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Secrecy Rate Optimizations for a MISO Secrecy
Channel with Multiple Multi-Antenna
Eavesdroppers

Zheng Chu, Hong Xing, Martin Johnston, and Stéphane Le Goff

Abstract— This paper investigates secrecy rate optimiza-
tion problems for a multiple-input-single-output (MISO) secrecy
channel in the presence of multiple multi-antenna eavesdrop-
pers. Specifically, we consider power minimization and secrecy
rate maximization problems for this secrecy network. First, we
formulate the power minimization problem based on the assump-
tion that the legitimate transmitter has perfect channel state
information (CSI) of the legitimate user and the eavesdroppers,
where this problem can be reformulated into a second-order cone
program (SOCP). In addition, we provide a closed-form solution
of transmit beamforming for the scenario of an eavesdropper.
Next, we consider robust secrecy rate optimization problems
by incorporating two probabilistic channel uncertainties with
CSI feedback. By exploiting the Bernstein-type inequality and
S-Procedure to convert the probabilistic secrecy rate constraint
into the determined constraint, we formulate this secrecy rate
optimization problem into a convex optimization framework.
Furthermore, we provide analyses to show the optimal transmit
covariance matrix is rank-one for the proposed schemes. Nu-
merical results are provided to validate the performance of these
two conservative approximation methods, where it is shown that
the Bernstein-type inequality based approach outperforms the S-
Procedure approach in terms of the achievable secrecy rates.

Index Terms—MISO system, physical-layer secrecy, secrecy
capacity, convex optimization, robust optimization

I. INTRODUCTION

Physical layer security has recently become an emerging
technique to complement and significantly improve the com-
munication security of wireless networks. This technique is
a fundamentally different paradigm compared to the con-
ventional cryptographic approaches, where secrecy capacity
is achieved by exploiting the physical layer properties of
the communication system [1]. The concept of physical-
layer security was originally developed for wiretap channels
in [2], and has recently been recognized as a promising
technique to establish secured data transmission between legit-
imate transceivers in wireless communications [3]-[6]. Multi-
antenna techniques have been exploited to secrecy transmis-
sion due to their extra spatial degrees of freedom, where the
secrecy capacity for multiple-input-multiple-output (MIMO)
channels with multiple eavesdroppers has been presented in
[7]. The achievable secrecy rates in multi-antenna wiretap
channels are constrained by the information rates achieved by
the eavesdroppers. In order to improve the secrecy capacity,
relays and jamming nodes have been introduced in the secrecy
network, which prevents the eavesdroppers from intercepting
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the messages intended for legitimate users [8]-[11]. In addi-
tion, an artificial noise (AN) approach is also a well known
technique to confuse eavesdroppers by embedding noise in the
transmitted signal [12]-[15]. In [12], an isotropic AN scheme
has been developed using an orthogonal projection scheme,
whereas the spatially selective AN technique is investigated by
designing optimal beamformers to confuse the eavesdropper in
[14].

In general, it is not always possible to have perfect chan-
nel state information (CSI) of the legitimate user and the
eavesdropper at the transmitter due to channel estimation and
quantization errors. Secrecy rate optimization problems would
be more challenging with unknown CSI at the legitimate
transmitter. Thus, the robust optimization techniques based
on channel uncertainties have been investigated in traditional
wireless system (i.e., cognitive radio networks) [16]-[20].
The relationship has been built between the MISO wiretap
channel and the MISO cognitive radio (CR) channel [21].
These robust optimization techniques have been extended
to secrecy transmission based on the worst-case scheme in
recent work [22]-[25]. In [22], an optimal and robust trans-
mit covariance matrix design has been proposed for MISO
secrecy channels with multiple multi-antenna eavesdroppers.
In [23], a conservative approximation approach at low SNRs
has been presented for MIMO wiretap channels, whereas a
robust beamforming technique has been developed for MIMO
wiretap channels based on an AN approach in [14], [26]. Apart
from robust secrecy rate maximization, the robust outage se-
crecy optimization with only statistical knowledge of channel
uncertainties known has been considered in [27], [28]. The
robust outage secrecy rate optimization for MIMO wiretap
channel has been investigated in [27], where a Bernstein-type
inequality based Taylor series approximation was presented for
the nonconvex outage secrecy rate constraint, while in [28], the
outage probability minimization problem of a MISO wiretap
channel has been investigated for a target secrecy rate based on
the assumption that the only distribution of the eavesdropper’s
channel error is available at the transmitter.

