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Abstract—Integrated sensing and communication (ISAC) is in-
creasingly recognized as a pivotal technology for next-generation
cellular networks, offering mutual benefits in both sensing
and communication capabilities. This advancement necessitates
a re-examination of the fundamental limits within networks
where these two functions coexist via shared spectrum and
infrastructures. However, traditional stochastic geometry-based
performance analyses are confined to either communication or
sensing networks separately. This paper bridges this gap by
introducing a generalized stochastic geometry framework in
ISAC networks. Based on this framework, we define and calculate
the coverage and ergodic rate of sensing and communication per-
formance under resource constraints. Then, we shed light on the
fundamental limits of ISAC networks by presenting theoretical
results for the coverage rate of the unified performance, taking
into account the coupling effects of dual functions in coexistence
networks. Further, we obtain the analytical formulations for
evaluating the ergodic sensing rate constrained by the maxi-
mum communication rate, and the ergodic communication rate
constrained by the maximum sensing rate. Extensive numerical
results validate the accuracy of all theoretical derivations, and
also indicate that denser networks significantly enhance ISAC
coverage. Specifically, increasing the base station density from
1 km~2 to 10 km~2 can boost the ISAC coverage rate from
1.4% to 39.8%. Further, results also reveal that with the increase
of the constrained sensing rate, the ergodic communication rate
improves significantly, but the reverse is not obvious.

Keywords: Integrated sensing and communication (ISAC),
multi-cell networks, coverage and ergodic rate analysis, stochastic
geometry.

I. INTRODUCTION

Integrated sensing and communication (ISAC) has been
recognized as one of the key usage scenarios for sixth-
generation networks, offering efficient wireless communica-
tions and sensing functions within the same system and thus
enhancing spectrum efficiency [1], [2]. Armed with ultra-
reliable and precise dual-function services, ISAC systems can
support many emerging applications such as virtual/augmented
reality, smart home and factory automation [3].
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Recently, a rich body of research has grown up around the
theme of this new technology [4]-[10]. Among them, many
efforts have been dedicated to improving the ISAC perfor-
mance, and most of them focus on waveform designs and
signal processing. However, these optimization frameworks
lack a mathematical understanding of ISAC systems to explore
the fundamental performance bounds and provide analytical
insights. Up to now, there are only a few investigations [11]-
[14] that have delved into basic performance analysis on ISAC
systems. Specifically, authors in [11] proposed a systematic
classification method for both traditional radio sensing and
communication, and summarized the major performance met-
rics and bounds used in sensing, communication and ISAC, re-
spectively. The work in [12] investigated the trade-off between
Cramér-Rao lower bound (CRLB) and communication rate
on a subspace of the unified ISAC waveforms. Its main con-
tribution was the derivation of the maximum communication
rate under the minimum CRLB constraints, and the minimum
CRLB under the maximum communication rate constraint.
The work in [13|] primarily explored the communication and
sensing mutual information and then designed waveforms to
strike a trade-off. However, these studies are constrained to
specific scenarios and focused on a single cell or few cells,
without considering all possible locations of base stations
(BSs) and users or inter-cell interference to provide general
performance bounds at a network level.

To tackle this issue, stochastic geometry can provide a
powerful tool for deriving general performance analyses and
guidelines for multi-cell networks across various possible
topologies. Motivated by these considerations, it is of great
value to carry out the stochastic geometry-based analyses on
the ISAC networks to develop tractable formulations for key
performance metrics.

A. Related Work

Leveraging the tractability of stochastic geometry, several
notable results have been obtained in separate communication
[L5]-[19] and sensing [20]-[23]] networks. Specifically for the
communication networks, authors in [15] proposed a general
framework with a distance-dependent line-of-sight probability
function to evaluate the coverage and rate performance in
millimeter-wave cellular networks. In [[16], authors charac-
terized signal-to-interference-plus-noise ratio (SINR) and a
unified approach to conduct analytical expressions for symbol
error probability (SER), outage probability, and transmission
rate analysis. Moreover, the work in [17] proved that the cover-
age probability and average rate can be compactly formulated
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as a twofold integral for arbitrary per-link power gain with the
aid of the Gil-Palaez inversion formula.

As for the performance analysis for the positioning net-
works, it is generally necessary to determine the number of
BSs participating in the positioning process. In particular, re-
ceiving stronger pilot signals from serving BSs is increasingly
beneficial for the positioning process. In view of this con-
sideration, authors in [20] defined and computed the metric,
L-localizability, to study the probability of the number of BSs
whose signals arrive with sufficient quality to successfully
participate in the positioning procedure. Besides, the work in
[21] studied the conditions of lacking an adequate number
of detectable positioning signals from localized devices and
then derived accurate analytical expressions for the proba-
bilities of meeting this condition in the noncollaborative and
collaborative cases, respectively. On the other hand, the metric,
CRLB [24]-[26] was typically studied to characterize the
accuracy of the positioning networks. Specifically, the works
in [22]] and [23]] first derived the distribution of L-localizability
probability and then provided heuristic approximations of the
CRLB expressions based on the time-of-arrival and received
signal strength (RSS), respectively.

