem with three users and messages where the kth destination intends to decode Wy
with antidotes A; = {W1}, Ay = {Ws}, A3 = {W1}, the fractional clique cover based solution yields a rate
of 1/3, whereas a rate of 1/2 is achievable as per Corollary 1.

While the feasibility conditions are not limited to linear schemes, remarkably, linear coding is sufficient
for achievability for feasible settings. The following theorem further elaborates on the linear coding scheme
and the required field size.

Theorem 4 Whenever rate half is feasible according to Corollary 1, it can be achieved through:
1. scalar linear coding over 2 channel uses if the finite field is large enough, specifically, |F| > Z, or

2. wvector linear coding over a given finite field F if the number of channel uses n is large enough, specifi-
cally, n/2 > logyg Z and n is even,

where Z is the number of alignment subsets.

Proof: From the detailed proof of achievability of Theorem 3 presented in Appendix B.1, it is evident that
what is needed for half-rate achievability is simply a one-to-one mapping, from each alignment subset, to
an n/2-dimensional subspace of an n-dimensional vector space, such that the subspaces assigned to any two
alignment subsets are non-intersecting. The number of pairwise non-intersecting M;-dimensional subspaces
of an m-dimensional vector space over a field F is shown by [35] to be I]‘PEF‘IJ;% whenever M; divides m. For
rate-half achievability, we have m = n, M; = n/2, and the result of Theorem 4 follows.

Note that while it clearly takes only polynomial complexity to identify the alignment subsets (also
pointed out by Blasiak et al. [17]), finding the minimum possible number of alignment subsets is much
more challenging. This is because it is generally possible to further consolidate alignment subsets as long
as alignment constraints are not violated. In other words, two alignment subsets may be combined if there
does not exist a message in either subset that cannot be aligned with a message in the other subset. Recall
that two messages cannot be aligned if one of them is desired at any destination that does not have the
other message as an antidote. Finding the minimum number of alignment subsets for a feasible problem is,
however, NP-hard. As a consequence, deciding the feasibility of e.g., rate half, when both the field F and
the number of channel uses n is fixed, is NP-complete. This is noted specifically in the context of rate-half
feasibility over a binary field and 2 channel uses, by Dau et al. in [36]. On the other hand, as noted above,



if either the field size or the number of channel uses can be chosen to be large enough, then there is no
need to consolidate the number of alignment sets, and determining the feasibility of rate half involves only
polynomial complexity.

4.3 Symmetric Instances of the Multiple Unicast Index Coding Problem

As with several multiuser capacity problems, part of the difficulty of the index coding problem lies in the
potentially unlimited number of parameters in the number of users and the desired and antidote message sets
for each user. In order to limit the number of parameters while still covering broad classes of index coding
problems, in this section we study symmetric instances of the multiple unicast index coding problem, e.g.,
where relative to its own position, each destination is associated with the same set of desired and antidote
messages.

Solutions to the multiple unicast index coding problem have been found for a variety of symmetric
settings. Since here M = KC and destination Dy desires only message Wy, the problem can be represented
by a directed graph G on the vertex set M, in which a vertex i is connected to a vertex j if and only if the
destination D; knows W;. Bar-Yossef et al. in [27] found the optimal symmetric rate for directed acyclic
graphs, perfect graphs, odd holes (undirected odd-length cycles of length at least 5) and odd anti-holes
(complements of odd holes). Also, Blasiak et al. in [17] found the capacity per message of the following
symmetric index coding instances (the parameters will become clear later on in this section).

e Neighboring antidotes where D = U, showing that the sum capacity is % per message.

o Ay = {Wiy1, Wiirk/2} for even K, showing that the sum capacity is % per message.

e Neighboring interference for arbitrary K where U = D = 1 and showing that the sum capacity is %

per message.

Berliner and Langberg in [37] characterized the solution of index coding problems with outerplanar
side information graphs in terms of the clique cover size of the information graph where the encoding
functions are (scalar) linear. Ong et.al in [38] defined wniprior index coding problems as the case where
A;NA; =0 for i # j and single uniprior as the case where | A; |= 1, Vi € K. They derived the optimal
symmetric rate for all single uniprior index coding problems.

In the following subsections, we present our capacity results for various symmetric classes of the index
coding problem, mostly inspired by the natural settings for the TIM problem.

4.3.1 Neighboring antidotes

Consider a symmetric multiple unicast index coding problem where each destination has a total of U + D =
A < K antidotes, corresponding to the U messages before (“up” from) and D messages after (“down” from)
its desired message. For this setting, we state the index coding capacity in the following theorem.

Theorem 5 The capacity of the index coding problem with M = K < oo, (all subscripts modulo K )

Dy = (Wi}, {(Wi—v, Wi—vs1, -, Wie1 } U{Wig1, Wig2, -+ ,Wigp}) (37)

and
U,Dez (38)
0<U<D (39)
U+D=A<K (40)

18
1 A=K -1

C= ’ 41
{K—UX-&ZU’ A<K -2 ( )

per message.



As an example, consider the K = 5 user setting with A = 2 antidotes, U = D = 1, where the capacity is
2/5 per message. Incidentally, example 2 in Section 3.2 also has K = 5 users, A = 2 antidotes, and has the
same capacity of 2/5 per message. In general, however, for a fixed number of users, K, and a fixed number of
total antidotes, A, the capacity per message depends on the relative position of antidotes. Notably, for fixed
K, A values and neighboring antidotes as considered in Theorem 5, the capacity improves as the number of
antidotes on either side becomes more evenly distributed, i.e., as D — U becomes smaller. The best case
setting, i.e., the setting with the highest capacity, is when the antidotes are symmetrically distributed on
both sides, e.g., A =2U = 2D, (for even A) which leads to a capacity of % per message. The worst case
setting is when the antidotes are all on the same side, i.e., A = D,U = 0, which leads to a capacity of KiA
per message. No interference alignment is needed in the latter case.

The achievability scheme in general is a vector linear coding scheme with one-to-one alignments, where
each message is sent through U + 1 scalar symbols over a U + 1 dimensional signal space. Adjacent messages
overlap in U dimensions. Because of this interference alignment, at any receiver, the total number of signal
dimensions occupied by the K — A—1 interfering messages is equal to U+ (K — A—1). The U+1 dimensional
desired signal space is chosen to not have an intersection with the interference space, so that the dimension
of the total space, i.e., the number of channel uses n equals U + (K —A—1)+U+1= K — A+ 2U and the
capacity (normalized by the number of channel uses) is (U + 1)/(K — A + 2U) per message. The details of
the achievability proof and the converse are presented in Appendix C. See Figure 9 for an example.

Figure 9: Multiple unicast with neighboring antidotes where (D, U, K) = (2,1, 8). (a) Desired message and antidote
sets, (b) Capacity optimal solution — 2 symbols per message are sent with one-to-one pairwise alignments and a rate
of % per message is achieved using the scheme pictorially depicted. z1,...,zs may be chosen to be the 7 columns of
the 7 x 7 identity matrix and the all 1’s vector.

4.3.2 Neighboring interference

Consider the following TIM setting. We have a locally connected network with M = K = oo where each
receiver k has only one desired message Wy, from its corresponding (base station) transmitter k. There are
totally U + D + 1 transmitters with non-zero channel coefficients to receiver k. One of them is the desired
transmitter k, U of them are the transmitters before (up from) and D of them are the transmitters after
(down from) the desired transmitter, as illustrated in Fig. 10. Basically, what is sent over the U + D
neighboring links constitutes interference for receiver k. The index coding problem for this locally connected
network has the antidote graph that is the complement of the connectivity graph shown in Fig. 10.
For such a network, we have the following:

Theorem 6 The capacity of the index coding problem associated with Fig. 10, where M = K = oo,

Dy = ({Wi}, LA ST N A R ,k+D}) (42)
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Figure 10: TIM setting: Locally connected network representation for multiple unicast with neighboring interference.
The corresponding index coding problem has the complementary antidote graph, i.e., there is an antidote link for
each transmitter receiver pair that are not connected above, and there is no antidote link for each transmitter receiver
pair that are connected in the picture shown above.

and
UDeZ (43)
0<U<D (44)
(45)
8
1
“=5 +1 (46)

per message.

Evidently, if each destination has totally L = U + D missing antidotes corresponding to the U messages
before (up from) and D messages after (down from) its desired message, the best case setting, i.e., the setting
with the highest capacity, is again when the missing antidotes are symmetrically distributed on both sides,
ie, U= |%] and D = [£], which leads to a capacity of 1/([4] + 1) per message. The worst case setting
is when the missing antidotes are all on the same side, i.e., D = L, U = 0, which leads to a capacity of L%rl
per message. No interference alignment is needed in the latter case.

The achievability scheme in general is a scalar linear coding scheme with one-to-one alignments, where
each message is sent through one scalar symbol over a D + 1 dimensional signal space. U messages before
(up from) each desired message are aligned with the last U messages among D messages after (down from)
that desired message, respectively. Because of this interference alignment, at any receiver, the total number
of signal dimensions occupied by the D + U interfering messages is equal to D. The one dimensional desired
signal is chosen to not have intersection with the interfering signal space and over D + 1 channel uses, it is
resolvable. The details of the achievability proof and the converse are presented in Appendix D.

