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On Lossless Coding With Coded Side Information

Daniel Marco, Member, IEEE, and Michelle Effros, Fellow, IEEE

Abstract—This paper considers the problem, first introduced by
Ahlswede and Korner in 1975, of lossless source coding with coded
side information. Specifically, let X and Y be two random vari-
ables such that X is desired losslessly at the decoder while Y serves
as side information. The random variables are encoded indepen-
dently, and both descriptions are used by the decoder to recon-
struct X . Ahlswede and Korner describe the achievable rate re-
gion in terms of an auxiliary random variable. This paper gives a
partial solution for an optimal auxiliary random variable, thereby
describing part of the rate region explicitly in terms of the distri-
bution of X and Y.

Index Terms—Auxiliary random variables, coded side informa-
tion, common information, lossless coding, rate region.

I. INTRODUCTION

N 1975, Ahlswede and Korner [1] introduced the following
I coding problem (see Fig. 1). Random variables X and Y
are independently encoded and jointly decoded. The decoder
wishes to reconstruct almost losslessly only X, and so the de-
scription of Y serves as side information. Letting Rx and Ry
denote the rates used to encode X and Y, respectively, the ques-
tion becomes: What rate pairs Rx and Ry are achievable. The
answer is given in terms of an auxiliary random variable in [1].
Specifically, X can be reconstructed with arbitrarily small prob-
ability of error if and only if

Rx > H(X|U)
Ry >1(Y;U)

for some random variable U such that X — Y — U isa
Markov chain and [{| < |Y| + 2, where || and |)| are the
alphabet sizes of U and Y, respectively. The bound on || is
tightened to [¢/| < || for points on the lower boundary of the
rate region in [2].

The intuition behind this solution is quite simple. Random
variable U can be thought of as the encoded version of Y'; thus,
Ry > I(Y;U). Since the useful part of U is then known
to the decoder, the description of X requires rate H(X|U).
The Markov condition is quite straightforward, and the original
bound on the alphabet size of U derives from Carathéodory’s
theorem.
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Fig. 1. Random variables X and Y are independently encoded and jointly de-
coded. The decoder wishes to reconstruct almost losslessly only X .

X Y

Fig. 2. The relationship between entropies and mutual information of random
variables X and Y.

The above method for describing a rate region in terms of aux-
iliary random variables is rather common, for example [3]-[7].
These characterizations give great intuition into the basic form
of a solution. Unfortunately, precise calculation of the rate re-
gion requires solution of the optimal auxiliary random vari-
able, which is surprisingly difficult, even for simple sources
[2]. For any € > 0, it is possible to use this characterization
to approximate the rate region to within a multiplicative factor
(1 + €) in time polynomial in (1/¢€) by [8]. Unfortunately, nu-
merical solutions of this type fail to provide much insight into
basic questions of theoretical interest. For example, is the point
Rx = H(X|Y), Ry = I(X;Y) always in the achievable rate
region? Is it ever in the achievable rate region? Does achieving
Rx = H(X|Y) ever require Ry > H(Y')? Furthermore, no
intuition is provided as to how one should go about designing
optimal auxiliary random variables. Ideally, we would like an
explicit description comparable to the one given by Slepian and
Wolf [9] for their famous problem.

In this paper, we give a partial solution for an optimal aux-
iliary random variable in Ahlswede and Korner’s coding with
side information problem. Thus, we describe part of the achiev-
able rate region explicitly in terms of the distribution of X and
the conditional distribution of Y given X. As a byproduct of
this effort, we are able to provide answers to some of our fun-
damental questions regarding the relationships between random
variables. For example, it is tempting to interpret the Venn dia-
gram of [10, p. 20] (reproduced in Fig. 2) to mean that describing
the information that Y holds about X atrate Ry = I(X;Y') and
describing the remaining uncertainty about X at rate H(X1Y")
should always suffice for a complete description of X. This
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Fig. 3. The three types of components are illustrated: (a) DC, (b) MDC, (c) ZIC. A number next to a line represents the transition probability. A line with no

number represents a positive transition probability p(y|z).

turns out not to be the case. In fact, we show that there exist
simple examples where I(X;Y) is arbitrarily small, H(Y") is
arbitrarily large, and yet in order to make full use of the infor-
mation that Y holds about X, one needs to fully describe Y,
giving Ry > H(Y) > I(X;Y). This shows that the informa-
tion contained in Y about X cannot be separated from the other
information that Y contains, in general.

In the process of deriving the partial solution for the coding
with side information problem we define two functionals of
the joint distribution of X and Y. One of these functionals,
K(X;Y), turns out to equal the common information defined
by Gécs and Korner [11]. See Section V for more details.

The remainder of this paper is organized as follows. Sec-
tion II introduces notation and definitions. Section III provides
the main results, namely, a partial explicit description of the
achievable rate region for which the structure of optimal aux-
iliary random variables is found. Section IV provides additional
results that are useful for constructing optimal auxiliary random
variables. Additionally, it outlines open questions that need to be
resolved in order to obtain a complete explicit solution. In Sec-
tion V, a connection is made between the functional K (X;Y)
defined in Section III and common information. Section VI of-
fers concluding remarks. Finally, the Appendix A contains cer-
tain lemmas and proofs.

II. NOTATION AND DEFINITIONS

Let X, Y, and U denote discrete random variables with fi-
nite alphabets X', ), and U, respectively. Set Rx = H(X|U)
and Ry = I(Y;U). Let X; C X,Y; C Y, andY; C U de-
note subsets of the possible outcomes of X, Y, and U, respec-
tively. The index 7 allows us to distinguish between distinct (but
possibly overlapping) subsets. Pairs (X;,Y;) and (Y;,U;), and
triplet (X;, V;,U;) are called components. The functions p(x),
p(y), p(u), p(zly), p(z|w), p(ylz), p(y|w), p(ulz), and p(uly)
are naturally defined marginal and conditional probabilities on
the alphabets X', ), and U. Additionally, p(X;) = = cx, P(T),
and p();) and p(Y;) are similarly defined. We define H(q) =
—qlog, ¢ and use the convention H(0) = 0.

Next, we provide three definitions, which are key in the
derivations that follow.

Definition 1: (X;,Y;) is a disjoint component (DC) if
L YreX,y¢ Vi plylz)=0
2. Yo g Xi,yeli, pylz)=0.

Definition 2: (X;,Y;) is a minimal disjoint component
(MDC) if it is a DC that contains no DCs other than itself.

Definition 3: (X;,Y;) is a zero information component (ZIC)
if

1. Yz e X, v,y €,
2. Vo ¢ X,y €V,

p(zly) =p(zly’)
p(ylz) =0.

We call |);| the size of the ZIC.

Fig. 3 illustrates DCs, MDCs, and ZICs. Note that in order
to check that a component is a ZIC, one needs to translate from
the transition probabilities p(y|z) to p(z|y). Note further that
unlike DCs and MDCs, ZICs are not symmetrical. Specifically,
(X;,):) is a ZIC does not imply (), X;) is a ZIC. (In fact, if
(X;,Y;) is a ZIC, then (Y;, X;) is a ZIC if and only if (X;,));)
is an MDC.)