In this paper, we consider a MISO secrecy network, where
a transmitter establishes a secured communication link with a
legitimate receiver in the presence of multiple multi-antenna
eavesdroppers. For this secrecy network, we solve the follow-
ing secrecy rate optimization problems:

o Secrecy rate optimization based on perfect CSI: We con-
sider a secrecy rate optimization problem based on perfect
CSI, in which the transmit power is minimized subject
to the secrecy rate constraint. Motivated by [22], we
formulate this problem into a second-order cone program
(SOCP). In addition, a closed-form solution for a scenario
with a single eavesdropper of this power minimization



problem is derived based on Lagrange dual method and
Karush-Kuhn-Tucker (KKT) conditions.

o Secrecy rate optimization based on imperfect CSI: In the
previous optimization framework, we have solved the se-
crecy rate optimization problem based on the assumption
that the transmitter has perfect CSI of the legitimate user
and the eavesdroppers. However, in a practical scenario,
perfect CSI of the legitimate user and the eavesdroppers
might not be available at the legitimate transmitter due
to channel estimation and quantization errors. Therefore,
we present robust secrecy rate optimization techniques.
Unlike the robust secrecy rate optimization in [22], where
the imperfect CSI is formulated as a deterministic model
with bounded errors, in this paper, more general statistical
channel uncertainty models considering imperfect CSI
of both the legitimate user and the eavesdroppers are
provided due to unavailable error bounds. Based on these
channel uncertainty models, we consider the secrecy
rate optimization problems (i.e., power minimization and
outage secrecy rate maximization) with probabilistic con-
straints. These optimization problems are not convex in
terms of the transmit covariance matrix and the proba-
bilistic secrecy rate constraint. In order to make these
problems tractable, we present two conservative approxi-
mation approaches (i.e., Bernstein-type inequality and S-
Procedure) to convert these probabilistic constraints into
deterministic ones. Based on these approximations, the
problems can be reformulated into convex optimization
frameworks correspondingly. Furthermore, the optimality
of these approaches are proved by investigating the rank-
one property of the optimal transmit covariance matrices.

The remainder of the paper is organized as follows. The
system model is described in Section II. Secrecy rate
optimization problems based on perfect CSI are solved in
Section III, whereas the solutions for robust secrecy rate
optimization with two types of channel uncertainty models
are provided in Section IV. Section V provides simulation
results to validate the performance of the proposed algorithms.
Finally, Section VI concludes the paper.

A. Notations

We use the upper case boldface letters for matrices and
lower case boldface letters for vectors. ()7 and (-) denote
the transpose and conjugate transpose respectively. Tr(-) and
E{-} stand for trace of a matrix and the statistical expectation
for random variables. Vec(A) is the vector obtained by stack-
ing the columns of A on top of one another and ® is the Kro-
necker product. A, (*) represents the maximum eigenvalue,
whereas vpax (%) denotes the eigenvector associated with the
maximum eigenvalue. A = 0 indicates that A is a positive
semidefinite matrix. I and (-)~! denote the identity matrix
with appropriate size and the inverse of a matrix respectively.
I - ||2 represents the Euclidean norm of a matrix. *{-} stands
for the real part of a complex number, whereas |A| denotes
the determinant of A. [z]* represents max{x,0}.