4.3.3 X network setting with local connectivity

Consider the following TIM setting. We have a locally connected network where each destination is connected
to L consecutive base stations. Suppose it is the X network setting where each base station has a distinct
message for each connected destination. Without loss of generality, we can rename the destinations such
that destination D; is connected to sources %,7+1,...,2+ L — 1 as depicted in Figure 11. The index coding
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Figure 11: TIM setting: X network setting with local connectivity representation. The corresponding index coding
problem has the complementary antidote graph, i.e., there is an antidote link for each transmitter receiver pair that
are not connected above, and there is no antidote link for each transmitter receiver pair that are connected in the
picture shown above.

problem for this locally connected network has the antidote graph that is the complement of the connectivity
graph shown in Fig. 11. For such a network, we have the following:

Theorem 7 The capacity of the symmetric index coding problem with M = KL and M, K — oo, where

We = AWL kL+L—1,(k+1)L+L—2, ,(k-ti) L+ L—i—1, (k- L—2)L+1 >
A = AW D) L 1:(k=1) L+ L—1 - | (k6) L4+1: (ki) L+ L—i—2, (k-+3) L+ L—i: (k4§) L+ Lo+ ,(k+ L—2) L+2: (k+L—2) L+L U Wi }*
18
2
C=—— 47
LI+ (47)

PET message.

The achievability scheme in general is a scalar linear coding scheme with one-to-one alignments, where
each message is sent through one scalar symbol over a % dimensional signal space. L? — L interfering
messages are aligned into @ — L dimensions using the pattern shown in (190). In particular, this pattern
is repeated for each group of L 4+ 1 consecutive transmitters for the shown TIM setting in Figure 11. The L
desired symbols are chosen to not have intersection with the interfering signal space and over % channel
uses, they are resolvable. The details of the achievability proof and the converse are presented in Section E.

5 Conclusion

As evident from this work, interference alignment is integral to the index coding problem. The interference
alignment perspective allows us to not only solve fairly complex index coding problems, but also it makes
the intuition behind the capacity optimal solutions quite transparent. As with wireless networks, while
much of the initial intuition from interference alignment schemes is based on dimension counting based on
linear codes, with few exceptions the dimension counting bounds are readily translated into tight information
theoretic bounds. It is also remarkable that the interference alignment perspective allows us to prove the
insufficiency of linear codes for multiple unicast index coding. As a side remark, we note that the capacity



results of the index coding settings explored in this work, since they rely only on vector linear achievable
schemes that readily translate into the field of complex numbers, directly establish corresponding DoF results
for the topological interference management settings as well. We end this paper with a couple of intriguing
questions.

First, it is not clear that auxiliary messages and destinations, while convenient for our purpose, are nec-
essary in the equivalent multiple unicast problem. Since the purpose of auxiliary messages and destinations
is only to force the expanded messages into alignment, the natural question is if auxiliary messages and
destinations are not included, would it be possible to achieve a higher min rate for the expanded messages
in the multiple unicast setting, presumably through a non-aligned solution? While this possibility seems
unlikely, we do not yet have a proof that it is impossible. Such a proof would be desirable because it would
make the equivalence between groupcast and unicast settings more direct.

The second question pertains to the capacity of the X channel setting with finite number of users. We
showed in Section 4.3.3 that the capacity solution for the case where the number of users is infinity, is ﬁ
per message, where L is the number of messages per transmitter or per receiver. However, note that the
finite user setting for the X channel, studied in Example 3 presented in Section 3.3 is also consistent with this
result. In that example, we have 3 messages per source/destination, i.e., L = 3 and we achieve rate % per
message, even though the number of users is finite. A similar observation can be made for the L = 2 setting
considered in [5]. This suggests an interesting possibility — is it always possible to achieve rate ﬁ per
message with finite number of users K7 Note that the outer bound applies to finite K settings as well. On
the other hand, even if the optimal rate per message is the same for finite K as well as infinite K, evidently
the alignment solution can be much more complex for finite K settings. Note that a sophisticated subspace
alignment solution is needed in Section 3.3, but much simpler orthogonal solutions suffice when K is infinity,
as shown in Section E.

Finally, we conclude with the observation that the index coding problem remains still an open problem
of great interest, and we expect that the insights from interference alignment will continue to be useful not
only in solving smaller networks or symmetric versions of extended networks as shown here, but perhaps also
in other directions not explored in this work — e.g., designing interference alignment inspired algorithms for
arbitrary index coding settings, and studying order optimality of interference alignment techniques in index
coding settings modeled as random graphs.

A Proof of Theorem 1: Insufficiency of Linear Codes for Multiple
Unicast Index Coding

This section contains a proof of Theorem 1. We first prove Properties 1 and 2 of Theorem 2 in Sections A.1
and A.2 respectively. In Section A.3, we show that Theorem 2 implies Theorem 1.

Notation: We use the overline notation to describe quantities in the equivalent multiple unicast setting. For
example, for a given achievable scheme over the multiple unicast setting S, 7, R represent the alphabet, the
number of channel uses, and the rate vector respectively. The codeword and the encoding function for this
achievable scheme are denoted as S and f(W1.0, W11,..., W) respectively. Also, we use the notation
(V) to denote a full rank matrix whose column-span is equal to the column-span of a set of column vectors

V.

A.1 Proof of Theorem 2 - Property 1

The rate (R1, Ra, ..., Rar) is achievable in the groupcast setting. This means that, for every given § > 0
there exists n and an encoding function f(Wy,Ws,..., W) such that over n channel uses, destination
D, can decode message W, 11 of rate Ry, 1] — dm/r] With a probability of error equal'® to 0 for some
Srmyr1 < 0. Without loss of generality, assume that the alphabet for the achievable scheme is S = {0, 1}.
Now, we turn to the equivalent multiple unicast setting. In this setting, we will show that for any ¢ > 0
there exists an achievable encoding scheme (over the same alphabet S = S = {0,1}) with rates as in (35)

10This is because, as noted in Section 2 the e-error capacity is the same as the zero-error capacity in the index coding problem.



such that the probability of error for each message is smaller than e. The encoding scheme for achievability
can be described in the following three steps.

Step 1: Re-use f to encode Wiyj,j #0,i=1,2,...,M, and
Step 2: form a random codebook for messages Wi7o,i =1,2,..., M, and then,
Step 3: superpose the M + 1 codewords formed in Step 1 and Step 2.

We will show that this approach achieves the desired rates in the multiple unicast setting. For the achievable
scheme, we set the block length to be m = nng where ng is chosen to be sufficiently large for purposes that
will be described. For this blocklength, we have |W;, il = onno(Ri=d:) For Step 1 above, we first represent
W, ; as nng(R; — ;) bits, and then split it into ng blocks of length n(R; — §;). Thus, we have

(1]

7 (2] Tr7[no]
Wij=W,; Wi, W) (48)
where ngj] is a bit vector of length n(R; — d;). Now, we set
L
Wi =S W

where the sum above is a bit-wise XOR of all the messages. Note that ng] is a bit-vector of length n(R;—4;).
Now, we are ready to form the codeword of Step 1, denoted as S;mo € {0,1}mmo,

w7l 7Y (1] <l
R O
—nn Wy Wy W S
Sl 0o _ f( 1 2' M) é 1 (49)
s ows w1 s

alm] . .
where S| is an n bit column vector.

Now, we proceed to Step 2. Message Wk,o, is encoded in {0,1}™"° by treating the codeword as ng
block-symbols, each of size n, and using i.i.d. random coding for each block. In particular, we generate a
random codebook of length ny over alphabet {0,1}", where each of the ng entries are chosen uniformly over
all possible n-bit vectors, and independently of each other. We denote by ?ZQ“, the codeword corresponding
to W0, and set

S-S )

where Sg, S; 0 € {0,1}.
We are now ready for Step 3. The codeword sent on the multiple unicast channel is set as

—nno

S

—nno

=95

—nngo

+S,

where ?i‘”" and ?Q"” are chosen from (49) and (50), and the addition is bit-wise XOR of the corresponding
entries of the vector.

Now we need to show that each message can be decoded with a probability of error smaller than e.
First, consider message Wiij j # 0 to be decoded at destination Em-. Note that this destination has, as

antidotes, W o because of (31). Therefore, it can compute ano and subtract it from the received codeword

to obtain f(W[lm],W[zm],. WEV[]) for m =1,2,...,ng. For all [ such that W; € A(;_1)74;, this destination

has, as antidote, {W;Aj :7=0,1,2,...,L} and can therefore compute W;. Now, destination Ei,j resembles
destination D(;_1yr4; in the groupcast setting. In particular, the decoding strategy used by D¢;_1)r4; in



the groupcast setting can be used by bm- in the equivalent multiple unicast setting to decode W[m] free of
error. Also, note that the destination has {W;; : | # j} as antidotes. Therefore, it can decode W " from

7™l

W

K2

Now, consider destination D; . This destination has W — Wi,* as antidotes. Therefore, it can compute
—nno

Sko sk # i and cancel the effect of this to obtain S 1+ Ezgo. Intuitively, the signal obtained after this
cancellation can be interpreted as an additive noise channel over alphabet {0,1}", where the noise vector

faced by the mth channel use is g[lm},m =1,2,...,n9. Using the random coding argument, for sufficiently
large ng, W; o can be decoded by this destination with probability of error smaller than €, for any € > 0 for
any rate R; o up to the mutual information

1 nn. nn. - —_— 1 nn. nn. el _—
— (51 ’ Si,ooaAi,o;Wm) = (51 "+ 550" Wi Ai@) (51)
1 —nno —nno 1 —nno —nno Tr7
= H(S S i0) — H(S S i0, W 52
-~ H(Sy " + 58,0 [Aio) o~ (S1 "+ Sio [io 0) (52)
1 —n
= 1- H(S n0|v41 0, Wio) (53)
nne
= 1- (Rz — 62) (54)

where, (53) comes from the fact that ?ZZ‘) is uniformly distributed over {0, 1}"" through the random coding
construction (and is independent of A; o). The final bound comes from the fact that given (A; o, W), ST

is an invertible function of W; and H(W;) = nn,(R; — J;).
A.2 Proof of Theorem 2 - Property 2

Here, we first consider the case where rate (R1, Ra,...,Rk) is achievable in the groupcast setting via a
linear coding based achievable scheme. This means that for any & > 0, there exists a set of parameters
n, U, Vi,l=1,2... ML k=1,2,..., M, such that
UV,=0, Vi=12.... ML,W,¢& A,k#]l/L] (55)
det (U V) #0, Vie{l,2,...,ML}, (56)

where Vy, is a n x n(Ry — ;) dimensional precoding matrix, and U; is a n(Rp;/r7 — 0r/n7) X n receive
combining matrix, where d; < § for every k. The encoding scheme for this setting is

M
=> ViXy,
k=1

where S € F and X}, is a n(Ry, —Jx) x 1 vector carrying message Wj. Now, we turn to the equivalent multiple
unicast setting, where we provide linear encoding achievable scheme for rates

= _J Ri—d;, j#0
R { T 70) .