MDCs are useful because they allow us to break a large
problem into smaller subproblems. The importance of ZICs
stems from the fact that for a ZIC, say (X;,);), knowing
that Y € ) tells us that z € X; and specifies a conditional
distribution on X that is unchanged by the knowledge of which
y € Y; has occurred; that is, forall x € X

Pr( X =z|Y eY)=Pr(X=2|Y =y), yeE.
(Note that this does not imply that the conditional distribution
of X givenY € )); is uniform, which ordinarily is not the case.)

Two properties of MDCs and ZICs are useful to the en-
suing discussion. First, every (X,Y) imposes a unique
decomposition of (X,)) into MDCs, e.g., (X,)) =

(A,B) = {(A1,B1),...,(An,B,)} implies A = U A;
and By,...,B, partitions B. Secondly, an MDC (X;,);)
can be uniquely decomposed into largest ZICs. Specifically,
(X, V) = {(X1,Vi1)s---,(Xin,Vin)}, where for each

ZIC ()E' , V) that strictly contains (X;;, V;;). This can be shown
by identifying ZICs and enlarging them as much as possible.
We proceed with two more definitions.

Definition 4: Let {(X1,)1), ..., (X, M)} be a decomposi-
tion of (X,)) into DCs or into largest ZICs (in both cases
YinY; = 0, fori # j). We say that random variable U
satisfies the decomposition property if there exits a partition
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{Uy,...,U} of U such that for all ¢ € {1,...,
y & Vi, p(uly) = 0.

Definition 5: Suppose that {(X1,V1),..., (X, M)} is a de-
composition of (X, )) into DCs and that U satisfies the decom-
position property. Then we define X;, Y;, and U; to be the re-
strictions of X, Y, and U to &}, );, and U;, respectively, and
call them component random variables. (Note thatif | > 1, then
p(X;) = p(V;) = p(U;) < 1, so component random variables
need not be random variables.)

1}, u € U;, and

It is convenient to define the operations of mutual informa-
tion, entropy, and conditional entropy for component random
variables. These operations are defined analogously to their
standard definitions. Specifically

= H(p())

reX;
H(Xi|:) = > > ply)H(p(zly))
zeX; yeEY;
oo, 2A0)
2;2; Wlogs TS

Because the components are disjoint, the following properties
hold: H(X) = i, H(Xy), H(X|Y) = iy H(Xi[Y;),
I(X;Y) = Eizll(X,,Y) and I(X;; U;) < I(X,;;Y;), where
the last property is the Data Processing Inequality, which holds
for component random variables as well.

Finally, we define Ry, = I(Y;;U;) to be the rate desig-
nated by the Y encoder for the i*" DC. It follows that Ry =

Zé=1 RYr

III. RESULTS

We focus on identifying key points in the achievable rate
region. The point (Ry,Rx) = (0, H(X))! is clearly in the
achievable rate region. Likewise, Rx = H(X|Y) and Ry =
H(Y) is achievable. It is the auxiliary random variables U = 0
and U =Y, respectively, that attain these points. The straight
line connecting these two points is an upper bound to the lower
convex hull of the achievable rate region, as immediately fol-
lows from a time sharing argument. A more interesting ques-
tion raised in Section I is whether one can operate at rate Ry <
H(Y') while maintaining Ry = H(X|Y). As noted, and is
shown, the answer is sometimes yes. We define J(X;Y") to be
the minimal rate Ry for which Rx = H(X|Y') is achievable
and note that I(X;Y) < J(X;Y) < H(Y). Theorem 2 pro-
vides a formula for computing .J(X; V). Corollary 3 and The-
orem 4 give necessary and sufficient conditions under which
J(X;Y)=H(Y)and J(X;Y) = I(X;Y), respectively.

The following lemma shows that when H(X|U) =
H(XY), U must satisfy the decomposition property. This is
needed in the proofs of Theorems 2 and 4.

Lemma 1: Let {(X1,)1), ..., (X1, Y1)} be either the unique
decomposition of (X, )) into largest ZICs or the decomposi-
tion into MDCs. Any auxiliary random variable U for which
H(X|U) = H(X|Y) must satisfy the decomposition property.

INote that Fig. 4 draws Rx on the vertical axis and Ry on the horizontal
axis. We therefore report rate points as (Ry , Rx ) for consistency.
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Proof: We show the lemma by showing the contrapositive.
Namely, we show that if there exists a symbol @ € U/ and sym-
bols y; and y; from distinct partition sets ); and );, respec-
tively, for which p(@|y;) > 0 and p(@ly;) > 0, then H(X|U) >
H(X|Y). Todo so, we construct an auxiliary random variable V'
and show that H(X|Y) < H(X|V)and H(X|V) < H(X|U).
The alphabet of V is V = (U \ {a}) U {#1,...,9;}. For each
v € V\{¥1,...,0} andy € Y, set p(v|y) to the probability of
the corresponding symbol under the conditional distribution of
U givenY . Foreach k € {L,...1}, set p(Tx|y) = p(@]y) for all
y € Vi and p(T|y) = 0 for all y ¢ V. (Notice that there may
be k ¢ {i,j} for which p(7;) = 0, however, p(7;) > 0 and
p(T;) > 0 are guaranteed by the construction since p(uly;) > 0
and p(aly;) > 0.) Since X — Y — V forms a Markov
chain, the Data Processing Inequality implies that H(X|V') >
H(X|Y). Thus, it suffices to show that H(X|U) > H(X|V).
Note that

H(X|U) -

=(mxw=mmm

+ 0y H(X|U:u)p(u)>

uwed\{u}

!
- (Z H(X|V = vi)p(vk)

H(X|V)

k=1
+ 0y H(XIVZU)p(U)>
e\ {u}
1
=H(X|U = a)p(a) = Y H(X|V = )p(vs)

k=1

by the construction of V.

Next, we consider two cases. The first case is that
{(X1, V1), ..., (X, D)} is the decomposition of (X,)) into
largest ZICs. Notice that in this case there exists T € &; U &

such that p(Z|y;) # p(Z|y;) (otherwise, p(z|y;) = p(z|y;)
for all z € &; U &; would imply that we could form a larger
ZIC by combining (X;,Y;) with (X}, Y;), which would give a
contradiction). Therefore

= > Hp(=lw)p(@)

zeX

= H( > p(:vly)p(yla)) (@)

rzeX yey

EDIPRECN)

zeX yey

) SN Hplaly))p(y. w)

r€X k=1yeEY:

QZZH (ly) D ply.a)

H(X|U =a)p

(ylw)p(a)

zeX k=1 YEVr
l
(d) _ _
= Z ZH(P($|”k))P(Uk)
z€EX k=1
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l
=Y H(X|V = u)p(vx)
k=1

where the strict inequality in (a) follows from the strict con-
cavity of H, the fact that p(y;|@) and p(y;|@) are both nonzero,
and the previous observation that p(Z|y;) # p(Z|y;); (b) fol-
lows since {1, ..., )} is a partition of Y; (¢) derives from the
fact that p(z|y) is the same for all y € ) by definition of a
ZIC; and (d) follows since

pleloe) = plaly)p(ylon) =p(elye) Y plylow) =p(elys).
YEVk ISAZS
Thus, H(X|U)— H(X|V') > 0 when the decomposition is into
largest ZICs.

When the decomposition of (X, Y') is into MDCs, there exists
z; € X; such that p(z;|Y;, @) > 0 while p(z;|Y;, @) = 0.