Most recently, the usage of stochastic geometry has been
extended to ISAC scenarios [27]-[30]. The work in [27]
defined the sensing signal-to-noise ratio and capacity as well
as computed upper and lower bounds of the coverage and
capacity expressions for communication and radar sensing,
respectively. In [28], the detection performance was derived
with multiple access for separate communication and radar
sensing in a heterogeneous cellular network. Moreover, the
work in [29] modelled radar exploration and communication
service tasks using stochastic geometry and defined the sum-
mation as the network throughput. It also provided insights
into the optimal resource allocation, such as the duty cy-
cle, radar bandwidth, and transmit power, to maximize the
defined network throughput. The work in [30] characterized
the performance of radar range detection and communication
coverage probability. Furthermore, authors in [31] derived
tractable expressions of area spectral efficiency to capture
communication and sensing performance, and formulated the
optimization problem to maximize the network performance.
The overall results provide an initial worthwhile exploration
of stochastic geometry-based analysis for ISAC networks.

However, all these studies [27]-[31] are restricted to the
scenarios where the ISAC dual functions are respectively
applied to the communication users and sensing targets, and
obtained separate communication and sensing performance
formulations. Thus, the study on the performance analysis of
ISAC networks through stochastic geometry is still limited,
and the derivations of theoretical formulations for unified
ISAC performance are lacking. To cope with it, another
scenario well worthy of stochastic geometry analysis is for
ISAC operating on the same users [32], [33], which can
achieve the mutual benefits of dual functions effectively. As
such, the sensing results can facilitate beam management
or tracking for the communication process, and in turn, the
channel estimation in the communication process can further
enhance the sensing performance. However, the theoretical

analysis of these ISAC networks through stochastic geometry
is still missing and challenging. This paper bridges this gap
by deriving the fundamental limits of unified ISAC networks,
which solves the difficulties that the performance of ISAC
dual functions is coupled with each other, owing to their
coexistence with the same BS deployments and experiencing
the same channel fading.

B. Contributions

In this paper, we propose a generalized stochastic geometry
framework to model ISAC networks. Based on this framework,
we define and calculate the coverage and ergodic rate of joint
and conditional ISAC performance, taking into account the
coupling effects in coexistence networks. The main contribu-
tions of this paper are summarized as follows.

e Generalized stochastic geometry framework for ISAC
networks: We propose a generalized stochastic geometry
framework for exploring the coverage and ergodic rate
of ISAC networks. This framework establishes a unified
paradigm to model ISAC networks, capturing the spatial
randomness inherent in multi-cell networks.

e Coverage and ergodic rate analysis for ISAC networks:
Based on the proposed framework, we obtain theoretical
results for the coverage and ergodic rate analysis for
sensing and communication performance under resource
constraints. Then, we present theoretical results for the
coverage rate of unified ISAC performance, taking into
account the coupling effects in coexistence networks.
These mathematical formulations offer a comprehensive
view of how the network deployment influences the
ergodic rate of unified ISAC dual functions. Further,
we provide the analytical formulations for evaluating
the ergodic sensing rate constrained by the maximum
SER, and the ergodic communication rate constrained by
the maximum CRLB. These results yield an insightful
understanding of the capabilities and limitations of one
function while ensuring the worst-case performance of
the other function in the coexistence networks.

e Network deployment insights into ISAC coverage and
ergodic rate performance: Numerical results validate the
accuracy of derived formulations and confirm that denser
networks markedly enhance ISAC coverage rate. For
instance, increasing the BS density from 1 km 2 to
10 km ™2 boosts the ISAC coverage rate from 1.4% to
39.8%. Further, results also reveal that with the increase
of the constrained sensing rate, the communication rate
improves significantly, but the reverse is not obvious.

II. SYSTEM MODEL

In this section, we introduce the generalized stochastic
geometry model and characterize performance metrics for
evaluating ISAC dual-function performance. Then, we define
and calculate the joint and conditional ISAC coverage and
ergodic rate.



A. Network Model

We consider the ISAC networks where BSs perform the
positioning and communication functions on users during
downlink transmissions. The locations of BSs are modelled
using a homogeneous Poisson point process (PPP ® c R?
with density A [18]. Similarly, ®,, represents the homogeneous
PPP of users with density A,. The system model is illustrated
in Fig. [l We have summarized all the notations and listed
them in Tab. [l for quick reference. Generally in the ISAC
process, the typical user has multiple access to the positioning
pilots from the nearest £ BSs for self—positioningg, while
receiving the communication data from the nearest BS. Hence,
the values of Ry and R, can characterize the interference
boundaries of the ISAC process.
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Figure 1: An implementation of an ISAC network, where
the triangles represent BSs, and the red and green triangles
represent the nearest BS and the L-th nearest BS (£ = 4
in this figure), respectively. The point represents the typical
user, and the locations of the remaining users are omitted for
brevity.

Lemma 1. Following the above network model, the probabil-
ity density function (PDF) corresponding to Ry, can be written
as
> 2(Amr?)!
fri(r) = e m(g—_ll)), M
Lemma I can be proved by using the property of PPP
distribution. By assigning L the values 1 and L, the PDFs
for Ry and R, can be obtained, respectively. Moreover,
conditioning on a given R, the conditional PDF of R; can
be expressed as

2L1 (R% —r2)E-t
R%-

fRi R (1| Re) = )

'The most widely used model for the spatial locations of nodes is consid-
ered as (homogeneous) PPP due to its tractability and analytical flexibility
[19]. The main advantage of this approach is that the BS positions are all
independent which allows substantial analytical tools to be borrowed from
stochastic geometry [16].