Providing such a linear encoding scheme automatically implies achievability of rate (36). The encoding
scheme for the multiple unicast setting is formed by setting, for W, ;,i € {1,2,...,M}j € {1,2,..., L}, the
precoding matrix Vi, ; for message W, ; to be equal to the precoding matrix V; used for the message W; in
the groupcast setting. That is, we set V; ; = V;, for j # 0 implying that

M M
gn — Zvi,jYi,j = ZVZ (yiJ +Yz‘,2 +...+ Yi,L) —+ Zvi,oyi’o
i\J i= i=1



where S € F, X; ; is a n(R; — §;) x 1 vector for j # 0 and n(1 — R;) x 1 vector for j = 0. The precoding
matrix V; o for the auxiliary message W, ¢ is chosen to be any n x n(1 — R;) full rank matrix satisfying

colspan(V;) N colspan(V; o) = {0}.

Since rank(V;) < n(R; — ;) there exists a matrix Vi’o satisfyLng the above condition. This condition
automatically implies that there exists receive combining matrix Uj; ¢ such that

U, oV,; =0,

det(ﬁi7ovi,o) 7é 0.

Since {W” :j=1,2,...,L} are the only messages not present at D, o as antidotes, and all these messages
are encoded using V;, the above equations imply that the destination can decode message Wi,o- Now,
consider destination D; j, j # 0. We can set the receiver combining matrices in the multiple unicast setting
as U; ; = Ug_1)1+;. Then, we have for j # 0,

Ui yr+jVe = OV Ay k#i
= ﬁi’jvk,l = O,VW]%[ ¢ Zi,j7 k 75 7

and, because of (56), we have
det (U, ;Vi;) = det (Ui_1yr4, Vi) # 0

as required. This ensures achievability of rates (36) via linear coding in the equivalent multiple unicast
setting.
Now, we consider the case where rates in (36) are achievable in the multiple unicast problem via linear

coding. This means that for any 6 > 0 there exist precoding and receive combining matrices V; ;, U; j,i =
1,2,...,M j=0,1,2,..., L in the multiple unicast construction, such that

ﬁi,jvk,l = O,Vk,l s.t. Wk,l §é Zi,jv (k7l) 7é (Za.]) (58)
det(U;; Vi) #0

where V;; is a n x n(R; — d; ;) matrix if j # 0 and n x n(l — R; — ;) matrix if j = 0, for some

0;; <6,7=0,1,2,...,L,i=1,2,..., M. Similarly, U, ; is a n(R; — J; ;) X n matrix if j # 0 and it is a
n(l — R; — 0;,0) X n matrix if j = 0. Now, note that the above implies that

Ui;oVi;=0,j=12,...,L

We now intend to show that the rate tuple (R, Ra,...,Rps) is achievable in the groupcast setting via

linear coding. Informally speaking, we set the precoding matrix V; corresponding to message W; in the

groupcast setting to be the intersection of all the precoding matrices V; ; of the corresponding messages

Wm-,j =1,2,..., L. Note that in general, since the dimension of each encoding matrix Vz‘,j is no bigger

than nR;, the dimension of this intersection is no bigger than nR;. We show that the dimension of this

intersection is sufficiently close to nR; so as to lead to the achievability of rate tuple (R, R, ..., Rar).
The achievable scheme in the groupcast setting sets precoding matrices V;,i =1,2,..., M as

L
V= (ﬂ colspan(V ;)). (59)

We intend to show that this strategy leads to a linear coding achievable scheme over the groupcast setting

rank(v,)

with an appropriate rate. Denoting R} = , we prove the following.



(C1) We need to show that there exist nR; x n decoding matrices U;,i = 1,2,..., ML that satisfy the

desired criteria, i.e., that
UV, =0,W,, ¢ A,m#[l/L],

det (UZV”/L]) # 0.
(C2) We need to show that the above has an appropriate rate, i.e., we need to show that R; can be made
arbitrarily close to R;.

Instead of (C1) above, we show equivalently that there exist matrices U; forl =1,2,...,L such that

U;Vm = O,VWm¢AlU{W”/m}
rank(U, V) = rank(Viypp),V 1€ {1,2,..., ML}.

For this, we set

U(i—l)L—i—j =U,,;. (60)

Let W, ¢ A;,m # [1/L]. Because of (31), we infer that
Wk ¢ Aneia—cqyoi-y YW —cqye-n vk =1,2,...,L  (61)
=Un/—cqyo-yVme = 0,Ve=1,2,...,L (62)
=UV,, = 0 (63)

where the final equation comes from (59) and (60). In particular, the final equation comes from noting that
colspan(V,,) C colspan(V,,1),! # 0. Similarly, we have

det (Uni/o1a-w(e/m-0 Viyoi-cye-n)  # 0 (64)
= det (U;v[l/LLl—L(H/L'\—l)) # 0 (65)
= rank (U;V”/L]> = rank (V[Z/L]) , (66)

where, the final equation follows because colspan(Vy; 1) C colspan(vwm Ji—L([1/L]1—1))- This completes the
proof of (C1). We now need to show (C2). To show this, we use the following Lemma.

Lemma 1 Let A, B, C be three matrices respectively of sizes n X Da,n x Dg and n x D¢. If colspan(A) N
colspan(C) = {0} and colspan(B) N colspan(C) = {0}, then,

dim (colspan(A) N colspan(B)) > rank(A) + rank(B) + rank(C) — n.

Proof: Let the rank of A, B and C respectively be R4, Rp and R¢. Also, let
Raus 2 dim (colspan({colspan(A) U colspan(B))))

Ranp 2 dim (colspan(A) N colspan(B)) .

We have
colspan ({colspan(A) U colspan(B))) N colspan(C) = {0}
= Raup + dim(colspan(C)) = dim (colspan ({colspan(A) U colspan(B) U colspan(C))))
= Raup+BRc < n
= Ras+Rp—Ranp+Rec < n
>

= dim (colspan(A) N colspan(B)) = Ranp Ra+Rp+Rc—n



Using the fact that colspan(V; ;) N colspan(V; ) = {0} and the above lemma, we lower bound the rank
of V; = (ﬂlel colspan(V;;)) as follows.

L
nR; = rank(V;) = dim (ﬂ colspan(V“)> (67)
=1
L—1
> dim < ﬂ colspan(ViJ)) +rank(V; ) — (n — rank(V; o)) (68)
s :
> dim ( ﬂ colspan(Vi,l)> + Z rank(V, ;) — 2(n — rank(V, o)) (69)
1=1 I=L—1
(70)
L
> dim (colspan(V; 1) N colspan(V;2)) + Z rank(V, ;) — (L — 2)(n — rank(V; o)) (71)

=3

rank(V,; ;) — (L — 1)(n — rank(V,)) (72)

M=

>

~

1

n(R; — ;1) — (L= 1)(n —n(l - R; — dip)) (73)

[
M=

N
Il
-

L
Z n (Rz — Zéiwl — (L — 1)(52’0) (74)

where, the final equation above comes from the achievability of rates (35) on the multiple unicast setting.
By choosing §; ; to be arbitrarily small, the rate R} can be made arbitrarily close to R;. This completes the
proof of (C2), and hence the proof of the Theorem 2.

A.3 Proof of Theorem 1

We show Theorem 1 using the results of Theorem 2 and [34]. [34] implies the following. There exists a
groupcast setting where, there exists a rate vector (R, Ra, ..., Rk ) in its capacity region that not achievable
via linear coding. Now, we consider the equivalent multiple unicast setting based on Construction 1. Because
of Property 2 of Theorem 2, this implies that rate-tuple

o Ri  j#0
Rw_{ 1R jO}

is not achievable via linear coding in this multiple unicast setting. Further, because of Property 1 of Theorem
2, the achievability of (R, Ra, ..., Rk) in the groupcast setting (using a non-linear scheme) implies that the
above rate-tuple is achievable in the multiple unicast setting. Therefore, linear coding does not suffice for
achievability in the multiple unicast setting.

B Proof of Theorem 3: Feasibility of rate LLH per message

In this section, we show Theorem 3. In Section B.1, we describe an alignment based achievable scheme that
achieves a rate of L%rl for all the messages as long as the conditions of Theorem 3 are not satisfied. In
Section B.2, we show a converse result which implies that a rate of L%rl is not achievable if the conditions of
Theorem 3 are satisfied. In the process of showing the converse in Section B.2, we derive outer bounds for

the capacity of the index coding problem that may be of independent interest (See Theorems 8 and 9).



B.1 Achievability

We partition W = {Wy, Wy, ..., Wi} into alignment subsets Py, Pa, ..., Pr, and define the mapping P(m) :
M = {1,2,--- T} so that W, € Pp(), ¥m € M.

We use a scalar linear achievable scheme. In particular, we choose n = L +1 and S = F,, where ¢ is
chosen to be sufficiently large so that there exist T' vectors V1, Vg, ..., Vp, in the L 4+ 1 dimensional vector
space over [, such that every L 4 1 of them are linearly independent. These are the linear coding vectors
along which the aligned messages from each partition will be sent.