Therefore
=D Hp(a|m)p(a)

zeX

= ZH(ZP (x| V., u)

rEX

S ZH (2|, w)

rzeX k=1

!
) Z Z H(p(x| Vi, w))p(vr)

rzeX k=1

© Z Z H (p(x|vr)) p(Vr)

zeX k=1

=Y H(X|V = u)p(vr)

k=1

:’H

H(X|U
)Vl ) pl(@)

)p(Vi|@)p(a)

where the strict inequality in (a) derives from the strict con-
cavity of H, the fact that p(};|z) and p();|@) are both nonzero,
and the observation that p(z;|);, @) # p(z:|Y;, @); (b) follows
since p(ul| Vi )p(Vk) = p(vk|Vi)p(Vk) = p(vx); and (c) holds
trivially if p(Vk, %) = 0, and if p(Yy, @) > 0, then
__ P Vi, )p(Ve|2)p(z)
G O

_ (k] Yk, 2)p(Ve|7)p(2)

(k)
(v |2)p(x)

= W:p(azwk). O

Theorem 2: Let {(X1,)1),...,(Xn,Vn)} be the unique de-
composition of (X, )) into largest ZICs. Then

= ZH(P(%))

Proof: We obtain J(X;Y) constructively. Let & =

{ug,...,u,} and set p(u;ly) = 1 for all y € J; and
p(u;ly) = 0 for all y ¢ );. We need to show that Rx =
H(X|U) = H(X|Y), Ry = I(Y;U) = >;_; H(p(Js)), and

Ry can be no smaller when Rx = H(X|Y). To show that

3287

H(X|U)=H
and obtain

(X|Y') we let y; be an arbitrary element of );

Ry =H(X|U) =

Z Z’H (z|w;))p(u;)

i=1zeX

© Z Z H( Zp(ﬂyul)p(m%))p(%)

i=1 x€X; yey

23> H( X plalyplu) )p(w)

i=1 z€X; yeY;

© Z Z H(p(x|yi))p(u;)

i=1 z€X;

=> > Hply) > py)

i=1 zeX; ISR

DS S S Hpaly)p(y)

i=1 yeY; reX;

9SS Hp(aly)p(y)

yey zelX
=H(X[|Y)

where (a) derives from the fact that p(x|u;) = 0 for all z ¢
X;; (b) follows since X — Y — U is a Markov chain and
p(ylu;) = 0 forall y ¢ Vi; (c) and (d) follow since (X;,);)
is a ZIC, and thus for any z € X;, p(z|y) is independent of
y € V;; and (e) also follows from (X}, );) being a ZIC, since
that implies that for any = ¢ X;, p(x|y) = 0 forall y € ).

The fact that Ry = Y., H(p(Y;)) follows since U is a
deterministic function of Y, giving
Ry =1(Y;U) = H(U) — HU|Y) = H(U)
= > HpO)
i=1

To show that U minimizes Ry given that Rx = H(X|Y),
recall that Lemma 1 shows that any auxiliary random variable
W for which H(X|W) = H(X|Y) has to satisfy the decompo-
sition property. Let W be such an auxiliary random variable and

use W = {Wx, ..., W,} to denote its decomposition. Then
I(Y; W) =H(Y) - HY|W)
Q) -S HY W)
i=1
- Z H(Y;|U;)
i=1
Yy
where (a) and (c) follow since {(J;,W;)}", and
{(Vs,U;)}7_, are DCs and thus Y;, W;, and U; are component

random variables; (b) follows from Lemma Al of the
Appendix, which shows that H(Y;|WW;) is maximized when
W; = {w;}, which is precisely how U is defined. O

Theorem 2 enables us to improve the previous upper bound to
the lower convex hull of the achievable rate region. Specifically,
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the improved upper bound is the connecting line between the
rate points (0, H (X)) and (J(X;Y), H(X|Y)).

Below are a direct corollary to Theorem 2 and a theorem that
uses Theorem 2.

Corollary 3: J(X;Y) = H(Y) if and only if (X,Y") con-
tains no ZICs of size greater than one.

Theorem 4: Let {(X1,)1),.-.,(Xk, Vi)} be the decompo-
sition of (X,)) into MDCs. Then J(X;Y) = I(X;Y) if and
only if each (X;,);) is a ZIC.

Proof: We begin by showing the “if” part. Let
{(X1,)1),- ..., (Xk, Vi)} be the decomposition of (X', )) into
MDCs that are also ZICs. We show that J(X;Y) = I(X;Y).
We notice that the given decomposition is also into largest
ZICs. Thus, applying Theorem 2 we obtain that J(X;Y) =
Zle H(p(Y:)). Next since I(X;Y) = Zle I(X:;Y5),
where X; and Y; are component random variables, it suffices to
show that I(X;;Y;) = H(p(Y;)) foralli € {1,...,k}.

Letting z; be an arbitrary element of &X;, we have

Z Z (y|z)p(z)log ((S)
yeYi z€X; )
@ z; p(x) g plyla:) log%
p
ye} yi)
D Hpm).

First (a) follows since (X;,);) is a ZIC and an MDC implies
that ();, &;) is also a ZIC, and thus for any y € Y, p(y|z)
is independent of x € A;. Next (b) derives from the fact that
p(ylz:) = 2W). for all y € V;, which can be seen as follows.

p(%).
Let y; be an arbitrary element of );. Then

1= Y plylen) = zp%'i))

yeEY; yeYi

_ ($1|yz) _ (yz|$1)

where the third equality follows since (X;, V;) is a ZIC. Finally,
(¢) is due to (X;,));) being an MDC, which implies p(X;) =
p(Vi).

Next, we let J(X;Y) = I(X;Y) and show that (X,))
must decompose as given in the theorem statement. Let
{(X1, 1)+ (X, Vi)} be the decomposition of (X,))
into MDCs. We wish to show that each (X;,);) is a
ZIC. First, observe that if J(X;Y) = I(X;Y), then for
an (optimal) auxiliary random variable U that achieves
Ry = J(X;Y), I(Y;U) + HX|U) = H(X). Second,
observe that if U is an optimal auxiliary random variable for
which Ry = J(X;Y), then Rx = H(X|U) = H(X|Y),
and thus Lemma 1 implies that U satisfies the decomposition
property. Let U be an optimal auxiliary random variable such
that Ry = J(X;Y) = I(X;Y), let {(Qh,U1), ..., Ve, Us)}
be the induced decomposition of (), into DCs, and let X,

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 7, JULY 2009

Y., and U; be the corresponding component random variables.
The two observations above imply

H(X) = I(V;U) + H(X|U)

™
=
s
I
M?r

> (10 v3) + HOXG D) ).