21t is assumed that the £ BSs which provide the highest average SINRs
make up the set of participating BSs. After averaging the received signal over
a period of the positioning process [20]], the nearest £ BSs are generally
selected as in Definition 2

Symbols Definition/explanation
R; Distance from the [-th nearest BS to the typical user
Pr Transmit power of the BS
B Path-loss exponent (generally 8 > 2)
Small-scale fading term of the [-th link, following
ol exponential distribution with parameter 1
D Directivity gain induced by the directional beam of
! the I-th BS
ng Shadowing effect (n; ~ N (0, £2))
0 SINR threshold for the positioning process
I Maximum number of BSs that can participate in
P the positioning process
Coverage thresholds for the positioning and
€1 and ez . .
communication process, respectively
Generalized incomplete Gamma function as
F(w720721) le twfleftdt
)

Table I: Notation and symbols used in the paper

Proof: One can first calculate the cumulative distribution
function (CDF) of Ry, which is equivalent to having at least
L BSs within b(O, ), where b(O, r) denotes a circle with
center at point O and radius rp, i.e.

Fiy () = B(V(r) 2 1) = Y- e BTEE )
j=L !

where N (rp) is the total number of points within b(O,rp).
Taking derivation of the resulting CDF with respect to 7r,
yields Eq. (. Next, it can be proved from [34] that the points
within b(o, Ry,) obey uniform binomial point process (BPP)
under the condition Ry, i.e. P(N(r;) = 1|[N(Rp) = L) =

L\, 2 2N N .
1 (R—lzL)(l — R_12L)L 1 where 0 = n,(+ln), Taking
derivation of the above CDF with respect to r1 yields Eq. @).
0

Using Lemma 1, we can obtain the PDFs and conditional
PDFs of the locations of the £-th nearest BS and the nearest
BS, which are very crucial for deriving the positioning and
communication performance subsequently.

B. Performance metrics

This section is dedicated to the derivations of performance
metrics in ISAC networks. Hence, we derive and calculate the
CRLB and transmission rate to measure the ISAC network
performance based on the received signals of the typical user.

Denote the location of the typical user with single antenna
and the [-th nearest BS with M antennas by py = [zv, yu]
and p; = [z, y;], respectively, and the distance can be written
as r; = ||puv — pi]|- The received signal of the typical user
from the [-th BS can be written as

Y = \/PTrfﬁthl + 21 4)

where h; € CY*M contains small-scale fading coefficients
wherein the elements follow CN(0,1), x; is the transmitted
vector with ||x;||2 = 1, and z is additive white Gaussian noise.
Following the derivation procedure of the CRLB via the RSS



method, we first write the logarithm of signal strength from
the [-th BS based on Egs. @) as

51 = PS® —1081og(r;) + ny (dB), (5)

where P$® = 10log(Pr) is the transmit power of the BS in
dB. Note that the small-scale fading has averaged out over
multiple timeslots. The conditional PDF of RSS f(s;|pv) is
written as

(s — PR+ 1omog(n))2> . ©)

1
Varg o 2

Then the likelihood function of the received vector
s = [s1,82,..,5c]7 can be written as f(s|py) =
Hle f(silpy). Thus, the estimated py can be ob-
tained by the maximum likelihood method, ie., py =
arg maxp,, f(s|py). The lower bound of the mean square
error can be measured by the CRLB, denoted by CRLB =

T

Tr(J,,}), where Jp, (6‘%]) Js (a‘?)—SU) and Js =
: : T

E { (81“ fa(:\PU)) (mn ja(:\pu)) } Using algebraic manipu-

lation, we can obtain

In10 2 2

2
2
108 > < Zlﬁzl an:l rl_27°7712 sin?(6; — Gm)’
@)

CRLB = <

where cosf; = = and sin 6, = 25

Proposition 1. Through the adjustment of the orientation or
internodal angles of BSs, we can obtain the lower bound of
the CRLB as

n10\* , 4
where the lower bound is achieved if it satisfies
c
;W - 2ke??.>f£} e ®
Proof: Please see Appendix O

Proposition 1 provides a more tractable form of the position-
ing performance. It can be noticed in the simulation section
that C accurately characterizes the minimum CRLB attainable
for the positioning process. Hence, under the condition of £
BSs participating in the positioning process, the positioning
coverage is defined as the probability that C is not larger than
the threshold value ¢;.

Definition 1. The L-conditional positioning coverage proba-
bility is defined as

B n10\? 2 4
Pp(61|£)_P{<10[3) ¢ Zf:lrfz

Then, it is necessary to define the L-localizability probabil-
ity in order to obtain the marginal positioning coverage rate. In
general, the received signal can be successfully detected when
its SINR exceeds a predetermined threshold value. Thus, the

gel}. (10)

L-localizability can be defined as the probability that the SINR
of the L-nearest B is greater than the threshold .

Definition 2. The L-localizability probability is defined to
have at least £ BSs participating in the positioning process,

written as
P -B
T 1 T
Yiery1 Prri 7 4+ No

where Ny is the average power of received noise. Note here
that the received SINR excludes the small-scale fading and di-
rectional beam gain, because it can be assumed that these parts
have been averaged out over a period of positioning process
and already contained inside «y [20]. Then, the probability mass
function (PMF) of exact £ BSs involved in the positioning
process can be written as

(L] y)=PL(L|v)=P(L+1]7).

Combining Definition 1 and Definition 2, the marginal po-
sitioning coverage rate can be henceforth deduced as follows.

PL(£|’Y)—P{

12)

Definition 3. The coverage rate in the positioning process is
defined as
Lp—1
Py(e1) =Py(e1|Lp)Pr(Lply) + Z Py(ea|l) fr(lly)
1=3
+ u(el - NL)(l - PL(3 | ’y))

where Lp is the maximum number of BSs that can participate
in the positioning process, the case | < 3 corresponds to the
unlocalizable scenario, and Ny denotes a sufficiently large
value. Specifically, it is impractical for an infinite amount of
BSs participating in the positioning process under resource
constraints, since the target user needs to have multiple access
to the desired pilot signals. Hence, the value of Lp is finite
and determined by the resources allocated for the positioning
process. Besides, we proceed to consider the scenario where
the typical user cannot be positioned if fewer than 3 BSs
participated in positioning by the RSS-based method, in which
case the corresponding C should take a sufficiently large
value Ny. In order to ensure the validity of the positioning
coverage probability, a step function w(-) is introduced, i.e.,
u(er — Ni) =0 for €5 < N, otherwise 1.