Destination D,., which desires messages W, = {W,.,, W,.,,--- , W, }, receives
M
S* = > Ve
i=1

L
mevp(ri)-i- Z Vi  + Z z; | Vp,
i=1

T W;€A,. W g A UW,.
—_——

Side information
at destination D,

where the last equation follows because all elements of {7 : W; ¢ A, UW.,} belong to the same alignment
subset by definition; this subset is denoted by P;. After cancelling the second term above, destination D,
obtains a linear combination of L + 1 vectors, Vp(,,), Vp(r,),---, Vpe,) and Vp,. We need to show that
these L + 1 vectors are linearly independent if the feasibility condition is satisfied. The feasibility condition
implies that for a feasible system, if two messages belong to the same alignment subset, then whenever one
of them is desired, the other must be available as an antidote. Since this is not true for any two of the L + 1
vectors Vp.), Vp(ry), -+, V@) and Vp,, they must each belong to distinct partitions. Since every L + 1
coding vectors are linearly independent, we conclude that z,,,z,,,...,x,, are resolvable at destination D,
as required.

B.2 Outer Bounds

The main technical contribution of this section is an information theoretic outer bound to the capacity region
of the index coding problem in Theorem 9. Since the proof of Theorem 9 is involved, we first begin with
a simpler outer bound in Theorem 8. We then present Theorem 9. Following the theorem statement, we
state and prove the converse of Theorem 3 as a corollary to Theorem 9 (Corollary 2). We present a proof of
Theorem 9 in Section B.2.1.

Theorem 8 The achievable rates (Ry, Ra, ..., Rps) for the index coding problem where |Wy| = L, V k €
{1,2,..., K}, satisfy the following inequalities:

> R+ > R; <1, Vkek (75)
{i:W; eWr } {E:W; eW;N(WRUAR)}

In other words, the sum of the rates of the messages desired at a destination Djy and the rates of the
interfering messages (i.e., undesired messages that are not available as antidotes to D) that are intended
for any other destination D; cannot exceed 1.

Proof: Consider an achievable coding scheme for the network. Assume all the messages except Wy and
W; N (Wi, U Ag) are given by a genie to destination Dy, and destination D;. Further, assume that the genie
provides Wj, to destination D; as well. Now, using the achievable scheme, destination Dy can decode Wj.
Having decoded Wk, in this genie aided index coding problem, destination Dy has all the information that
destination D; has. Therefore, destination Dy, can decode W; (W U Ak)c as well. Since destination D; can
decode messages W, and W; N (W), U Ag)¢, the sum of H(Wy) and H(W; N (W), U Ag)®) must be bounded
above by the entropy of the bottleneck link H(S™).



Remark: A reader familiar with Carlieal’s outer bound for the interference channel [39] may notice
similarities with the approach in the above proof. Also note that the bound, like all the other bounds in this
section, is information theoretic, so it applies to both linear and non-linear coding schemes.

As an example, suppose we have an index coding problem with M = 4, K = 2 and L = 2, where
Wy = (W, Wa}, Wy = {W3, Wy}, Ay = O, Ay = {W1,Wa} as shown in Fig. 12. Using the above outer
bound, we have Ry + R + Rs + R4 < 1, which is tight because it is also achievable by sending each message
separately in 4 consecutive time slots.

W,
W, — Wy, W,
W3 — Ws, W,
W,

Figure 12: Index coding problem with M =4, K =2 and L = 2 where Ry + Ro + R3 + R4 <1
Next we derive outer bounds which are valid for general index coding problems and are tight for the L+H
rate feasibility problem. The main result of this section is the following.

Theorem 9 For any N + 1 distinct indices 4,41, ...,ix € M and N indices j', ...,V € K, if

.1 -2 -3 SN —1 - N
Wi, bW, bW, Lo Wiy o Wiy and Wi, ¢ A, where Wi, € Wy for ke K, (76)
then,
Rio +Rj11:L + R;, ++RJ{VL + Ry <N, (77)

where ij = {Wj{n,ngt, .. ’W]F} and R]{nL = Zlel R;'Z’ fOT m = 1,2, .. .,N,

The converse for Theorem 3 follows from the above theorem. This converse is expressed next as a corollary
to the above theorem.

Corollary 2 The rate tuple R with Ry = Ry = ... = Ry = %ﬂ 18 not achievable in a single bottleneck
network where |Wy| = L, ¥V k € {1,2,..., K} if and only if there exist distinct indices i,j € M such that
W;, W; belong to the same alignment subset and W; € Wy, and W; ¢ Ay, fork € K

Proof of Corollary 2: 1f W;, W; belong to the same alignment subset, there must exist a chain of alignment
relations connecting W;, W; as
-1 .2 .3 N—1 N
W,bw, Lbw, b e Wi bW (78)

N—-1

where N is the length of the chain. If W; € Wy, and W; ¢ Ay, for k € K, from the result of Theorem 5 shown
later in this paper we have an explicit rate bound

Ri+Rj + Ry +Rp +..+Riy , + RJ{V;L +R; <N (79)
Clearly, Ry = R;y = Rij, =...=Riy , =Rj=Rjy =Ry =... = Ry = L%rl does not satisfy the above

bound. This completes the proof of the corollary.



B.2.1 Proof of Theorem 9

Theorem 9 affords a simple proof for N = 1. We therefore begin with this case.

If N =1, we have W; & W;,W; e W,,W; ¢ A, for r € K, then we intend to show that R;+R;+Ry,., <
1.

Consider any achievable index coding scheme. Now, we form a genie-enhanced index coding problem
(where the scheme continues to remain achievable) as follows. Let W; € W,,. In this enhanced problem,
assume that destinations Dy, D,., D,, are given all the messages except messages W j r, k,....k, Dy a genie.
We also assume that Wy, i, k, are provided via the genie to destinations D,., D,,. Since W; € W,., for a
reliable scheme, destination D, can decode Wj. In this enhanced problem, either m = r or destination D,
is a degraded version of destination D,.. In both cases, destination D, can decode W; as well. Now consider
destination Dy. Achievability implies that destination Dy can decode Wy, ...k, . Now, destination Dy has
all the information available at destination D, and can therefore decode W;, W; as well. Since all messages
Wi jk1 ks,... ks are decoded at a single destination, we can follow steps similar to the proof of Theorem 8, to
conclude that R; + R; + Ry,,, < 1.

As an example, suppose we have an index coding problem with M = 4, K = 3 and L = 2 where
Wl = {Wl,Wg},WQ = {WQ, W3},W3 = {W3,W4},A1 = {WQ,W4},.A2 = @,.Ag = Wg as shown in Fig. 13.
We have the following alignment chain W3 <E> Wy, Wy € W3, W, ¢ Aj. Using the above outer bound, we
have Ry + Rs + R3 + R4 < 1, which is tight because it is also achievable by sending each message separately
in 4 consecutive time slots.

A
—> Wl ) W3

W,
WZ ’ W3

W
— W3 ) W4

W,

Figure 13: Index coding problem with M =4, K =3 and L = 2 where Ry + Ro + R3 + R4 < 1

Now, we consider the case where N > 1. Without loss of generality, we assume that S = {0,1} in the
proof. We first present the proof explicitly for N = 2 and N = 3. These cases do not afford a simple
explanation as above, and capture all the ideas required for proving the theorem for an arbitrary value of
N. We begin with N = 2. In what follows we show that for any 3 distinct indices i, j,k € M and indices

Lm €Kit W; & Wy & Wi, Wi € Wy, W; ¢ A, for p € K then R; + R, + Rk + Ri,, + R, <2.

HWiyga)=nRy,., = IWiy, 05" Wa,) + o(n) (80)
< AWyt S WE 11,0 ) +o0(n) (81)
= IWis 003 S" | Wi, 0,) T 0(0) (82)
= HS™ Wi ,0.)
—H(S™ | W{;) +o(n) (83)

IN

n—H(S™ [ W{;)+o(n) (84)



Similarly,
H<Wm1,m2,m,mL) = anl:L < n-— H(‘Sn ‘ ch,lc) + O(n) (85)

For destination D, that is interested in W, we have

nRe = I(Wi; 5" Ap) + o(n) (86)
< I(Wi; 8™, Wiy) + o(n) (87)
= I(Wy; 8™ | Wi) +o(n) (88)
< H(S™ | W) — H(S™ | W) 4 o(n) (89)
< H(S™| W) —nR;+o(n) (90)
< H(S™|W{)+H(S™|Wiy)
—H(S™ | W) —nR; + o(n) (91)
= H(S"|Wi;)+H(S" | W)
—nR; —nR; + o(n) (92)
< n(l-Ry,)+nl—-Rn,..)—nR —nR;+o(n) (93)
=R, < 2-R,—R;—R),, —Rn,,, (94)

where (91) follows from Lemma 2 (proved later in this section). Inequality (93) follows from substituting
from (84) and (85) into (92), and (94) is obtained by dividing by n and taking the limit as n — oo.

As an example, suppose we have an index coding problem with M = 5, K = 5 and L = 2 where
Wi = W1, W5}, Wo = {W1, Wa}, W3 = {Wa, W5}, Wy = {Wo, Wy}, W5 = {Wy, W3}, Ay = {Wa}, Ay =
{Ws}, Ag = {Wq, Wy}, Ay = {Wh, W3, W5}, A5 = {W1, Wy, W5} as shown in Fig. 14. We have the following
alignment chain Wj & Wy & Ws, W5 € W3, W3 ¢ As. Using the above outerbound, we have Rs + Ry +
Rs+ Ry + Ry + R+ Rs < 2.

Figure 14: Index coding problem with M =5 K =5 and L = 2 where R3 + R1 + Rs + R4+ R1 + R2 + Rs < 2

We next consider the case where the length of the alignment chain is N = 3. Suppose we have an alignment
chain of length 3, i.e., W; & W; & Wi, & W, and the ends of the chain interfere, i.e., W; € W, W; ¢ Ap,
then our goal is to show that R; + R, + R; + Ry,., + R + Ry, + R; < 3.