The last equation together with Lemma A2 (Part B) of the
Appendix, which shows that I(Y;; U;) + H(X;|U;) > H(X;)
for all ¢, implies that I(Y;; U;) + H(X;|U;) = H(X;) for all
1. It then follows from the condition for equality in Lemma A2
(Part B) that (U;, ;) is a ZIC, which implies via Lemma A2
(Part A) that I(Y;; U;) = H(p (J}z)) Consequently, J(X;Y) =

I(Y;U) = Y5 I(Ys Us) = Y0 H(p(Ys)). Thus
k k
ZI(Yi;Xi):I(X;Y)z =ZH(p(yi))

Finally, letting X; play the role of U; in Lemma A2 (Part A),
we have that 7(Y;; X;) > H(p();)) for all i. This together with
the last equation implies that 7(Y;; X;) = H(p(Y;)) for all 7.
Thus, it follows from the condition for equality in Lemma A2
(Part A) that (X;, ;) is a ZIC for all 4, which gives the desired
result. ]

Corollary 3 and Theorem 4 give conditions under which
J(X;Y) reaches its highest and lowest possible values, re-
spectively. Corollary 3 demonstrates that when (X,Y") lacks
the special structure required to form ZICs of size larger
than one, we cannot transmit the useful part of ¥ without
describing Y completely. The following is an example where
H(Y)> I(X;Y) and yet J(X;Y) = H(Y). This shows that
there are cases where Y contains very little information about
X and yet extracting this minuscule amount of information
requires a complete description of Y.

Example 1 (H(Y) > I(X;Y), J(X;Y) = H(Y)): Let
X = {z1,z,} and suppose p(z1) = p(z2) = 3. Let Y =
{y1,...,ym}. Foralli € {1,...,m}, let p(y;|x1) = 1/m and

p(yi|z2) = ¢;, where ¢; # g; for all 7 # j, and each ¢; is very
close, but not equal, to 1/m. Then, since p(y) and p(y|z) are
both approximately uniform, it follows that H(Y) = log,m
and I(X;Y) = 0. Since ¢; # 1/m, (X,Y) induces no ZICs
of size greater than one. Consequently, Corollary 3 implies that
JX;Y)=HY)>I(X;Y). &

Fig. 4 illustrates J(X; Y') for an example pair of random vari-
ables (X,Y") for which I(X;Y) < J(X;Y) < H(Y). It also
shows the lower bound Ry + Rx > H (X)), which follows from
the source coding theorem. It is interesting to ask how much of
this lower bound (beyond the obvious (0, H(X)) point) can ac-
tually be achieved and what auxiliary random variables achieve
points on this lower bound. We define K (X;Y) to be the max-
imal value of Ry for which this lower bound is achieved with
equality. Thus, K(X;Y) = 0 when (Ry,Rx) = (0, H(X)) is
the only achievable point on that lower bound and K (X;Y') =
I(X;Y) under the conditions of Theorem 4. Theorem 5 char-
acterizes K (X;Y") precisely.
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Fig. 4. The achievable rate region as known thus far.

Theorem 5: Let {(X1,M1),...,(Xk, Vi)} be the decompo-
sition of (X, )) into MDCs. Then

k
= Z H(p(Vi))
i=1

Proof: The proof proceeds in two steps. First, we design an
auxiliary random variable for which Ry = K(X;Y'), as given
in the theorem statement, and show that the sum-rate equals
H(X). Secondly, we show that if Ry > K(X;Y'), then the
sum-rate must be strictly greater than H (X).

LetU = {uq,...,ur}and set p(u;|y) = Lforally € };, and
p(u;ly) = 0 forall y ¢ Y;. Then U is a deterministic function
of X and Y, which implies

Ry =I(Y;U)

k
=Y H(pO) = K(X:Y)
i=1
Ry + Rx =1(Y;U)+ H(X|U)
=HU)+[HX)+ HU|X) -
=H(X).

= H(U) - HU|Y) = H(U)

H(U)]

This completes the first step of the proof.

We show next that for any auxiliary random variable U, if
I(Y;U) > K(X;Y),thenI(Y;U)+ H(X|U) > H(X). The-
orem 7 of Section IV shows that if U is optimal and I(Y;U) >
K(X;Y), then U must have the decomposition property. Let
X, Y;, and U; be component random variables. We write

k
> oIV Ui) = I( ZH%
i=1

where the inequality is our case assumption. Then Lemma A2
(Part A) implies that there exists j € {1...,k} for which
I(Y;;U;) > H(p(Y;)) and that (U4, Y;) is not a ZIC. Lemma
A2 (Part B) implies that I(Yj; Uj) + H(Xj|Uj) > H(Xj)
Using this and the observation that I(Y;; U;) + H(X;|U;) >
H(X;) for all 7, as follows from the Data Processing Inequality
for component random variables, gives
k
10v;0) + HX|U) = Y (107 U) + H(Xi|UY)

i=1

>2Hmﬁﬂ@)

YiU)> K(X;Y) =
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This completes the proof of the second step and of the theorem
as a whole. O

From Theorem 5 we find that K(X;Y) = 0 if and only if
(X,Y) is an MDC (i.e., k = 1 in the construct of the proof, see
Example 2 below) and, using Theorem 4, K (X;Y) = I(X;Y)
if and only if all MDCs are ZICs (see Example 3 below). The
second observation follows from Theorem 4 since K (X;Y) =
I(X;Y) implies (Ry,Rx) = (I(X;Y), H(X]|Y)) is achiev-
able. Thus, 0 < K(X;Y) < I(X;Y) < J(X;Y) where the
last two inequalities are either both strict or both equalities. No-
tice that all MDCs are ZICs if and only if X and Y are con-
ditionally independent given the auxiliary random variable U
defined in Theorem 5. Essentially the same random variable
was defined in the context of studying common information in
[11], which shows [11, Corollary 1] that H(U) (which equals
K(X;Y)) equals I(X;Y) if and only if the conditional inde-
pendence mentioned above holds. We briefly discuss the rela-
tionship between common information and coding with side in-
formation in Section V.

Examples 2 and 3 below illustrate these concepts. The first is
the case where Ry + Rx = H(X) can only be achieved when
Rx = H(X). The second is the case where Ry +Rx = H(X)
is achievable for all interesting Ry values (i.e., H(X|Y) <
Rx < H(X)).

Example 2 (K(X;Y) = 0): The distribution p(y|z) is a
binary-symmetric channel with crossover probability that is
strictly between zero and one. In this case, there is only one
MDC, thus K(X;Y) = 0. O

Example 3 (K(X;Y) = I(X;Y)): The distribution p(y|z)
is defined by k binary-symmetric channels, each with crossover
probability one half. Specifically, let X = {x1,zo,..., 22},
Y = {v1,y2,...,92k}, and for all ¢ € {1,...,k}, let
P(Y2i—1|T2i-1) = p(y2i—1|w2:) = p(y2i|w2i—1) = p(y2ilzi) =3
and p(yoi—1|zm) = p(y2i|em) = 0 forall m ¢ {2¢ —1,2:}. In
this case, K(X;Y) = I(X;Y) = k. &

Corollary 6: Any point on the line connecting (0, H (X)) and
(K(X;Y),H(X)—K(X;Y))isan optimal and achievable rate
point.

Corollary 6 follows immediately from a time sharing argu-
ment. Example 4 below shows that any point on the line con-
necting (0, H (X)) and (K(X;Y), H(X)—-K(X;Y)),canalso
be achieved via a direct construction.