II. SYSTEM MODEL

We consider a MISO secrecy channel, where the legiti-
mate transmitter establishes a communications link with the

legitimate user equipped with single antenna in the presence
of K multi-antenna eavesdroppers. It is assumed that the
legitimate transmitter is equipped with Nz transmit antennas,
whereas the legitimate receiver and the k-th eavesdropper
consist of single and N j receive antennas, respectively. The
channel coefficients between the legitimate transmitter and the
legitimate receiver as well as the k-th eavesdropper are denoted
by hy € CN7*! and H, ) € CN7*Nek | respectively. The
received signal at the legitimate receiver and the eavesdropper
can be written as

yszhfx—l—ns, ye:Hgkx—i—ne’k, k=1,.. K,

where x € CN7*1 is the signal intended to the legitimate
user. In addition, ngy and n.j are zero-mean additive white
Gaussian noises with noise variance o2 and the covariance
matrix ag,kl, respectively. The transmit covariance matrix is
defined as Q, = E {XXH } The achievable secrecy rate at the
k-th legitimate receiver is defined as

+
1 1
R, )= 1og(1+§hquhs)—1og I—i-JTkaQSHe,k ,
s e,k
vk. (D

III. SECRECY RATE OPTIMIZATION BASED ON PERFECT
CSI

In this section, we consider the power minimization problem
for a MISO secrecy channel in the presence of K multi-
antenna eavesdroppers based on perfect CSI. The power min-
imization problem for this secrecy network can be formulated
as

min Tr(Qs),

s.t. min Ry, > R, Vk, 2)
Q-0 k

where R is the predefined secrecy rate of the legitimate
receiver. The problem in (2) is not convex due to the non-
convex secrecy rate constraint. Hence, a relaxed problem can
be formulated based on the following matrix inequality [22],
[29]:

I+ A|>1+Tr(A), 3)

where the equality holds if and only if rank(A) = 1. Then,
the relaxed problem of (2) can be written as

1
1+TI' TH(E{/C sHe,k s
Ue,k

k. “4)

o TeQ,
Qin, r(Qs)

1
st. 1+ —hlQ.h, > 2%
ag

S

Problem (4) is a semidefinite program (SDP) problem, and
the optimal solution to it has been shown to be rank-one [22].
Hence, the optimal solution to the relaxed problem (4) is easily
verified to be that of the original problem (2), which confirms
the tightness of this relaxation. Accordingly, we consider the
following proposition.

Proposition 1: Due to the rank-one solution of the problem
in (4), Qs can be decomposed as Qs = ww? | and thus the



original power minimization problem for the MISO secrecy
channel can be formulated into a SOCP as follows:

min [Iw||2
w
Uihfw
7
s.t. jjk HYw | =k 0, Vk. 5)
' 1
-1t
Proof: Please refer to Appendix L. |

The problem in (5) is a standard convex optimization
problem and can be solved by the interior point methods
[30].

Corollary I: For a single eavesdropper scenario, the optimal
solution can be derived as

Vi

W* = Vp*V*a V* = T p* = /\*(QR — 1)7
Va2
A= 1 ©
/\maw(%hshf - %Her),
where Vi = e (Jrhobl — 2 HHY).
Proof: Please refer to Appendix II. [ ]

IV. ROBUST SECRECY RATE OPTIMIZATION BASED ON
STATISTICAL CHANNEL UNCERTAINTY MODELS

In the previous section, we have solved the secrecy rate
optimization problem based on the assumption that the trans-
mitter has perfect CSI of the legitimate user and the eaves-
droppers. However, in practical scenarios, perfect CSI of the
legitimate user and the eavesdroppers might not be available
at the legitimate transmitter due to channel estimation and
quantization errors. Thus, robust secrecy rate optimization has
been proposed based on the worst case secrecy rate in [22],
[23], where the channel uncertainties were formulated through
deterministic models. However, it is not possible that the le-
gitimate transmitter always obtains these deterministic models
accurately due to insufficient channel estimations. Therefore,
we solve the robust secrecy rate optimization problems with
a probabilistic secrecy rate constraint based on two statistical
channel uncertainty models in the following subsections:

A. Problem Formulation

In this subsection, we consider two secrecy rate optimization
(i.e., power minimization problem and secrecy rate maximiza-
tion problem) frameworks with a probabilistic secrecy rate
constraint. These problems can be formulated as,