We start with the inequalities at the destinations D), Dy, D, , each of which is shown exactly through the
steps followed in (80)-(84).

HWp paooipr) = 1Bpy, <= H(S™ [ W) + o(n) (95)
H(Wgy,05,...00,) = 1Rgyy, <= H(S™ | W) + o(n) (96)

q1:L



H(WT177’2»--~77’L

) =nkRy, <n—H(S" W) +o(n)

For destination D,, that is interested in W;, we have

an =

IN

INIA

IN A

IN

=R <

Note that Lemma 2 is applied twice, first in arriving at (103) and then to obtain (105).

I(Wi; 8™, Ap) + o(n)
I(Wy; S™, W) + o(n)
I(Wi; 8™ | W) + o(n)

H(S™ [ W) = H(S™ | W) + o(n)

H(S™| Wf)) —nR; + o(n)
H(S™ [ W)+ H(S™ [ W}y)
—H(S™ | W) —nR; + o(n)

n(l—Rp,.,.)+H(S"| Wﬁl) —nR; —nR; + o(n)

n(]- - RPl:L) + H(Sn | ch,k)
TH(S™ [ Wiy) — H(S™ | W)
—nR; —nR; + o(n)
n(l—Rp,.,.)+n(l
—nR; + o(n)
3-R,,, R ~ Ry —R;— R,

P1:L q1:L RT‘l:L

- RQI:L) + n<1 - R’I‘l;L) —nRy — nRj

(105)

(106)
(107)

Now we prove Theorem 9 for an arbitrary N > 2. Suppose we have an alignment chain of length NV,

N
Wi, L>W <7—>W 4.5 Wiy, > Wiy

and W;, ¢ Aj;, where

Wiy € Wi for k € K, then our goal

is to show that RZO + R g1, TR ..+ Ry + Riy < N. We start with the inequalities at the destinations

jt,...,7V , each of which is shown exactly through the steps followed in (80)-(84).
(WJ},J'27 ,JL) nRj}:L <n-—H(S"|W, i) T o(n)
HWj2 42 j2) = nRp <n-—H(S"|W],,)+on)
HWjn jy . JL) = nRyy <n-H (S™ | Wi, _,in) To(n)
For destination D) that is interested in W;, , we have
nR;, = I(W;;S" Ax)+o(n)
< I(Wi; 8™ Wfo in) T o(n)
I(Win; S™ | WE ) +o(n)
= H(S"|W, i o.in) — H(S™ [ W) 4 o(n)
< H(S™| W) —nRi, +o(n)
< H(S™ | WE )+ HES™ W y)
—H(S" | W) —nR;, +o(n)
< n(l-Rj ) + H(S" | W ;) —nRi, —nR;, + o(n)
< = Ry, )+ H(S™ | WE )+ HS™ | WE ) — H(S™ | W5)
—nR;, —nR;, + o(n)
< n(l—=Rjp )J+n(l—Rp )+ H(S" WS, )—nRi, —nR;,

—nR;, + o(n)

(108)
(109)

~—~ Y~~~
—
—
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< n(l-Rp J+n(l—Rp )+...+n(l- Rjﬁgz) +H(S™ | Wi iy ) THES™ WS )
—H(S™ | W{, ) —nRiy_, +...—nRy —nRy (121)
< n(l-Rp J+n(l—Rp )+...+n(l- Rj{\fgz) +n(l— ijYEI) +n(l—Rjn )
—nR;y_, —nRiy ,+...—nR; —nR;, (122)
= Riy<N-Rjp —Rpa —...—Rpy —Riy,~Riy,—...~ R, (123)

Note that Lemma 2 is applied in (117), (119) and (121). This proves Theorem 9.
Finally, we prove Lemma 2 which is used repeatedly in the proof of outer bounds.

Lemma 2
H(S™ | W5) < H(S™ | W)+ H(S™ | Wiy) — H(S™ | W) (124)

Proof:  Since entropy function is a submodular function, for any two subsets of random variables C, D, we
have the following

H(C)+ H(D) > H(CUD) + H(CND) (125)

If we choose subsets C,D as C = {S",W¢,}, D = {S", W, } and use the submodular property of entropy
function, we have,

H(S™, WE,) + H(S", We,) > H(S", WF) + H(S", W, ) (126)

which is equivalent to

H(S"™ | W)+ H(S™ | Wiy) > H(S™ | W)+ H(S™ | W)
> H(S™ | W)+ H(S" | Wiy) (127)
where (127) is true because conditioning reduces entropy. This completes the proof

C Proof of Theorem 5

C.1 Achievability

First, note that if A = U + D = K — 1, then it is obvious that each source can send 1 symbol per time
slot and achieve a rate of 1. If A = K — 2, then, it is easy to verify that a rate of % is achievable using
Theorem 3. Here we show achievability for A < K — 3. Using linear coding, we show that each user can
send L = (U + 1) symbols in a n = K — A + 2U dimensional space Fy;, when ¢ is sufficiently large. Note
that because U < D, we have A —2U = D — U > 0, and therefore, n < K. To begin the construction of our
achievable scheme, we pick K vectors over Fy such that any n of them are linearly independent. We denote
the vectors by z1,29,...,2x. Note that over a sufficiently large field, the vectors z;,7 = 1,2,..., K can be
chosen to satisfy this property!!. Our construction for the n x (U + 1) matrix V; — whose columns are the

beamforming vectors for the U + 1 symbols comprising message W; — is as follows.
V= [Zi Zi11 Ziy2 ~~~Zz‘+U} ,

where all subscripts are interpreted modulo K. Note that any two adjacent messages overlap in U dimensions.
For example, the signal spaces spanned by V; and V,; 1 overlap in dimensions z;41,%;t2, -+ ,2Z;+y. This is
the basis for interference alignment. With this construction, we intend to show that (5) is satisfied.

110ne approach to such a construction is to use Vandermonde matrices.



First, note that the U 41 columns of V; are linearly independent since U +1 < n. In particular, denoting
Xi = [l'i,O (Ei71 e 71'i,U]7 we have

K U

n __

ST =" "wijzig;.
i=1 j=0

Now, because of the symmetric nature of the problem, we only need to show that W7 is linearly resolvable at
D;. This ensures resolvability at all other destination nodes. Note that destination D; has side information
ofz; jforalli e {K-U+1,K-U+2,...,K,2,3,...,D+1}. The precoding vectors are known to everyone
apriori. Cancelling the effect of the known symbols, destination D; obtains

U K-U U
St = D @iz Y D Tigie
§=0 i=D+2 j=0
Desired Signal Aligned
Interference
Thus, destination D; sees (U 4+ 1) + (K — (D + 1)) = n signal vectors z1,2a, ...,20+1,Z2D+2, ZD+3, - - -
zg . Since these n vectors are linearly independent by design, the desired scalars 1,7 = 0,1,...,U are

resolvable at destination D;. By symmetry, the same conclusion is applicable for all the K destinations.

To understand the role of alignment, note that there are (K — A — 1) undesired messages that interfere
at destination Dj, each occupying a (U 4 1) dimensional signal space. However, because any two adjacent
interferers overlap in U dimensions, the (K —A—1) interferers collectively occupy only U+1+(K—-A—1)—1 =
K — D — 1 dimensions. Since the desired signal occupies U + 1 dimensions, and (U + 1)+ (K — D — 1) = n,
the observed signal space is big enough to resolve desired signals from the interference. See Figure 9 for an
example.

C.2 Outer bound

The trivial bound that a message can not be transmitted at more than rate 1 (the capacity of the bottleneck
link) is tight when A = K — 1, i.e., all undesired messages are available as antidotes. If A = K — 2, i.e., only
one message is missing from the antidote set, then the rate % per user is an outerbound, as shown in the
proof of Theorem 8. Therefore we focus on the setting A < K — 3.

We first present an outer bound on the rates achievable via linear achievable schemes to gain intuition.
Later, we will use this intuition to get information theoretic outer bounds for any achievable scheme.

C.2.1 Dimension Counting Outerbound

Our goal is to show that the sum-capacity per message is bounded above by #ﬂlw. To show this, we
first prove that if we want to achieve a rate d per message, then the total dimension of interference at each
destination satisfies

K—-A+4+2U K-A-14U

e I D st S (128)

dim(interference) > { Uil Uil

K — A — 1 is the total number of interferers at each destination. Suppose V; denotes the subspace assigned
to user i. Hence, our goal is bounding Zfil dim(V; UVip1 U... U Viyk—a—2), ie., the total number of
interfering dimensions at all the destinations. We define a;; as follows

K
a; 2 > dim(V; UV U U Vi) (129)

i=1

So our goal is bounding the total number of interference at all destinations, i.e., ag_4_1.