Example 4 (Achieving Directly Any Point Between
(0, H(X)) and (K(X;Y),H(X) — K(X;Y))): Let
{(X1, 1)y, (X, Vi)} be the decomposition of (X,))
into MDCs. Let ¢ € [0, 1] be arbitrary. We define auxiliary
random variable U, with alphabet i/ = {uq, ..., u;} by setting
p(uily) =1 —(k—1)gforally € V;, and p(u;|y) = ¢ for all
y ¢ Y. Let y; be an arbitrary element of };. Then

X =3 S 3 o))
1=1 z€X; ueld
k
DS S H( S pulnplln) o)
1=1 zeX; ueld YEY;
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9SS ST Hipluly)p(y)

i=1 ueU yeY;

=Y > Hpluly)p(y)

ueU yeY
=H(U,|Y)

where (a) follows since p(y|z) = 0 forallz € X; and y ¢ };,
and (b) and (c) both follow since for any fixed u, p(uly) is the
same for all y € );. Thus

I(Y§Uq) + H(X|Uq>
=[H(Ug) — H(U |Y)] + [H
— H(X).

(X) + H(U,y|X) = H(Uy)]

Since I(Y;U,) is a continuous function of q that equals
0 when ¢ = 1 and equals K(X;Y) when ¢ = 0, for any
value Ry € (0, K(X;Y)), there exists ¢ € (0, 1), for which
I(Y;U,) = Ry as follows from the Intermedlate Value The-
orem. &

IV. THE Ry > K(X;Y') REGION

The lower convex hull of the achievable rate region is still
not known for K(X;Y) < Ry < J(X;Y). The following
theorem characterizes what we know so far about optimal aux-
iliary random variables in that region. The optimal U used in
Theorem 5 to achieve the point (K(X;Y), H(X)— K(X;Y))
satisfies the decomposition property. This is the lowest rate Ry
achievable by any auxiliary random variable U with this prop-
erty. Theorem 7 below shows that any optimal U for any rate
Ry > K(X;Y) must satisfy this property as well.

Theorem 7: Let {(X1,V1), ..., (Xk, Vi)} be the decomposi-
tion of (X', ) into MDCs. Any optimal auxiliary random vari-
able U operating at rate I(Y;U) > K(X;Y) must satisfy the
decomposition property.

Proof: We show the contrapositive. Namely, we show that
if U satisfies I(Y;U) > K(X;Y) and U does not satisfy the
decomposition property, then there exists an auxiliary random
variable W satisfying the decomposition property for which
I(Y;W)=I(Y;U) and H(X|W) < H(X|U), thus implying
that U is not optimal.

We construct an auxiliary random variable V' as an interme-
diate step in constructing . Essentially, V' is constructed from
U by duplicating each u; that is connected to several compo-
nents so that each of its copies is connected to a single compo-
nent. More precisely, let & = {uy,...,u;} and define B(u) =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 7, JULY 2009

X Y U X Y 4

Uy U2y

V12

Us E é V32

2 Uy - V42
Us3

3 vt
Ug Us3

Fig. 5. Construction of V' from U, where B(u;) = {1,2}, B(u.) = {1},
B(us) = {2,3}, B(us) = {2}, B(us) = {3}, and B(us) = {3}; and
where vy, and vy are generated from w, and v3> and v33 are generated from
Uz,

{j € {1,...,k} : 3y € Y; suchthat p(uly) > 0}. The al-
phabet of Vis V = {v;; : i € {1,...,1},j € B(u;)}. For all
vij € V. p(vijly) = p(uily) for all y € V;, and p(vi;ly) = 0
for all y ¢ Y);. Fig. 5 illustrates this construction. Note that V'
satisfies the decomposition property and that

S S e @iﬁ( )

1= 1J€B(U1 JEB(u;)
= ZH
=1

where (a) follows from the strict concavity of H since U
violates the decomposition property and therefore there ex-
ists some w; for which B(u;) has more than one element.
Let A = H(V) — H(U). While H(V) > H(U), note that
H(V|Y) = H(U|Y) since

>SS Ml

=1 jeB(u;) ye€Y

= > H(p(uily))p(y)

=1 yey
= H(U|Y).

= H(U)

HV|Y)=

Similarly, H(V|X) = H(U|X). Thus

~

=

=
I

H(V) - H(V|Y) = HU) + A — HU|Y)

We next build W from V' in a manner that maintains the de-
composition property while decreasing Ry from I(Y;V) =
I(Y;U)+ Ato I(Y; W) = I(Y;U) and increasing Rx from
H(X|V)=H(X|U)—- Ato HX|W) < H(X|U).

We construct W by constructing a component random vari-
able W; for each MDC (X;,);), i € {1,...,k}. We choose
each W; so that I(Y;; W;) = I(Y;;V;) — 6;, where 6; > 0 for
all 7 and Zle 6; = A, which gives

k k
LYW =3 1(YiWi) = Y (1(Yis Vi) = 83)
:;(zﬁlf;V) —A= jL(Z;;U)
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as desired. To prove that such a W exists, we must show that the
given values I(Y;; W;) are achievable for all 7. The following
argument shows that for each i we can design a component
random variable W; to achieve I(Y;; W;) equal to any value
between H(p();)) and H(Y;). The upper bound is achieved
when H(Y;|W;) = 0, which occurs when W; = Y; with prob-
ability one. The lower bound is achieved when H(Y;|W;) =
p(Vi) 2oy, H( If’((;‘]’))), which occurs when W, = {w;} by
Lemma Al. Any value between these bounds can be achieved
by a time sharing argument. As a result, we can design compo-
nent random variables to achieve any value of I(Y'; W) between
Y H(p(Y:) = K(X;Y)and Y1) H(Y;) = H(Y). Since
by assumption K(X;Y) < I(Y;U) < H(Y), I(Y; W) =
I(Y;U) is achievable.

For each i we now fix I(Y;; W;) and assume that each W;
is optimal in the sense that it minimizes H (X;|W;) subject
to the given constraint on I(Y;; W;). It remains to show that
H(X|W) < HX|U).Forall r € [H(p(};)), H(Y:)] let g;(r)
be the curve representing the lower convex hull of the achiev-
able rate region for the :th MDC. Lemma A2 shows that for any
component random variable Z;

I(Yi; Z;) + H(X;|Z;) > H(X;)

with equality if and only if I(Y;; Z;) = H(p(Y:)). This im-
plies that the curve g;(r), for » € (H(p():)), H(Y:)], lies
strictly above the line of slope —1 that originates at the point
(Ry,,Rx,) = (H(p():)), H(X;)). Thus for any ¢; > 0 and
any r satisfying r € (H(p()%)), H(Y;) — 6]

9i(r) — gi(r + 6:)
0;

<1 (1

by the convexity of g;. See Fig. 6 for an illustration. Thus, for
each ¢ with §; > 0

(X3 |W3) (Xi|V3)
@ g, (1(Ya Wh) — H(X,|V:)
< G (VW) - i1V Vi)
9 (1Y W) — gi(1(Yi; W;) + 67)

where (a) and (b) follow since W; is an optimal component
random variable, while V; might not be an optimal component
random variable, (c) follows from the definition of §;, and (d)
is obtained from (1).

Finally, H(X;|W;) < H(X;|V;) + é; implies

k
H(X|W) = ZHX|W < (H(XV:) +65)
:H(X|V)+A_I}(;(|U). O

Theorem 7 implies that we can find an optimal U for any
Ry > K(X;Y) by allocating the rate Ry among the MDCs
and then independently finding an optimal U; at the given rate
for each MDC.
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HY) T

d;

Fig. 6. The lower convex hull of the :th MDC, denoted by ¢, and a represen-
tation of (1).