13)

On the other hand, in the communication process, the
received signal of the typical user can be expressed as

o
yc = Z \/PTT;ﬁthlul +n
=1

where w; is the beamforming vector of the [-th BS, w; is
the transmitted symbol of the /-th BS with |u;|> = 1 and n
is the additive noise following CA(0,02). The typical user
is usually associated with the BS that has the smallest path
loss. That is, the nearest BS provides the desired signals and

(14)

PTr):B

—B
'LOiL+1 Prr; "+No

31t is straightforward to infer that

PTrfB

PNy Prr; P+ No
the L-nearest BS is evaluated with respect to ~.

for V £ < I < L. Therefore, only the SINR of



the remaining signals are considered as interference. Then, the
communication SINR can be written as

- PTTl_B|h1W1|2
O, Prry w2 + 03
According to the sectored model to approximate directional
beam patterns [15], we have

_ M17
Dl N {M27

where M; and M, are main-lobe gain and side-lobe gain,
respectively. ¢; = % and cy = 1 — ¢; are the probabilities of
the main lobe and side lobe, respectively, where ¢ is the main-
lobe width. Then, the communication SINR can be rewritten
as

5)

with probability c;

with probability co (16)

_ PTrl_ﬂ|a1|2D1
S, Prry P lag|2Dy 4 02

and the transmission rate can be written as R = log,(1+ 7T).

a7

Definition 4. The coverage rate in the communication process
is defined as

PC(EQ) = P{T 2 62}, (18)

Moreover, the coverage rate of ISAC dual functions within
the same network needs further definition and calculation.

Definition 5. The coverage rate of the ISAC process is defined
as

Ppgcler, €2) =P{C <e1, T > €2}, (19)

This metric can characterize the probability that the po-
sitioning and communication bounds are simultaneously no
more than €; and ey, respectively at any point in ISAC net-
works considering the coupling effects of these two functions.

Meanwhile, the conditional coverage rate of the ISAC
process is also desirable, e.g., to find the positioning coverage
rate conditioned on communication performance constraints,
written as

P,

we(el] e2) =P{C < e | T > e}, (20)

which is quite useful, especially when one intends to incor-
porate positioning capabilities into the underlying commu-
nication networks. Specifically, this formulation can directly
indicate the achievable positioning coverage rate in the ISAC
networks where the accuracy bound of the communication
process has been already known. In the other case, we obtain
likewise

Pc\p(€2| 61) = ]P){T Z €2 | Q S 61}. (21)

which describes the coverage of the communication when
guaranteeing the positioning performance in ISAC networks.
Furthermore, we can accordingly obtain the ergodic rate for
positioning, communication, and unified performance.

Definition 6. The ergodic rates for the communication, posi-
tioning, communication constrained by the maximum C, and
sensing constrained by the maximum 7Y, can be defined and
calculated respectively by

E(C) = /000(1 — Py(e1))deq, (22)

PC(EQ)

E(R) 1+e

deog, (23)

_ /OO
_1n2 0

BCIT2e)= [ (1-Plala)da. @)
0
" L= Pylal)
clp\€2|€1
< = — S .
E(R|C<e) 1n2/0 1T dez (25)
Proof: Please see Appendix{Dl O

III. COVERAGE PROBABILITY AND RATE ANALYSIS IN
ISAC NETWORKS

This section contains the main technical contributions of
this article. In particular, we provide mathematical expressions
for the coverage and ergodic rate of positioning, communica-
tion and unified performance defined above in the stochastic
geometry-based ISAC networks.

A. Coverage Rate Analysis of the Positioning Performance

In the following lemma, we derive the coverage rate of po-
sitioning performance on the condition of £ BSs participating
in the positioning process.

Lemma 2. The coverage rate of L-conditional positioning
performance is

Bylerlt) ~1 +ni (V)]

—|—7T/\7’%ef‘”””£2— T ln(l —ef‘””‘rzz) | fre(re)dre,
(26)

(o]
exp [—w)\ri

2
where a = N(N!)~~, p = (%) 12z and fr, (rz) is given
in Lemma 1.

Proof: Please see Appendix-El O

Lemma 2 essentially provides analytical expressions of the
conditional coverage rate under resource constraints. Further, it
is necessary to find the probability distribution of the number
of BSs participating in the positioning process, £, which is
associated with the received SINR and predefined threshold.

Lemma 3. The L-localizability probability is
N oo
_ N _1\n+1 anvrﬂNoP71
Puel) =3 (V) ey [ eomrtes
2
exp{w)\r% [1 —e Mt (any)%l"(— 5 0, anw)} }fRE (re)dre,
27)

where I'(w, zp,21) is the generalized incomplete Gamma
function as fzzol t*~te~tdt. Accordingly, the PMF of £ BSs
participating in the positioning process is
N o0
fL(‘Ch):Z <N> (_1)n+1/ elm’YTQNoPTl exp [W)\T%
0

n
n=1

2 _
(1—e ™+ (am)%l“(_ﬁv 0,any))] — e e NoPr!