Lemma 3 For the following m and j

m=[5545 ], j=(K-A—-1) mod (U+1) ifK—-A—1 mod (U+1)#0 (130)
m=5A1 1, j=U+1 ifK—A—1 mod (U+1)=0
we have
ag_A—1 > maog + o (131)
Proof:
AK-A-1 = OmqU+1)+j
K
= Z dim(V; UV U... U Vm(U+1)+j71) (132)
1=1
K
> Z{dim(Vi UVigr U U Vi1 UV @) YUV i1y U UV i emu+0338)
i=1
K
= Z{dlm(Vl @] VZ‘+1 Uu...u Vi«i»jfl) + dim(Vi+j,1+(U+1)) + dim(Vi+j,1+2(U+1)) —+ ...
i=1
+dimVigj_14m@+1))} (134)
= mog + (135)
where (134) is true because Wi,...,i+j71,i+j71+(U+1),.H,i+j71+l(U+1) ¢ Ai+j71+l(U+1) for [ = 0, 1, e, This
proves Lemma 3.
Lemma 4 Forj=2,3,...,U+ 1, we have
(€51
Q; > aj—1+ 7[] 1 (136)
U-+j
= Qg > Ur1 a1 (137)
Proof:
K
Zdim(ViUViJrlU. . .UVZ'+]‘72UV7;+]'+U71) (138)
i=1
K K
< Z dlm(Vl UVip U... U ViJrj,Q @] Vi+j71) + Zdlm(vl+1 UViga U... U Vi+j,1 @] V¢+J‘+U71)
i=1 i=1
K
= dim(Vig1 UViga U UVigj0) (139)
=1
K K
§ Z dlm(Vl U Vi+1 Uu...u Vi+j_2 U Vi+j_1) + Zdlm(VH_l U Vi+2 U...u Vi+j_1 @] Vi_l,_j)
i=1 i=1
K K
+ Z dim(Vi+2 UViysU...U ViJrj U Vi+j+U71> - Z dim(Vi+2 UVigsU... U Vi+j)
=1 =1
K
— Z dim(Vi31 UVipa U.. U Vi+j_1) (140)

i=1



K K
Z dim(Vi UVipr U .UV o U Vi+j71> + Zdim(Vi+1 UViga U .UV 1 U Vi+j)

=1 i=1

IN

K K
+ Z dim(Viz2 UVips3 U ... U Viy; U V@‘J,-j.l,_l) + ...+ Z dim(Vizy UVippr1 U... U Viyjrv—2 U Vi+j+U—1)

i=1 i=1
K K
- Z dlm(VZ+U @] Vi+U+1 U...u Vi+j+U72) — .. Z dlm(VH,Q U Vi+3 u...u VriJrj)
i=1 i=1
K
— Z dim(V;y1 U V42U, U Vi+j_1) (141)
i=1

where at each step, we use the submodular property of dim function. On the other hand, since {W;, Wit1,..., Wit _2} ¢
Ai+j+U71, we have

dlm(Vl UVipU...u Vi+j_2 U Vi+j+U—1) = dlm(VZ UVip U... U Vi+j_2) + dim(VHHU_l) (142)
By combining (141) and (142), we have
aj_1+a1§aj+aj+...+aj—aj_l—...—aj_l (143)

{(U+1a;_1 +a} (144)

1
>
Y =TT
This proves (136). Solving this recursive equation, we get (137). This proves Lemma 4.

Combining Lemma 3 and Lemma 4, we have the following

U+j mU+1)+j+U K-A-14U
AK_A—1 2 MOy + = o) = Ul

U+11 7 U+1
Then the dimension of desired message plus the dimension of interference at all destinations should be less
than or equal to the total available dimensions, i.e., K

o (145)

K-A—-1+4U SN ,
o1 + U—Hal < Z{dlm(Vi—Dfl) + dlm(Vi UVip1 U... U Vi+K7A72)} <K (146)

i=1

. ‘ . o1 U+1
Hence the optimal symmetric rate per message is d = o < =737

C.2.2 Information Theoretic Outerbound

We define o as follows

K
A n C
Q; :ZH(S |Wi,i+1 ..... z'+j—1) (147)
i=1

Our first goal is to bound ax_4_1. We proceed as follows.

Lemma 5 For the following m and j

U+1

m=E5pA — 1, j=U+1 ifK—A-1 mod (U+1)=0

(148)

{mzLK_A‘le:(K—A—l) mod (U+1) ifK—-A—1 mod (U+1)#0

we have

ag—a—1 > moq + o+ o(n) (149)



Proof: Note that destination D;;_14(u+1) can decode Wiy ;14 w1y from (8™, Wi,y ey 1 wgn)
with P, — 0 as n — co. Therefore, we can write

nRivj 1w+ = HWigjoirw+n) (150)
= I(Witj—14@+13 S" Wit ivj—1imj—1+U+1))
+H(Wi+j—1+(U+1)|Sn’Wic,i+1 ,,,,, i+j—1,i+j—1+(U+1)) (151)
- H(Sn‘Vvic,i—&-l,...,i+j—1,i+j—1+(U+1))
—H(S" W1 iyi—1) +o(n) (152)
which gives us
H(Sn‘Wic,i+1,...,i+j—1,i+j—1+(U+l)) = nRi+j—1+(U+1)+H(Sn|Wic,i+1,,..,i+j—l)Jro(n) (153)

Next, note that destination Di+j71+2(U+1) does not have Wi7...,i+j71,i+j71+(U+1),i+j71+2(U+1) as antidote.
So, given (S™, WZ,C,__.7i+j_LH_j_1+(U+1)7i+j_1+2w+1)) it must be able to reliably decode W;;_1412r+1)-

nRi+j71+2(U+1) = H(Wi+j71+2(U+1)) (154)
= T(Witj1420+1)3 5" Wi igim 1 it — 1 (U+1) itj—142(U+1))
+H(Wi+j—1+2(U+1)|Sn7Wz’?...,i+j—1,i+j—1+(U+1),z'+j—1+2(U+1)) (155)

I(Wi+j71+2(U+1)§ Sn|Wic,...,i+j—1,i+j—1+(U+1),i+j—1+2(U+1)) +o(n)

= H(S" W iti1,i4i—1+U+1)iti—142(U+1))
_H(Sn‘Wic,...,i+j71,i+j71+(U+1)) +o(n) (156)
which along with (153) gives us
H(Sn|sz...,i+j71,i+j71+(U+1),i+jf1+2(U+1)) = nRi+j71+2(U+1) + nRi+j71+(U+1)

+H(Sn|Wic,i+1,.,.,i+j71) + o(n) (157)

Similarly, we note that destination Di+j—1+l(U+1) for 3 < l <m does not have Wi,..A,i-‘rj—l,i-‘rj—1+(U+1),4..,i+j—1+l(U+1)

as antidotes, so it must be able to decode W, ;_14yw41) from (S”, Wz‘c,...,z‘+j—1,z‘+j—1+(U+1),...,z‘+j—1+l(U+1) .

nRi i 1ymw+) = HWig_1imw+1) (158)

= I(Wi+j71+m(U+1);Sn7Wic,..‘,i+j—1,i+jf1+(U+1),‘.A,i+j71+m(U+1))+
H(Wz’+j—1+m(U+1) |S™, Wic,...,i+j71,i+jfl+(U+1),...,i+j71+m(U+1)) (159)
I(Wi+j—1+7R(U+1);Sn|Wic,...,i+j—1,i+j—1+(U+1),.4.,i+j—1+m(U+1))Jro(n) (160)

= H(Sn|Wif...,i+j—1,i+j—1+(U+1),‘..7i+j—1+m(U+1))_
H(S" W i1t — 14 (U A1), it — 14+ (m—1) (U +1)) T 0(R) (161)
which gives us
H(Sn‘Wic,“.,i+j—1,i+j—1+(U+1),...,i+j—1+m(U+1)) = Nl apmu+r) F oo TR 10w
+nRiyj 14wy + HS" Wi, v j—1) +o(n)

(162)

Our goal is to bound ax_4—1. We have

AK-A-1 = Qu(Ut1)4j (163)
K
= ZH(Sn‘WiC,i+1,.u,i+K7A72) (164)

=1



v

K

mn C
E H(S ‘Wi,...,i+j71,i+j71+(U+1),i+j71+2(U+1),...,i+j71+m(U+1))
i=1

(165)

K
Z{nRi+j—1+(U+1) +o AR mwny F HS" Wi, i) Ho(n)} (166)

i=1
mai + o + o(n)

(167)

where (165) is true because conditioning reduces the entropy. (166) is derived by replacing (162) into (165).

This proves Lemma 5.

Lemma 6 Forj=23,...,U+ 1, we have

aq
a; > Olj—l“r‘Ui_H‘f'O(’ﬂ)
U+
= o > U+1a1+0(n)

Proof: We use Lemma 7 (proved later in this section) at each step. So we have

K

i=1

K
ZH(SnvWi(fi+1,...7i+jf27i+j+U71) < Z{H(S", ic,i+17...,i+jfl)
i=1

+H(S", Wi iqa,..itj—1,i4j+U—-1)
—H(S", Wit i, ivj—1)}
K
< Z{H(S", it iti—1)
=1

r2,i43,is)

(
FH(S™ Wiioivs, . itj—titjiti+U—1)
(
—H(S", ¢c+1’i+2,“.,i+j*1)}

K

Z{H(S", ic,i+1,...,z'+j—1)

i=1

IN

FH(S™, Wiy iva itj—1,i+5)

+o H HS" Wi ivu s, itjrU—1)
—H(S", Wi v iqus,...ivi+U—2)

— o H(S" Wi s, i) —
H(S", Wiiiiva. ivj—1)}

(168)

(169)

(170)

(171)

(172)

We note that destination D;; ;.1 does not have W; ;11 . ;1 2;1i1u_1 as antidotes, so it must be able
+i+ g1, —2,ig+
n C
to decode Wit jyu—1 from (S™, Wfiy  iiioiiitp—1)

K3

nRiyjrv1 = HWipjrv-1)

= I(Witjrv-1:8" Wiisa ivj—2itjru—1) T
HWigjrv-lS" Wi, ivj—2itjiv—1)
= I(WiS"IWEii  ivj—2ivjru—1) T o(n)
= H(S" Wi ivj—2irjrv—1) — HS"W i ivio2) +o(n)

(173)

(174)
(175)
(176)



which gives us
H(S" Wi, ivj—2ivjiv—1) = nRivjro-1 + H(S" Wiy i4i0) +o(n) (177)
Replacing (177) into (172), we have
aj_1+a1+0(n) S Oéj +Oéj +...+Oéj 701]‘_1 — ...7Oéj_1 (178)

a; > {U+Daj_1+a1}+o(n) (179)

1
“U+1
Solving this recursive equation, we get

L
Uiial +o(n) (180)

Oéjz

This proves Lemma 6.
Combining Lemma 5 and Lemma 6, we have the following
- mU+1)+j+U K-A-1+4+U

ny
]oq—!—o(n) = a1 +o(n) =
U+1 U+1 U+1

AK_A_1 > Moy + a1+ o(n) (181)

Finally, we note that destination D;_p_; does not have any of the messages W; ;1. i+Kx—A—2 as antidotes.
So it must be able to decode W;_p_1 from (S™, Wi_p_1;i+1,.. i+K—A—2)-

IN
NNgle
~
=
|
i
E};,
_®
3
‘0
i
*_E
¥
3
b
e
+
2
S

K
Y nRipy < Y I (Wip-1;8"IWip_1iicn,., (182)
=1 L

K
= Z {H (Sn\WiC—D—17i,i+1,...,i+K—A—2) - H(Sn|WiC,i+l,...,i+K—A—2)} +o(n)

=1
K
K—-A-14U
< - - " R.
< ;{n s R;} +o(n) (183)

Rearranging terms and applying the limit n — oo we have

K
U+1
< —— - K 184
;R’ - K—-A+42U (184)

so that we have the information theoretic capacity outer bound of #ﬁw per message.