Lemma 8 below, whose proof is left to the Appendix, provides
necessary conditions on the structure of an optimal auxiliary
random variable. Theorem 9 builds on this result, showing that
an optimal auxiliary random variable for an arbitrary random
pair (X, Y') can be solved by collapsing any ZIC of size greater
than one in (X, Y) into a ZIC of size one in some new random
pair (X Y) and then finding an optimal auxiliary random vari-
able U for (X,Y); auxiliary random variable U can be easily
transformed into an optimal auxiliary random variable U for
(X,Y) that achieves the same rate as U for (X,Y).

Lemma 8: Let {(X1,)1),...,(X;, Y1)} be a decomposition
of (X,Y) into ZICs. If U is an optimal auxiliary random vari-
able, then it must satisfy for all w € U/ and all ¢ € {1,...,1},

p(uly) = p(uly’) forall y, 4 € V.

The necessary conditions of Lemma 8 are not sufficient. It
is not difficult to construct examples of suboptimal auxiliary
random variables that satisfy Lemma 8.

Theorem 9: Given an arbitrary random pair (X,Y)
with alphabet (X,)) and a decomposition into ZICs
{(X1, V1), .., (X1, D0)}, construct another random pair
(X,Y) with alphabet (X,)) = (X,{#1,.-.,%}) and
let X have the same marginal distribution as X and
p(yilz) >yey P(ylz) for all i € {1,...,l} and
all x € X. If the auxiliary random variable U with al-
phabet U = {u1,...,1us} is optimal for (X,Y) at rate
(Ry,Rx), then the auxiliary random variable U with al-
phabet 4 = {u1,...,us} and conditional distribution
p(uily) = p(a;|y;) for aIIJ € {1,...,s}and all y € Y;
is optimal for (X,Y") atrate (Ry, Rx) = (Ry, Rx).

Proof: We must show both that U is optimal and that
(Ry,Rx) = (Ry,Rx) or, equivalently, that I(Y;U) =
I(Y;U) and H(X|U) = H(X|U). We begin by showing that
I(Y;U) = I(Y;U). ForanyJE{l ..... , s}

= ZP Uj|yi yi
= Zp@m) > p(wilw)p(x)

reX

@Zp (ajlg:) Y Y plyle)p

rEX yEY;

= Zp(ujlul) > py)

YyeEY;
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l
2 2 2 wluslnt
=lye);

) @
Here (a) follows since p(y:|z) = 3_, ¢y, p(y[T), X = X, and
X and X have the same marginal distribution. Then (b) follows
since p(u;|y) = p(u;|y;) forally € V;. Thus H(U) = H(U).
Next

U|Y ZZH U]|3/L z)
s l
2SS Husla) Y ply)
Jj=1:=1 yeY;

s l
®) STSTST Hplusly))py)

J=1i=1yeY;

=3 > Hp(usly))p(y)

j=lyey

— HUY) 3)

where (a) follows since

p(7i) = Z (Fil=)p(

reX

= > py)

IShZ

=2 > pul

zeX yeY;

and (b) derives from the fact that p(u;|y) = p(@;|y;) for all
y € V;. Thus, since H(U) = H(U), it follows that I(Y;U) =
I(Y;U).

Next, to prove that H(X|U) =

ZZH (uj|z))p(x)

j=lzeX

=iZH(ZZ (w3 )p(vl) ) p(a)
j=lzeXx i=1yeY;

W Z > H(Zp alg) >

j=lzeXx i=1

H(X|U), note that

H(UIX) =

p(yle) ()
yEY;

© 5 5 w( Y p(algp(@io) o)

j=lgex =1

=Y > Hlp(u;lz))p(z)

i=lzex

= H(U|X)

where (a) and (b) are obtained in the same way that (b) and
(a), respectively, are obtained in (2). Since H(U) = H(U),
and X and X have the same marginal distribution, H(U|X) =
H(U|X) implies H(X|U) = H(X|U).

It remains to show that U is optimal for (X,Y"). The proof
is by contradiction. Suppose that U is not optimal. Then there
exists an auxiliary random variable W such that I(Y; W) <
I(Y;U)and H(X|W) < H(X|U). We use W to construct an
auxiliary random variable W for (X,Y) such that I(Y; W) =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 7, JULY 2009

I(Y;W) < I(Y;U)=I1(Y;U) and H(X|W) = H(X|W) <
H(X|U) = H(X|U)). This contradicts the optimality of U,
and thereby gives the desired result.

We construct W from W as follows. Index the alphabet of
W asW = {wi,...,wy}. Since W is an optimal auxiliary
random variable, Lemma 8 1mphes that forall j € {1,...,m},

p(w;ly) = p(w;ly’) forall y, 3y € Yy and all i € {1,...,1}.

Set W = {wn,..., w0y} and p(w;|y;) = p(w;ly) forj €
{L,...;m}, i€ {l,...,l},and y € V.
We show that H(W) = H (W) by noting that

() = 3 plwilnlp(s) £ Y pwiln) 3 piw)

YyEY;
®)
Z > p(wjly)p(y) = > plw;ly)p(y)
i=1yel; yeY
=p(w;)

where (a) follows since p(7i) = >_, 5, P(y) as shown below
(3), and (b) follows from the definition of p(w;|y;). By similar
arguments

Ms
[ 2
T

(prglyz (3ila) )p(a)
iZ’H(ZZ (wy (i) )olo)

j=lzeX =1 yeY;
=D > Hplwj|2))p(e)
j=lzeX
=H(W|X)
Thus, I(Y; W) = I(Y; W) and H(X|W) = H(X|W), which
gives the desired result. O

The remainder of this section focuses on the minimum al-
phabet size of optimal auxiliary random variables. The solution
of the rate region provided in [1] bounds the alphabet size of the
auxiliary random variable by the alphabet size of Y plus 2 (i.e.,
|| < ||+ 2). In[2] it is shown that |U/] < |V] suffices for
optimal auxiliary random variables. Corollary 10 combines this
tighter bound with Theorem 9 and shows that |I/| need never ex-
ceed the number of largest ZICs imposed by (X, Y"). The bound
is sometimes tight (for example when Ry = J(X;Y)). This
further reduces the space of possible optimal auxiliary random
variables.

Corollary 10: Let {(X1, 1), ..., (Xn,Vs)} be the decom-
position of (X,)) into largest ZICs. For any achievable rate
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X Y

RRyy—Rand
\—R/\ R\) —R

Fig. 7. The rates of the encoders are Rx =
Ry = H(Y) — Rin the case of Cor(X;Y) a d
and Ry = Ry in the case of Cw (X;Y).

:U\-/

point (Ry, Rx), there exists an auxiliary random variable U
such that I(Y;U) < Ry, H(X|U) < Rx, and /| < n.

Together, Theorems 7 and 9 and Corollary 10 significantly
restrict the space of possible optimal auxiliary random variables
by reducing the problem to that of finding an optimal auxiliary
component random variable for an MDC that has no ZICs of
size greater than one, and whose alphabet size is no larger than
the alphabet size of the Y component random variable.