F(_%7 01 GTL’}/))] 9 (28)

=N

exp [TAr7 1 (1 — e + (any)



where L is restricted to integer values, i.e., £ € Z.
Proof: Please see Appendix{H O

Now based on Lemmas 2 and 3, we are ready to present
the theoretical results on the coverage rate of positioning
performance.

Theorem 1. The coverage rate of the positioning performance
can be computed as
Lp—1
Py(er) =Pyl Lp)Po(Lpl) + Y Pylell)
1=3
fo(lly) +u(er = No)(1 = Pr(3 | 7)),

where P,(e1|L), Pr(L]y) and fr,(L£|y) are given by Eqgs. (26),
@7) and 28), respectively. This corresponds to three scenar-
ios: when L > Lp, there are total Lp BSs participating in
the positioning; when 3 < L < Lp, the number of involved
BSs is determined by the L-localizability SINR threshold ~;
when L < 3, the typical user is unlocalizable based on RSS
methods.

(29)

B. Coverage Rate Analysis of the Communication Process

We now provide theoretical results of the coverage rate
of communication performance considering directional beam
patterns.

Theorem 2. The coverage rate of the communication perfor-
mance can be computed as

oo __ c20p e
PC(EQ) :/ e Prr By EIagg
0

——5— | fr.(r1)dry,
PTT‘I'BM1> Rl( 1) !

where the Laplace functional of the aggregate interference
power is computed as

2
&
‘CIagg (S) =exp {ﬂ—/\rerQ (1 o Z m)
=1 TVt

_ 2L { N, gy
2 = sP My + rf B—2
Fi(1,1 29 2 _spom 5)”
241 (L, 3’ 3’ S IMTT )
and 2 F(a, b; c; z) is the Gauss’ hypergeometric function.
Proof: Please see Appendix{Gl O

Theorem 2 contains the directional beam-dependent parame-
ters, illustrating the importance of designing the beam gain and
width of the main-lobe and side-lobe to improve the coverage
rate of communication performance.

C. Joint Analysis in the ISAC Process

The coverage analysis of ISAC performance requires taking
into account the coupling effects] in the dual-function coexis-
tence networks, as given in the following theorem.

“In the proposed ISAC networks, the parameters shared by the dual
functions mainly include the BS density, which determines the distances from
BSs to the typical user, resource allocation ratio, the transmit power, additive
noise power and path loss coefficient.

Theorem 3. The coverage rate of ISAC performance is

Pp&c(elv 62) = PL (LPh/)PP&C(Elv €2|LP)
Lp—1
+ > fulllm) Pogee(ersea [1) + (1= PL(3 | y))uler — Np),

1=3
(32)

where the L-conditional ISAC coverage rate is computed

in Eq. (33) and the L-localizability functions Pr(L]y) and

fr(L]y) are given by Eqs. (27) and (28), respectively.
Proof: Please see Appendix{Hl O

Besides, error rate analysis is also an important part in-
cluded in rate analysis, and the related derivations and simu-
lations can be found in Section. [V-El

IV. NUMERICAL RESULTS

In this section, we validate the accuracy of our derived
analytical results. Then, we explore the impact of various
network parameters on the coverage rate of positioning, com-
munication, and unified performance.

A. Simulation Setup

For the simulation setup, it is assumed that the BSs are
randomly distributed inside a 2-D plane by a homogeneous
PPP with A = 8/4/3 (km™2) [20]. Parameters for the direc-
tional beam patterns include M; = 0 dB, My = —20 dB, and
¢ = 30°. Unless otherwise stated, the simulation parameters
are set as follows, 3 = 3.6, Pr = 0 dB, 02 = Ny = —89
dBm, ¢ = -9 dB and N = 5.

B. Coverage and Ergodic Rate Analysis in the Positioning
Process

Fig. [2l compares the analytical results of the positioning
coverage rate P,(e1) from Lemma I against experimental
results across three scenarios. Specifically, the curves in the
first scenario are the experimental results for the lower bound
of the CRLB derived in Proposition I, which can be found
sufficiently close to the analytical results, validating the accu-
racy of our derived formulations. Then, the performance im-
provement between the second and third curves suggests that
adapting the BS antenna orientations or internodal angles can
effectively enhance the positioning performance, especially
for high-accuracy positioning. Moreover, it is shown that the
CRLB with optimized BS orientations closely matches that of
the first curve, which demonstrates the tightness of the derived
lower bound.

In Fig. Bl we describe the PMF of the number of BSs par-
ticipating in the positioning process, £, and show significant
diversity under different 5 and ~. It is shown that the £ value
of the PMF peak becomes larger as  and ~ increase, which
can be analyzed by Lemma 3. Note that the increase in £ value
of the PMF peak does not indicate a higher probability of the
larger number of BSs participating in the positioning process.
As we can observe, the increases in 3 and ~ also result in a
decrease in the PMF peak values.
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tion, derived in Lemma 2, versus different accuracy thresholds
and scenarios.
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Figure 3: The PMF of L, derived in Lemma 3, versus different
path-loss exponents and L£-localizability SINR thresholds.

In Fig. [ we explore the relationship between the position-
ing coverage rate and vy under various L p values. We evaluate
the coverage trends for positioning accuracy within /0.5 m,
1 m, and v/2 m. It shows that increasing Lp significantly
improves the positioning performance at small Lp regimes,
and reaches saturation at higher values. Therefore, it is not
necessary to choose an extremely large Lp. In addition,
decreasing y can promote the accuracy value even at large
Lp. For instance, decreasing v from —10 dB to —15 dB, the
coverage rate of sub-1 m is improved from 65% to 78%.