Lemma 7 Forl=0,1,...,U — 1, we have

H(S" Wi v, iivj—2itjiu—1) < HS" Wi, iviej—1)
FH (S IW L1 iti42, it j =1+ U—1)
—H(S" W1 ivito, ititj—1) (185)

Proof: Setting
C= {Snv Wz‘chl,i+l+1,.‘.,i+l+j71}a

_ mn c
D={S 7Wi+l+1,i+l+2,...,i+l+j—1,i+j+U—1}

and using the submodular property of entropy function

H(C)+ H(D) > HCUD) + H(CND) (186)



we have

n C n (& n C
H(S", Wi ivirj—1) THS" Wi ivij—viviru—1) = HE" Wiiivige, iviej—1)
n C
+H(S™, Wi iti42,.ititi—1,itj+U—1)
Equivalently,
n (& n C n (&
H(SMWi iviej—1) T HE"IWE i iigj—vivjru—1) = HS"IWEi i, ivigj—1)
n C
FH(S" Wi iig2, it j—1,itj+U—1)
n (&
> H(S"IWiiiivito, ititi—1)
n C
FH(S" Wi iigo, itidj—2,ititU—1)
(187)
where (187) is true because conditioning reduces the entropy. Equivalently,
n C n C
H(S" Wi i, ivirj—2ivj40—1) < HS" Wi itirj—1)
n (&
FH(S"IW 1 iti42, it j— 1t U—1)
n C
—H(S" Wi irige, .. iti4j—1) (188)

This proves Lemma 7.

D Proof of Theorem 6: Neighboring interference

D.1 Achievability

We use a scalar linear achievable scheme. In particular, we choose & = F,, where ¢ is a prime power g,
n = D+ 1. Suppose we define V1, Va,..., Vpi1 as D + 1 linearly independent vectors in a D + 1 di-
mensional space. Then, starting from any arbitrarily chosen message, we assign these vectors to D + 1
consecutive messages respectively and repeat this assignment periodically. So if we assign V,, to message
W,., then message W; will be encoded using V(;_;4m) mod (p+1)- We now need to show resolvability of
message W, at destination D,. Suppose V,, is the vector assigned to message W,. Notice that there are
U+ D interfering messages at this destination: W, _y »—v+1,....r—1,r4+1,r+2,...,r+D- The remaining messages are
available as antidotes and can be cancelled. The U interfering messages W, _y, ..., W,._; are encoded over
V(m-tU) mod (D+1)s > Y (m—=1) mod (D+1), respectively. Since {i+D+1 mod D+1} = {i mod D+1}, these
interfering vectors are the same as V(4 p4+1-0) mod (D+1)» - > Y (m+D) mod (D+1)- Also the remaining D in-
terfering messages of destination D, i.e., Wy.y1,..., Wiy p aresent over V(1) mod (D+1) - > Y (m+D) mod (D+1)>
respectively. As we can see all the interfering messages align in the D-dimensional space spanned by vectors
V(m+1) mod (D+1)>--+» Y (m+D) mod (D+1)- Lhis interference space is linearly independent of V,,, because of
our construction. Since we are operating in a D 4 1 dimensional space, message W, is linearly resolvable at
destination D, as required. This proves achievability.

Remark: V1, Vo, ..., Vpi1 can be chosen to be columns of the D 4+ 1 dimensional identity matrix and
the field can be chosen to be Fo . In other words, a D + 1-symbol long achievable scheme is obtained by
simply sending the bit ... @ x,_p_1 D2, DTryp+1 D ..., in the rth channel use, where & denotes the XOR.

D.2 Outerbound

For the converse, note that we can set U = 0. This is because, if U > 0, a genie can provide messages
Wy —Ur—U+1,...r—1 to destination D, as antidotes to make an enhanced index coding problem where each
user is only missing D + 1 antidotes after the desired message. In this enhanced index coding problem, we
show that the capacity is ﬁ per message. In this setting where U = 0, we intend to show that

Ri+Riy1+...+Riyp < 1.



To do so, we give destinations D;, D;y1, ..., D1 p messages W7, ., ;. p through a genie. Now, in this genie-
aided system, note that destination D;, which is missing antidotes W;t1 i+2.... i+p can decode W; (because
of achievability in the original index coding problem). Having decoded W;, this destination has all the
messages present at destination D;;,, and can therefore decode W; ;. Having decoded W; ;;1, destination
D; is now equipped with all messages present as antidotes at destination D; ;9 and can therefore decode W, 5.
Continuing this argument, it can be shown that destination D; can decode W ;11 .. 4D, and therefore we
have, as required,
Ri+Riy1+...+Riyp < 1.

E Proof of Theorem 7: X network setting with local connectivity

E.1 Achievability

We use a scalar linear achievable scheme. In particular, we choose S = F,, where ¢ is a prime power, and

n = % We choose Vi1,Va,..., Vw1 to be % linearly independent vectors in a n = w

2
dimensional space. Each message is sent over one of these vectors.
Consider an arbitrary destination, say destination Dy. After removing antidotes, this destination receives
a linear combination of L? messages shown in (189) above the line, and it is interested in L messages

Wi = AWhL kLA L—1,(k+1) L+ L—2,- (ki) L+ L—i—1, (k- L—2)L41}

shown in black in (189). The destination faces (L? — L) interfering messages shown in (189) with colors other
than black (and above the line). The “black” messages are desired by destination Dy and are encoded using

L linearly independent vectors, Vi,..., V. Because the total number of dimensions is M, the L? — L

2
interfering messages should align such that they span at most % — L dimensions. Among these interfering
messages, the L — 1 “red” messages W11, (k+1)L+L—1),...,(k+L—2)+2 are desired by destination Dy and
should be linearly independent. These messages in red are encoded using Vp11,..., Vaor_1. Also all the L—2
“green” messages that are below the red messages and above the line, i.e., Wi 2)r, (k+2)L4+L—2,...,(k+L—2)+3
are not available as antidotes at either destination Dy, or destination Dy 1 and therefore seen as interference
at both these destinations. This implies that the red messages and black messages can not align with these
green messages. So we assign Vo, ..., V3 _o as encoding vectors respectively to green messages. Proceeding
thus, we assign Vi,(z41)/2 t0 Wxgr—1)r- So far, we have assigned L(L+-1)/2— L linearly independent vectors
to L(L + 1)/2 — L interferers at destination Dj.

W—1)1+1 We-1r+2 -+ We-1r+r—1 Wir
Wirt1 Wir2 e Wiryr—1 Wt
W) p+1 Wiy -+ Wornoio—t
: : : (189)
Wesr-3yp+1 Wetr—3)42 - Wiktr-2)L
Wesr—2p41 Wagrr-—2r42 -+« Waeyr-2rin-1
Wirr-1y+1 Wesr—vr+2 -+ Waer—nri—1 Waesn)r

So the remaining interfering messages that are shown above the black messages at (189) should be sent
over the vectors such that they stay in the same span of interfering messages below the black messages. The
way that we satisfy this constraint is by sending the messages shown in (189) respectively over the following
vectors



Viyi Vi .. Vorgg Vi

Vor  Vorii ... Vs, Vi
Vi1 Vi ... Vit Var
. . . . . (190)
VL(L+1) VL71 e VL(L+1)_4 VL(L+1)_2
2 2 2
Vi Vor_1 ... VL(L2+1)_1 VL(L2+1)
Vi Vo e Vi 1 vV,
Evidently, at destination Dy, all the desired messages are seen over Vi,...,V and all the interfering
messages are seen over Vyi1,..., V1) . Therefore, the desired messages are resolvable at destination Dy.
2

Showing achievability for the remaining messages uses the same argument because of the inherent symmetry

in the problem. Speciﬁcally, if we assign Vl, Vg, cen ,VL_l, VL to W(/H—L—I)L—Hv W(k+L—1)L+2a ey W(k+L—1)L+L—17 W(k+L)L
respectively and repeat the pattern shown in (190), assigning vectors periodically for the remaining mes-

sages, we can show resolvability at every destination. This follows because, if we choose any L consecutive

rows (circularly) of (190), the vectors assigned to anti-diagonal messages which are the desired messages are

linearly independent from each other and from the vectors assigned to interfering messages. This proves

achievability.

Remark: V1,Va, ..., Viwys can be chosen to be columns of %

dimensional identity matrix, e.g.,

2
over Fo and therefore can be an orthogonal scheme. For the corresponding TIM problem this means that
channel coherence is not required [5].