Qoin, Tr(Qs),

s.t. Pr{mkin Rsﬁk‘>R} >1—p, Vk, (7a)
max R,
Qs>0
s.t. Pr{mkin RsykZR} >1—p, Vk,
Tr(Qs) < P, (7b)

The problems in (7) can be relaxed as

in T
Qiny 1(Qs),

1 1
s.t. Pr{log(1+2thsh5)log +——HY Q.H.
o; o ’ '

)

e,k
>1—p, Vk, (8a)
max R,
Q:>0
Lo u I ow
s.t. Pr log(1+—2hs Qshy)-log |I+——H_, Q.H, 1 |>R
Og Ue,k '
> 1- P Vka
Tr(Qs) < P, (3b)

where p € (0,1] is the maximum allowable secrecy outage
probability for the k-th eavesdropper, and P is the maximum
available transmit power.

Remark: For the robust power minimization problem, the
transmitter requires a certain amount of transmit power to
achieve the predefined secrecy rate within the required outage
probability. However, due to insufficient transmit power or due
to the extremely worse channel conditions of the main channel
than the eavesdropper’s, the robust power minimization prob-
lem (8a) with a probabilistic secrecy rate constraint might turn
out to be infeasible. To overcome this infeasibility issue, we
consider the robust secrecy rate maximization problem (8b)
subject to the same secrecy outage probability and transmit
power constraints. Similar statement has been found in [23].
Alternatively, the physical meaning of (8b) can be interpreted
as follows. Under the transmit power constraint, what the
maximum secrecy rate R is that can be achieved subject
to the (secrecy) outage probability less than 100 p % (.e.,
100 p %-secrecy outage capacity) [3], [31]. In order to solve
(8b), we propose a two-stage algorithm. In the first stage, for
any given R that makes (8a) feasible, we solve it to obtain
the minimized transmit power. It is easily observed that the
optimum value of R in (8b) monotonically increases with
the transmit power (i.e., Tr(Qg)). In the second stage, we
update R via a bisection method [30], [32]. Hence, without
loss of generality, the remaining part of our paper only
focuses on solving (8a), which can be reformulated into a
tractable problem by employing Bernstein-type inequality or
S-Procedure, though it is non-convex.

B. Channel Uncertainty Models

In this paper, we specifically consider two statistical channel
uncertainty models: Partial and full statistical channel uncer-
tainty models.

o Partial Channel Uncertainty Model: Here, it is assumed
that the legitimate transmitter can receive the channel
estimations from the eavesdroppers, however, it has only
imperfect CSI of the eavesdropper due to the limitation
of the estimation or quantization errors. Accordingly, we
can obtain the following channel uncertainty model:

He,k = He,k + Ee,kavkv

where H, j, € CN7*Newk js the estimated CSI of the k-
th eavesdropper, and vec(E. ;) ~ CN(0,R. ) are the



corresponding statistical errors, where R, j, is a positive
semidefinite (PSD) matrix (> 0).

o Full Channel Uncertainty Model: In this case, we con-
sider the channel uncertainty model in which we model
both the legitimate receiver and the eavesdroppers as be-
ing imperfect. The actual channels between the legitimate
transmitter and the legitimate receiver as well as the k-th
eavesdropper can be modelled respectively as

hs = Es +es,
He,k - ﬁe,k + Ee,k,vkv

where h, € CN7x1, H, € CN7*NEk are the estimated
CSI, and 5 ~ CN(0,Ry), vec(E ;) ~ CN (0, R i) are
the corresponding statistical errors. In addition, R, and
R, are PSD matrices (i.e., R; = 0, Rc . = 0).