V. COMMON INFORMATION AND K (X;Y')

The notion of common information of two random vari-
ables has been addressed in [11]—-[14], where various defini-
tions have been proposed. In [11], G4cs and Korner define
common information by defining functions f and g for which
f(X) = g(Y') with probability one, and the number of values
taken by f (or g) with positive probability is largest pos-
sible; the Gacs—Korner common information, here denoted by
Car(X;Y), is then given by Coi (X;Y) = H(f(X)). By
[13, p. 404], Cax (X;Y) equals the largest rate R for which
(Rx,Rxy,Ry) = (H(X)— R,R,H(Y) — R) is an achiev-
able rate triple for the network given in Fig. 7. Furthermore,
Cer(X;Y) < I(X;Y) always holds [11], [13, p. 405]. In
[12], Wyner defines common information, here denoted by
Cw(X;Y), as the least rate R for which there exist Rx and Ry-
such that (Rx,Rxy,Ry) = (Rx,R,Ry) is an achievable
rate triple for the same network and Rx + R+ Ry = H(X,Y).
Wyner shows that Cy (X;Y) = inf I(X,Y; W), where the
infimum is taken over auxiliary random variables W that sat-
isfy the Markov chain X — W — Y. Wyner also shows that
I(X;Y) < Cw(X;Y) <min{H(X), H(Y)}. It follows that

Cor(X;Y) <I(X:;Y) < Cw(X;Y)
< min{H(X),H(Y)}.

While both Co i (X;Y) and Cw (X;Y) consider the rates
associated with the scheme in Fig. 7, they answer different ques-
tions. Specifically, the Gics—Korner interpretation minimizes
the sum-rate into each decoder while carrying as much of the
load as possible with the central encoder. (Achieving sum-rates
of H(X) and H (Y') into the decoders is trivial when the central
encoder has rate 0 but more difficult when the central encoder
is involved.) In contrast, Wyner’s interpretation minimizes the
sum-rate out of the three encoders while carrying the minimal
load at the central encoder. (Achieving sum-rate H(X,Y) out

3293

of the three encoders is trivial when the side encoders have rate
0 but more difficult otherwise.) Thus, Cqx (X;Y) describes
the maximal amount of shared information that is useful in de-
scribing both X and Y individually, while Cyy (X ; Y') describes
the minimal amount of shared information needed to describe X
and Y jointly.

It is interesting to note that the auxiliary random variable U
used to achieve Ry = K(X;Y) meets the definition of the
random variable f(X) = ¢(Y") in the definition of Cax (X; Y).
Thus, K(X;Y) = Cer(X;Y) and Caoi(X;Y) = 0 if and
only if (X, )) is an MDC. Csiszér and Korner call such a distri-
bution “indecomposable” [13, p. 403]. Further, Cox (X;Y) =
I(X;Y) = Cw(X;Y) if and only if all MDCs are ZICs or,
equivalently, if and only if there exist functions f and g such
that f(X) = ¢g(Y") with probability one and X and Y are con-
ditionally independent given f (or g) [13, p. 405].

The fact that K(X;Y) = Cei (X;Y) might be a little sur-
prising since the middle encoder in Fig. 7 has access to both X
and Y, while the side information in Fig. 1 has access to Y only.
This shows that indeed the common information is “common”
in the sense that it can be fully extracted from either X or Y
separately.

VI. CONCLUSION

This paper considers the problem of lossless source coding
with coded side information. Specifically, X and Y are two
random variables that are independently encoded and jointly
decoded, and only X needs to be reconstructed (losslessly).
The solution to this problem, namely, the achievable rate re-
gion, is given in [1] in terms of an auxiliary random variable. In
this paper, we obtain a partial solution for an optimal auxiliary
random variable, thus providing part of the rate region explicitly
in terms of the distribution of X and the conditional distribution
of Y given X. An explicit solution of the rate region remains
elusive for rates K(X;Y) < Ry < J(X;Y). Solution in this
region hinges on finding a construction for an optimal auxiliary
random variable for a single MDC that is not a ZIC. We also
show that the alphabet size for this optimal auxiliary random
variable need not exceed the number of largest ZICs in the de-
composition of this MDC.

APPENDIX

Lemma Al: Let (Y,U) be a DC and (Y,U) the cor-
responding component random variables. Then H(Y|U) <

P(V) ey H(EY;) with equality if and only if (V,) is a

ZIC, for example, when U = {u}.

Proof:
3 3 ol

yey ueld

DD Hplylw) péu)

yey ueld

ZH(Z p U|U (U))

yey UGM

o) H(EY

yey

HY|U) =

\_/

(a)
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where (a) follows from the strict concavity of H and the fact that
Ducu s ((3'2)) = 1. The inequality is satisfied with equahty if and
only if for each y € Y, p(ylu) = p(y|u’) for all u, v’ € U for
which p(u), p(u’) > 0. This is equivalent to saying that (Y, )

is a ZIC. O

Lemma A2: Let {(X1,)1),...,(Xk,Vi)} be the de-
composition of (X,)) into MDCs, and let U be an auxiliary
random variable that has the decomposition property. For
eachi € {1,...,k} let X, Y;, and U; be component random
variables for &;, );, and U;. Then

A I(Y;Ui) = Hp(Vi)),

with equality if and only if (i4;, ;) is a ZIC
B. I(Yi;Us) + H(X;|U;) > H(X:),

with equality if and only if (U4, );) is a ZIC.

Proof: We begin with the proof of Part A.
1(Y;;Ui) = H(U;) — H(Ui|Y3)
= 3 H( Y plulyp(y)) - HUIY:)
uel; yEY;
EDYDY H(pwi)p(uw))% — HUY)
ueU; yey; ¢
1; y%); p(u,y)log —— (y)
+ 30 Y pluy) o s — H(UIY)
u€U; yeY;
H(p(Vi))

where (a) follows from the strict concavity of H and the fact
thaty- pp(()"j) = 1. Since p(y)) > Oforally € );, (a) holds
with equality if and only if p(u|y) = p(u|y’) for all u € U; and
y,y € Y;, which means that (14;,);) is a ZIC.

Next, consider Part B. Since H(X;)= (Xi |U)+I(X;; Uy),
we prove Part B by proving that I(Y;;U;) > I(X;;U;) or
equivalently, H(U;|X;) > H(U;|Y;) w1th equality if and only
if (U;,Y;) is a ZIC. This generalizes the Data Processing
Inequality to component random variables. Note that

H(U;|X;) Z Z H(p(u|z))p(z)
Z > H(S plulyp(yl) ()
mek u€U; yeY;

2 Y S )Gl

z€X; uEU; yEY;

= > > Hp(uly)p(y)

u€EU; YyeY;
— HUHIY))

where (a) follows from the strict concavity of H and the fact
that 3, .y, p(ylz) = 1. Inequality (a) holds with equality if
and only if for each v € U, and = € X, p(uly) = p(uly’)
for all y,y’ € Y satisfying p(y|z) > 0 and p(y'|z) > 0. We
call this condition (p(uly) = p(uly’) for all w € U; and all
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y,y' € J; for which there exists z € X; with p(y|z) > 0 and
p(y'|z) > 0) “Condition A.”

All that remains is to show that since (X;,);) is an MDC,
Condition A is satisfied if and only if (i4;,);) is a ZIC. The
forward direction follows immediately from the definition of a
ZIC. We next show that since (X;,);) is an MDC, Condition
A implies that (U;,Y;) is a ZIC. The proof is by contradiction.
Specifically, we suppose that (I4;,));) is not a ZIC and show
that this implies that (X, );) can be broken into smaller DCs,
say (X7, Y!) and (X!, /"), which gives a contradiction since
(X;, ;) is an MDC.