E.2 Outerbound

To prove the outerbound, consider a set of % messages

Wo = AWkL kLt L—1:kL+L,-- (ki) L—im1:(k-+i) L+ L, ,(k+L—2) L+ 1:(k+L—1)L }»

i.e., the set of “colored” messages shown (above the line) in (189). Among the messages in Wp, the number
of messages intended for destination Dyy; is L — i, where ¢ € {0,1,2,..., L — 1.} Our goal is to argue that
destination Dy, can decode all these w

as C S ﬁ
Consider any achievable index coding scheme. Assume that a genie provides all the messages except Wo
to all the destinations Dy, D41, -, Dg+p—1. With the considered index coding scheme, destination Dy,

which has We© as antidotes, can decode the “black messages” in (189), i.e.,

messages and hence the symmetric rate per message is bounded

WL kL4 L—1,(k41) L+ L—2, - ,(kt6) L+ L—i—1, -+ ,(k+L—2)L+1 -

Destination Dy 1 can decode its desired L—1 “red” messages - {Wy 141, (k4+1)L+L—1, ,(k+i) L+ L—iy--- ,(h+L—2)L+2}
- using antidotes W U {Wy}. This automatically implies that destination Dy, having decoded all the
black messages including Wy, can decode the red messages as well. Now, having decoded all the black
messages and red messages, the set of messages known to destination Dy, includes Wo“UWyp kr41—1,(k+1)L

- the antidote at destination Djyyo. Therefore all the green messages can be decoded at destination Dj.
Proceeding further similarly we can argue that destination Dy can decode all the messages in Wyp. This
completes the proof.

References

[1] Y. Birk and T. Kol, “Informed-source coding-on-demand (ISCOD) over broadcast channels,” in Proceed-
ings of the Seventeenth Annual Joint Conference of the IEEE Computer and Communications Societies,
IEEE INFOCOM’98, vol. 3, 1998, pp. 1257-1264.



2]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

——, “Coding on demand by an informed source (ISCOD) for efficient broadcast of different supple-
mental data to caching clients,” IEEE Trans. on Information Theory, vol. 52, no. 6, pp. 2825-2830,
June 2006.

S. Rouayheb, A. Sprintson, and C. Georghiades, “On the Index Coding Problem and Its Relation to
Network Coding and Matroid Theory,” IEEE Trans. on Information Theory, vol. 56, no. 7, pp. 3187—
3195, July 2010.

S. Yazdi and S. Savari and G. Kramer, “Network Coding in Node-Constrained Line and Star Networks,”
IEEE Trans. on Information Theory, vol. 57, no. 7, pp. 4452 — 4468, July 2011.

S. A. Jafar, “Topological interference management through index coding,” IEEE Transactions on In-
formation Theory, 2013, accepted to Appear.

——, “Elements of cellular blind interference alignment — aligned frequency reuse, wireless index coding
and interference diversity,” ArXiv:1203.2384, March 2012.

S. Jafar, “Interference alignment: A new look at signal dimensions in a communication network,” in
Foundations and Trends in Communication and Information Theory, vol. 7, no. 1, 2011, pp. 1-136.

V. Cadambe and S. Jafar, “Interference alignment and the degrees of freedom of the K user interference
channel,” IEEE Trans. on Information Theory, vol. 54, no. 8, pp. 3425-3441, Aug. 2008.

——, “Interference alignment and the degrees of freedom of wireless X networks,” IEEFE Trans. on
Information Theory, no. 9, pp. 3893-3908, Sep 2009.

V. R. Cadambe, S. Jafar, H. Maleki, K. Ramchandran, and C. Suh, “Asymptotic interference alignment
for optimal repair of mds codes in distributed data storage,” submitted to IEEE Trans. on Information
Theory. Preprint available on Authors’ website, 2011.

A. G. Dimakis, K. Ramchandran, Y. Wu, and C. Suh, “A survey on network codes for
distributed storage,” Proceedings of the IEEE, vol. 99, pp. 476-489, 2011. [Online]. Available:
http://arxiv.org/abs/1004.4438

A. Das, S. Vishwanath, S. Jafar, and A. Markopoulou, “Network coding for multiple unicasts: An
interference alignment approach,” in Proceedings of IEEE International Symposium on Information
Theory, 2010, pp. 1878 — 1882.

C. Meng, A. Ramakrishnan, A. Markopoulou, and S. Jafar, “On the feasibility of precoding-
based network alignment for three unicast sessions,” CoRR, Feb. 2012. [Online]. Available:
http://arxiv.org/pdf/1202.3405.pdf

T. Ho, M. Effros, and S. Jalali, “On equivalence between network topologies,” in 48th Annual Allerton
Conference on Communications, Control and Computing, 2010, pp. 391 — 398.

S. Jalali, M. Effros, and T. Ho, “On the impact of a single edge on the network coding capacity,” in
Information Theory and Applications Workshop (ITA), 2011, pp. 1 — 5.

M. Langberg and M. Effros, “Network coding: Is zero error always possible?” in 49th Annual Allerton
Conference on Communications, Control and Computing, 2011, pp. 1478 — 1485.

A. Blasiak, R. Kleinberg, and E. Lubetzky, “Index coding via linear programming,” CoRR, April 2010.
[Online]. Available: http://arxiv.org/pdf/1004.1379v2.pdf

R. Koetter and F. R. Kschischang, “Coding for errors and erasures in random network coding,” IEEE
Transactions on Information Theory, vol. 54, no. 8, pp. 3579-3591, 2008.



[19]

[20]

[21]

[24]

[25]

[26]

S. Jaggi, M. Langberg, S. Katti, T. Ho, D. Katabi, and M. Medard, “Resilient network coding in
the presence of byzantine adversaries,” in INFOCOM 2007. 26th IEEE International Conference on
Computer Communications. IEEE, 2007, pp. 616-624.

A. Ramakrishnan, A. Das, H. Maleki, A. Markopoulou, S. Jafar, and S. Vishwanath, “Network Cod-
ing for Three Unicast Sessions: Interference Alignment Approaches,” Annual Allerton Conference on
Communications, Control and Computing, October 2010.

J. Han, C. Wang, and N. B. Shroff, “Analysis of precoding-based intersession network coding and
the corresponding 3-unicast interference alignment scheme,” in 49th Annual Allerton Conference on
Communications, Control and Computing, 2011, pp. 1033 — 1040.

M. Effros, S. Y. E. Rouayheb, and M. Langberg, “An equivalence between network coding and index
coding,” CoRR, vol. abs/1211.6660, 2012, http://arxiv.org/abs/1211.6660.

E. Chlamtac and I. Haviv, “Linear index coding via semidefinite programming,” CoRR, July 2011.
[Online]. Available: http://arxiv.org/pdf/1107.1958v1.pdf

I. Haviv and M. Langberg, “On linear index coding for random graphs,” CoRR, July 2011. [Online].
Available: http://arxiv.org/pdf/1107.0390v1.pdf

E. Lubetzky and U. Stav, “Nonlinear index coding outperforming the linear optimum,” IEFEE Transac-
tions on Information Theory, vol. 55, no. 8, pp. 3544-3551, 2009.

N. Alon, A. Hasidim, E. Lubetzky, U. Stav, and A. Weinstein, “Broadcasting with side information,”
CoRR, Jun. 2008. [Online]. Available: http://arxiv.org/pdf/0806.3246v1.pdf

Z. Bar-Yossef and Y. Birk and T. S. Jayram and T. Kol, “Index Coding With Side Information,” IEFEE
Trans. on Information Theory, vol. 57, no. 3, pp. 1479 — 1494, March 2011.

A. S. Tehrani, A. G. Dimakis, and M. J. Neely, “Bipartite index coding,” in Information Theory Pro-
ceedings (ISIT), 2012 IEEE International Symposium on. IEEE, 2012, pp. 2246-2250.

T. Ho and H. Viswanathan, “Dynamic algorithms for multicast with intra-session network coding,” ,
IEEE Transactions on Information Theory, vol. 55, no. 2, pp. 797-815, 2009.

T. Ho, M. Medard, R. Koetter, D. Karger, M. Effros, J. Shi, and B. Leong, “A random linear network
coding approach to multicast,” IEEE Transactions on Information Theory,, vol. 52, no. 10, pp. 4413—
4430, 2006.

Z. Bar-Yossef, Y. Birk, T. S. Jayram, and T. Kol, “Index coding with side information,” in 47th Annual
IEEE Symposium on Foundations of Computer Science, 2006. FOCS ’06., 2006, pp. 197 — 206.

M. Chaudhry and A. Sprintson, “Efficient algorithms for index coding,” in IEEE Conference on Com-
puter Communications (INFOCOM), 2008, pp. 1 — 4.

R. Dougherty and C. Freiling and K. Zeger, “Insufficiency of linear coding in network information flow
J > IEEE Trans. on Information Theory, vol. 51, no. 8, pp. 2745 — 2759, Aug. 2005.

A. Blasiak, R. Kleinberg, and E. Lubetzky, “Lexicographic products and the power of non-linear
network coding,” CoRR, Aug. 2011. [Online]. Available: http://arxiv.org/abs/1108.2489

F. E. Oggier and N. J. A. Sloane and S. N. Diggavi and A. R. Calderbank , “Nonintersecting subspaces
based on finite alphabets ,” IEEE Trans. on Information Theory, vol. 51, no. 12, pp. 4320 — 4325, Dec.
2005.

S. H. Dau, V. Skachek, and Y. M. Chee, “Optimal index codes with near-extreme rates,” CoRR, Feb.
2012. [Online]. Available: http://arxiv.org/pdf/1202.1150.pdf



[37] Y. Berliner and M. Langberg, “Index coding with outerplanar side information,” in Proceedings of IEEE
International Symposium on Information Theory, 2011, pp. 806 — 810.

[38] L. Ong and C. K. Ho, “Optimal index codes for a class of multicast networks with receiver side
information,” CoRR, April 2012. [Online]. Available: http://arxiv.org/pdf/1204.0867v1.pdf

[39] A. B. Carleial, “Interference channels,” IEEE Trans. Inform. Theory, vol. 24, no. 1, pp. 60-70, 1978.