Fig. I3l examines the ergodic rate of the positioning process

3 4 6 8 10 12 14 16 18 20
Maximum number of participating BS Lp

Figure 4: The coverage rate of positioning performance
P,(€1), derived in Theorem 1, versus different accuracy thresh-
olds and L-localizability SINR thresholds.
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Fi:gure 5: The ergodic rate of the positioning process E(C),
derived in Theorem I and Definition 6, versus different path-
loss exponents and BS densities.

under various 7y values. This provides an intuitive view of
fundamental limits for positioning accuracy. It can be observed
that increasing 8 and A properly can improve the positioning
performance. Specifically, the ergodic positioning bound is
0.61 mat 3 =4.6, A\ =1 km~? and ~ not greater than —15
dB. It also presents a clear design guideline for developing
desired positioning accuracy, i.e., within 1 m.

C. Coverage and Rate Analysis in the Communication Process

Fig. 16| evaluates the impact of directional beam settings
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Figure 6: The coverage rate of communication performance
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Figure 7: The ergodic rate of the communication process
E(R), derived in Theorem 2 and Definition 6, versus different
path-loss exponents and BS densities.

on the coverage rate of communication performance. It can
be observed that increasing the main-lobe power has some
enhancement on the communication coverage, though not
significantly, as it simultaneously increases the aggregated
interference. On the other hand, widening the main lobe or
increasing the power of the side lobe leads to a reduction in
communication coverage due to a dramatic increase in inter-
ference signal strength. These results suggest that designing
a narrow main lobe and the minimum side lobe effects can
significantly improve communication coverage.

In Fig. [7I we plot the ergodic rate of the communication
process under different BS transmitted powers. The results
show that the ergodic rate is insensitive to the variations in both
A and Pr at lower path-loss exponent regimes. On the other
hand, for the scenarios with high path loss, increasing A and
Pr can noticeably improve the communication performance,
especially for small A. This indicates that increasing A and
Pr can significantly improve communication coverage, but
such changes are marginal under high SINR conditions. These
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Figure 8: The coverage rate of ISAC performance
Ppgc(€1,€2), derived in Theorem 3, versus different BS
densities.
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results also provide an intuitive view of the fundamental limits
of communication capacity.

D. Joint Coverage and Rate Analysis in the ISAC Process

Fig. [8] depicts the coverage rate of ISAC performance for
A = 1km? and 10 km™? cases. The simulation results
are observed to overlap the analytical results, validating the
accuracy of Theorem 3. It also demonstrates that the ISAC
coverage improves with the increase of the BS density.

Fig. O illustrates the trade-off performance between the
coverage rate of the sub-1 m positioning function and the
average communication throughput varying the BS density
with different Lp. It can be found that as ) increases, both the
positioning coverage rate and the communication throughput
improve accordingly. The main difference is that the increase
in A notably enhances the average communication throughput
while having a limited effect on the positioning coverage rate
at small A regimes, and that the increase in A can significantly
improve the positioning coverage rate while having little effect
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function constrained by the communication rate, versus dif-
ferent thresholds and path-loss exponents.

o

3

on the average communication throughput at large A regimes,
which demonstrates the optimal A for the communication and
positioning performance are not equal. Besides, increasing L p
improves the coverage rate of positioning performance, but
severely degrades average communication throughput. These
trade-offs highlight the significance of selecting an optimal A
and Lp to achieve both high-accuracy positioning and high-
throughput communication.

E. Joint and Conditional Coverage and Error Ergodic Rate
Analysis in the ISAC Process

In this subsection, we study the SER performance for the
communication process, which is derived with a coherent
maximum likelihood detector under K -quadrature amplitude
modulation (QAM) modulation as

VK -1 3 VE —1\° , 3
VK Q( K—1T>_4<W>Q< i’
(34)

Note that Eq. (34) captures the error probability of a
modulated signal going through additive white Gaussian noise
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Figure 12: The conditional coverage rate of the communication
function constrained by the positioning rate, versus different
thresholds and path-loss exponents.

channels while not considering the actual coding methods.
Then, the coverage rate in the communication process and
ISAC process can be defined respectively as

Ps(63) = ]P{S S 63}, (35)
and
Pogs(er, €3) =P{C <€, S <e3}, (36)
Using similar approaches, we can obtain
oo _ o5 —2,1-/T-e3
Py (e3) :/ e PTTI‘%MHQ =)
0
Q2 (—5) o0
L - = - r1)dry,
Tagg PT'f'l_ﬂM1§ le( 1) 1
and
Bpges(€1, €3) = PL(Lp|y) Ppes (€1, €3 Lp)
Lp-1
+ > felll)Poes(erses 1)+ (1= Po(3 | 7))u(er = Nr),
1=3
(38)
where v = YE-1 ¢ — 25, Q72(¢) is the square of the

inverse Q function, the L-conditional ISAC coverage rate
is computed in Eq. (39 and the L-localizability functions
Pr(Lly) and fr(L|y) are given by Egs. @7) and (@8),
respectively.

This result offers useful insights to clarify the design
guidelines of network parameters to achieve a satisfactory
ISAC coverage rate. In light of this result, we can get the
following two results to derive the conditional ISAC coverage
rate, indicating the coverage rate of one function in ISAC
networks when the other function has bounded limits. Under
the condition that the communication SER does not exceed
€3, the coverage rate of the communication process is

P p&s (617 63)
P s (63) ’
The theoretical result is a very fundamental theoretical

basis for the promotion of ISAC networks, which can directly

Pp‘s(ﬁl | S S 63) = (40)
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Figure 13: The conditional ergodic rate of the positioning
function constrained by the communication rate, versus dif-
ferent thresholds of constrained communication rates and BS
densities.

characterize the coverage rate of the positioning function
implemented in some existing communication networks. Then,
under the condition that the positioning CRLB does not exceed
€1, the coverage rate of the communication process is

Pp&s(617 63)
Py(e1)

In the following, we provide numerical results to verify and
yield useful insights based on the derived theoretical results.