The following argument builds up (X7, /) and (X", V!') in-
crementally. If (U;,));) is not a ZIC, then there exist u € U;
and y',y" € Y, for which p(uly’) # p(uly”). Let y' and
y” be the first members of )/ and Y/, respectively, and ini-
tialize X! and X as X/ = {z € X; : p(¥/|z) > 0} and
X! = {z € X; : p(y"|z) > 0}. Notice that X/ and X/
are disjoint since Condition A allows p(uly’) # p(uly”) only
for 4/ and v that are not accessible from the same z € X;.
Next, we add to )/ all members of the set A’ = {y € Y, :
p(ylz) > 0 forsome x € A/} and to )} all members of
the set A” = {y € Vi : p(y|lr) > 0 forsome z € X/}.
Notice that p(u|y) = p(uly’) forall uw € U; and y € A’ and
p(uly) = p(uly”’) for all w € U; and y € A”. This observa-
tion follows from Condition A since for any y € A’ there exists
an ¢’ € A; for which p(y|z’) > 0 and p(y’|z’) > 0 and for
any y € A’ there exists an 2’/ € X; for which p(y|z”) > 0
and p(y”|x") > 0. It further implies that A’ N A" = & since
p(uly’) # p(uly”’) for some v € U;. This process continues,
iteratively adding to X7 and X/ all z € X that are newly
accessible from )! and Y/, respectively, and then adding to
Vi and Y/ all y € Y; that are newly accessible from X and
X!, respectively. At each iteration, Condition A guarantees that
X/ NX!" =Y/ NY! = . For example, for any y newly added
to )/ there exists an ¢’ € X/ and a g’ already in Y/ for which
p(ylz’) > 0 and p(y'|z’) > 0, which implies that p(u|y) is
constant for all y in the newly enlarged set )/ and thus that )}
and ) are disjoint. Similarly, X/ and X/’ are disjoint. Further,
since X; and )); are finite and the sizes of X7, X7/, V!, and Y/
are nondecreasing from one iteration to the next, the procedure
converges. Since the resulting (X, )/) and (X}, Y!') are DCs,
we have the desired result. O

Proof of Lemma 8

We show the contrapositive. Namely, we show that if there
exists some u € U and 7 such that p(uly) # p(u|y’) for some
Y,y € Vi, then U is not optimal. To show that U is not op-
timal, we construct an auxiliary random variable V' such that
H(X|V)=H(X|U)and I(Y;V) < I(Y;U).

SetU; = {u € U : p(uly) > 0 forsome y € V;}; that is,
U, is the set of u’s that are connected to ); (notice that U; N U;
(i # j) need not be empty). By assumption, there exists u €
U; such that p(uly) # p(u]y’) for some y,y" € Y. For each
u € U; define p;(u) = 3°, ¢y, p(uly)p(y); pi(u) represents the
contribution to the probability of  from the members of );.

We are now ready to define V. The alphabet of V is V =
V, U V;. For each uw € U \ U;, there is a corresponding v € V,,
and we define p(v|y) = p(uly) for ally € V. For each u € Y;
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there is a corresponding v € V;, and we define p(v|y) = p(uly)
forally ¢ );, and p(v|y) = pz(”)) for all y € );. Notice that V
satisfies the property given in the lemma with respect to );.

We begin by proving that V' is a valid auxiliary random vari-
able, namely, >, ., p(v|y) = 1 for all y. The result is imme-

diate when y ¢ V;, since > o\, p(v]y) = >, P(uly) = 1
forally ¢ );. Fory € ); we have

S poly) &

)Z pz

% vEV; uEM
| (u, Vi)
u€eEU; yeY, uel;
=> uD’z‘) =1

w€U;

where (a) follows since p(v]y) = 0 forallv € V, and y € ).
Next, we show H(V) = H(U). For any v € V; and its
corresponding u € U;

p(v) = > p(oly)py) + > p(oly)p(y)

y¢Yi YyEeY;

_ Z (uly)p pL
yEYi yey

= p(uly)p(y) + pi(u)
A%

= > pluly)p(y) + Y pluly)p(y)
yEYi yEY;

=p(u).

Likewise, for any v € V, and its corresponding v € U \ U;,
p(v|ly) = p(uly) forally € ), which implies that p(v) = p(u).
Thus H(V) = H(U).

Next, we show that H(X|V) = H(X|U) or, equivalently,
since H(V) = H(U), we show that H(V|X) = H(U|X). It
suffices to show that for any v € V and its corresponding v € U,

p(v|z) = p(u|z) for all z € X. Consider an arbitrary z € X. If
v € V,, then
=Y plypyle) = > ploly)plylr)
yey y¢Yi
= > p(uly)p(yl) = p(ulz)
yEYi
as needed. If v € V;, then
p(lz) =" puly)p(ylz) + > p(vly)p(yl)
yEYi YyEY:
pilu
= 3 subplole) + 3 25 pulo)
yEYi yeEY: ¢
Therefore, we wish to show that
pz B
= > p(uly)plylz).

yey YeEY:
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If ¢ A, then this holds trivially, since p(y|z) = 0 for all

y€e V. Ifx € X,L-,then for any y € );

pz _ pi(u) p(zly)p(y)
p(YVi)  p(=)

(|U2P

yey YyeY;

p UIU xlu)
(b) " p(u)p(xlu)
= yezyip( ly) ="+ (@)
= > pluly)plylz)
yeY;

where (a) and (b) follow since (X, );) is a ZIC, which implies
that p(z|y) = p(z|y’) for all y,y € )V;. Hence, H(V|X) =
H(U|X) as desired.

It remains to show that I(Y; V) < I(Y;U) or, equivalently,
since H(V) = H(U), that H(V|Y) > H(U|Y). Recall that
when v € V,, its corresponding u is in U \ U;, and p(v]y) =
p(uly) for all y € Y. Likewise, when v € V,, its corresponding
wis inU;, and p(v|y) = p(uly) for all y ¢ V;. Thus

H(V|Y) - HU|Y)
=3 > HEOWIPW) - D D> Hip(uly))p(y)
vEV; YEY; u€EU; yeY;
Finally
> > Hp(vly)ply)
vEV; yEY;
=5 X w(E5 e = T om0
u€EU; yeY; uelxt p(yz)
= 2, M) = 2 mi s s 20
S Hpi(w) — HpO)
ueU;
= " (Y plulyp) - HEOY)
u€eU; YEY;
= 5 (X sl FI) - Hp(30)
u€EU; YyeY;
YY) 2 - )
u€U; yEY; Vi
= > H((p(uly)py)
u€U; yeY:
1
+ p(uly)p(y)lo — H(p()))
u; yezy wp(y)log 55 = Hlp
=3 Hpuly)py) + Y pi(u)log —~~ y)
u€U; yeY; u€EU; ¢
H(p(Yi))
< Z > H(p(uly)p(y)
ueU; yeY;
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where (a) and (c) follow because p;i(u) = >°, oy, p(uly)p(y)
implies ), o, pi(u) = p(Y;) since p(uly) = 0 for all u ¢ U;
and y € Y;; (b) follows from the strict concavity of H since

D ye, % =1, &%7)) > 0 forall y € ), and p(uly) #
p(uly’) for some y,y" € V; and u € U;. O
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