Fig. depicts the coverage rate of ISAC performance
for A = 1 km™? and 10 km~? cases. It can provide many
useful insights into the network design to ensure the ISAC
dual-function reliability. For instance, the joint probability of
sub-1 m positioning and sub-10~2 SER has increased from
1.4% to 39.8% as the BS density grows from 1 km™2 to 10
km™?, indicating a significant enhancement of ISAC coverage
in denser networks.

Fig. [[1 depicts the trend of the conditional coverage rate
of the positioning function under different A, given that the
communication SER does not exceed 10~2. It can be noticed
that the positioning coverage rate increases significantly with
the growth of . Specifically, the conditional coverage rates of
sub-1 m and sub-v/0.5 m reach 98.7% and 93%, respectively

Ps|p(€3 | Q S 61) - (41)
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Figure 14: The conditional ergodic rate of the communication
function constrained by the positioning rate, versus different
BS densities.

at A = 50 km~2, and 68% and 41%, respectively at A = 10
km~2 and 3 = 4.6.

Fig. presents the conditional coverage rate of the com-
munication function under different A values, given that the
positioning CRLB does not exceed 1. It can be observed that
as A increases, the communication performance deteriorates
instead, which is an unexpected phenomenon in conventional
communication networks. This is mainly due to the fact
that, given certain positioning rate regimes, a higher density
of BSs leads to shorter distances from the L-nearest BSs
to the typical user. Consequently, this results in a notable
increase in communication interference, thereby hindering the
communication coverage. Besides, it is found that a larger
path-loss exponent impaires the conditional coverage rate of
the communication function at low A regimes, whereas benefits
at high A regimes.

Fig. 13l delves into the conditional ergodic CRLB values
under different L£-localizability SINR thresholds. It can be
found that the conditional ergodic rate of the communication
function only has slight improvement when the constrained
positioning rate increases. On the other hand, the effect of
A is more noticeable. In particular, when A\ grows from 5
km~2 to 10 km72, the fundamental limit of the conditional
rate of the positioning function decreases from 1.07 m to



0.65 m. Meanwhile, it is observed that L-localizability SINR
threshold has no effect on the conditional ergodic CRLB when
it is not larger than —15 dB, but deteriorates the positioning
performance when vy exceeds —10 dB.

Fig. (14l provides a straightforward illustration of the condi-
tional ergodic SER performance under different thresholds of
the constrained positioning rate. It is shown that the ergodic
SER increases from 1.8 x 1073 to 3.7 x 10~2 when ) increases
from 1 km™2 to 10 km~2 when €1 = 0.5, which demonstrates
that higher BS density will reduce the conditional communica-
tion performance under the constraints of the positioning rates.
Meanwhile, the conditional ergodic rate of the positioning
function has significant improvement when the constrained
communication rate increases.

V. CONCLUSIONS

In this paper, we proposed a generalized stochastic ge-
ometry framework to analyze the coverage and ergodic rate
performance of ISAC networks. Based on this framework,
the coverage rates of sensing and communication performance
under resource constraints were defined and calculated. Then,
theoretical results for the coverage rate of unified ISAC
performance were presented with considering the coupling
effects of dual functions in coexistence networks. Further,
the analytical formulations for evaluating the ergodic sensing
rate constrained by the maximum communication rate, and
the ergodic communication rate constrained by the maximum
sensing rate were obtained. Numerical results verified the
sufficient accuracy of the derived formulations and attained
several insights into ISAC network deployment strategies.
Specifically, increasing the BS density from 1 km™2 to 10
km™? boosted the ISAC coverage probability from 1.4% to
39.8%. Further, results also revealed that with the increase
of the constrained maximum sensing rate, the communication
rate improves significantly, but the reverse is not obvious.

APPENDIX

A. Preliminaries results 1

The inequality handling P(1 < ¢), where ¢ is a positive
constant, can be addressed by introducing an auxiliary variable
g to satisfy the normalized gamma distribution with large
parameter N [33]. Then, the alternative probability P(g < c)
can be tightly upper bounded by
}N

Plg<ec) < [1 —e (42)

where a = N(N!)~~. It was shown in [I5] that this
approximation is sufficiently accurate on N > 5.
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B. Preliminaries results 2

For integrals of the form f:f e’*”fzrdr, we make the
following derivation

T2 2
_ 1 [HM
/ et rdr & —/ e~td¥
T1 2 pry 2 t

—t

bpe et
20t w2 [t

T

(43)
e—HT;2 U 1— e—bu7f2

+ —=1lo
,U,TEQ ) B g
where (a) is given by letting ¢t = pur—2; (b) is from computing
integration by part; (c) follows from a close approximation
with [ €~ ~ —In(1 — e%*) [36].

—2
pe i

Qo

5 —2 —2
2 KTy 1 — e brTs

C. Proof of Proposition 1

In order to explore the lower bound of the CRLB, we focus
on the corresponding the FIM as

c 2
B 1083 9.9 cos?0,
Tpo = ; <1n 10> WIS cos 0; sin 0,

cos 0; sin 6;
sin2 9[

(44)
Then the corresponding CRLB can be written as ])T;f({]‘:)l;)).
To minimize the CRLB, it is possible to set the subdiagonal
element to zero, which maximizes Det(Jp, ) while keeping

Tr(Jp, ) unchanged, which leads to

L 2
3 1068 \" 2. .
(m) Ly 6 COS 9[ S 9[ =0.

=1

(45)

Denote the main diagonal elements in Eq. (@4) as d; and
do. Here the lower bound of the CRLB can be expressed
as QRLB > % > g7l1,+dz’ where t.he second equality is
obtained under the condition d; = do, i.e.,

L r108\% , L or108\2 ., .,
; (m) T 2672 cos? 0, = ; (m) T 26 25in? ;.

(46)
Combining the two lower bound conditions Eq. (#3) and
Eq. (@6), which are equivalent to

L 2
105 —2¢+—2 3520, __
Z<1n10> e e =0

=1

(47)

This the

2
Eloﬁ) rl_2§*2 and angle 260; summing to zero, i.e., these

can be interpreted as L vectors of length

In10
vectors can be connected head to tail to form an L-side

shape. This is satisfied by the condition that any sum of L —1
edges is greater than the remaining edge.

D. Proof of Definition 6

The proof details of deriving the average achievable rate can
refer to [377]. Besides, for any positive variable x with condi-
tional PDF fx(z|Y < y) and conditional CDF Fx (z|Y
y), we have the expectation formula as E(z|Y < y)
fooo rfx(z]Y < y)dzr = fooo fox dtfx(z]Y < y)dz
I [T fx (@Y < y)dadt = [[7(1 = Fx ()Y < y))dt.

A



E. Proof of Lemma 2

The coverge rate of L£-conditional positioning performance
can be written as

Pyler | £) = {1<NZTZ }7

% 4£2 This inequality format can be further

approximated via' Appendix{A] as

1+§j1(]§)(—

The expectation part follows from the probability generating
functional (PGFL) of the PPP, which states for transformation
formula that E [T, .4 f(2)] = exp (=27A [ f(r)) rdr. Al-
though this formula is the Laplace functional of infinite points
in a given region, it demonstrates to be quite accurate for the
case of finite points in an uncertain region size, following
averaging over the region. Thus, it is approximated as

Ry Ly
Eg, | exp —271'/\/ (1 — e anaT ) rdr| » = ERC{
0

exp [—WAR%—FW)\R%e_“"“Rf—W)\/L In (1—6_“"”1%22)} },

(50)
where the equation follows from the derivation of Appendix{Bl

(48)

where 1 = (

D"Eg [ S 4o

FE. Proof of Lemma 3
The E localizability can be

P{l >y c+1 7 b+ ANoPp'r
Based on Appendix{A] it can be rewrltten as

transformed to

N

E (N> (_1)n+leanvrgNoP,;lEq> [e—an'yrg > r;B
n

n=1

(51
where the expectation part can be obtained by

27T/\/ (1 - e‘“”wgfﬂ) rdr]

T

exp [—
= exp {ﬂ'/\’l’% {1 —e M 4 (an”y)% (- ; 0 an'y)} }
(52)

wherein T'(a, 2, 21) is the generalized incomplete gamma
function as [ t*~'e~"dt.

G. Proof of Theorem 2

With the positioning process, the BS will align the beam
towards the nearest user to exploit the maximum directivity
gain, i.e., M;. Then, we proceed with the coverage of the
communication process by derivin

P PTT;ﬁ|a1|2M1 > —P |a1|2 > EQ(Iagg + 0721)
Tugg + 02— PP My
)
@ Eq 62(Iagg + 0721) _ 6_ pr;ﬂMl Lr _ &2 ,
Prri P M, “\Prr M,

(53)
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where Zogy = Y02, Prry Po|2 Dy, and (a) is the CDF of
|o1|? as an exponential distribution with parameter 1. As such,
considering the average small-scale fading |«|? and directional
beam gain D in the PGFL of the aggregate interference power,
we have Lz, (s)

= exp {—27r/\/ [1 — Eq,p{exp(—sPrr~"|a*D)}] rdr}
_ _ N
_exp{ 27T/\/T1 ll Zl—i—sPTrﬁMt] rdr}.

t=1

(54)

Using the method of integration by  parts,
> r2 S %. Define the first part

as = 3(1- Zf:l m) r?, we have

()
h(r) < f(r) < (),whereh(r):%(l_m)rz

| 1
and g(T) - 5 (1 - lJrSPT’I"*BMl

when § > 1, there exists lim, o h(r) = lim, . g(r) = 0.

r2. It is readily to prove that

By means of the Squeeze Theorem, we get the result
1imr_>oO f (r) = 0. Then, the first part can be further written

as —s 5 2 On the other hand, the

Zt | TFsPrit;
second part can be obtained as

ce M oy P 2
G B + L 2F1(151__;
=1 SPtMt+T‘1 6_2 ﬁ

sPrr? 2
2

(55)

2
2= 3 —SPTMTrlﬁ)} :

H. Proof of Theorem 3

The coverage rate of ISAC performance in Definition 5 can
be written as Eq. (36), which breaks down into two parts, i.e.,
A; and Ao, wherein A; has been derived in Appendix{G as

_ 299
Ay =e Prrilmigp 2 ). (57)
1 Zagg <PTT1_2'8M1

Further, we split the A5 into three conditionally independent
parts under the conditions (R;, R.) as

520721 o
eXp{ ———5—— — anury
m{ Prri? M

Az,

P D, _ _
exp {3 P rlodl "D T
1—2 PT7’1 M1

(5%

Ao

€2PT|Oék|2DkT7[1'
Prri My " ' (R1, Re, z:)}.
Aa 3

- exp { i
k=L+1
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