C. Robust Power Minimization Based on Partial Statistical
Channel Uncertainty Models

In this subsection, we consider the power minimization
problem based on the assumption of imperfect CSI only for
the eavesdroppers, where we apply two conservative refor-
mulation approaches utilizing a Bernstein-type inequality and
S-Procedure to transform the probability constraint into a
deterministic one. We rewrite the original problem based on
partial channel uncertainty model as

Qin Tr(Qs)

1
s.t.Pr{log(1+ 7thshs) —log |1+
o

S

Hgk QsHe,k

e,k

)
~CN(0,Re), VE.
9

The above problem is not convex in terms of the probabilistic
constraint of the secrecy rate. By considering the inequality in
(3), the secrecy rate probability constraint can be relaxed as
follows:

21_)0’ He,k:ﬂe k+Ee k,VCC( )

H o2k H
PriTr(H,; , Q.H, 1) < o (1—|— h Q.h,)—0? ) +>1—p,

He,k—He k+Ee ks VCC( ) CN(O Re k) Vk. (10)

The left hand side (LHS) of the constraint in (10) cannot be
solved in terms of a closed-form expression. Thus, we consider
the following reformulation for this probabilistic constraint.
From the following matrix identities,

Vec(AXB) = (BT @ A)Vec(X), (11a)

Tr(ATB) = Vec(A)” Vec(B), (11b)

(A2B) = AT@B”. (11c)
The constraint in (10) can be expressed as follows:
Pr{egk(I®Qs)ee,k+2§)%{e£{k(I®Qs)ﬁe,k}

‘H_lg (I®Qs) ek<0k}>1—07 Vkv (12)

where ¢, = ( LhPQ,h,) - o2 h, ; = vec(H, )

and e, = vec(E ) “Since €. ~ CN(0,R. ), we have
the following transformation

€c k = Rzkve,k; (13)

where v i ~ CN(0,I). Thus, the constraint in (12) can be
equivalently reformulated as

1 1 1 —
Pr{vffk [fR:,ka ® QS>R3,k] ve,wz%(vfk R (e Qs>he,k1)

Hex— B, (10 Qu)he ] zo} >1-p, Vk. (14)

1) Robust Power Minimization Based on Bernstein-Type
Inequality: In order to make this probabilistic constraint more
tractable, we consider the following Bernstein-Type inequality
shown in the following lemma.

Lemma 1 [33]: For any (A, u,c), where A € CV*V is a
complex hermitian matrix, u € CVN*!, x ~ CN(0,Iy) and
€ (0,1], the following inequalities hold:

Pr{x Ax + 2R[x"u] + ¢ >0} > 1 - p, (15)
Tr(A) — \/—21n(p)w +In(p)y+c>0
i "

Z/IN+AEO

where w and y are slack variables. The equations in (16) are
jointly convex in terms of A, w and y. Based on Lemma 1,
the constraint in (14) can be reformulated into the following
form:

nR!, (10 QIR |+ V2w

2

Ry 2Tr[h b Q. Hhe, (19 Qa)he k <0 (57 —1), (172)

H { Vec(R(ik(I ® Qs)Rjk) } <o, (17b)
V2(RZ,, (1@ Qo)he ) 1l

Yl — Rj,k(I ® Qs)Re,k =0,yx >0, Vk. (17¢)

According to (17), the power minimization in (9) can be
equivalently formulated as

min Tr(Q,), st (17),

Q; = 0. (18)

The problem in (18) is convex and can be solved efficiently
by using the interior-point method [34]. In order to guarantee
the optimal solution Qs of the problem in (18) is also the
optimal solution to the original power minimization problem
in (9), we have the following proposition to exploiting
the rank-one property of the solution Qg under the some
conditions:

Proposition 2: Provided that the problem in (9) is feasible,
the relaxed problem defined in (18) yields a rank-one solution
based on some restricted conditions.

Proof: Please refer to Appendix III. |

2) Robust Power Minimization Based on S-Procedure:
In this subsection, we consider another conservative refor-
mulation for the probabilistic constraint of the robust power
minimization based on S-Procedure. In order to set the channel
uncertainty regions for (14), the following Lemma is required:
Lemma 2 [35]: Provided a set S ¢ CV*! with Pr{v € S} >
1 — p such that Vo € S, vTAv + 2R{vu} + ¢ > 0, we
equivalently obtain

Pr{vAv + 2R{vFu} +c>0} >1—p (19)



From Lemma 2, given the following deterministic quadratic
constraint

e "RZ (I ® QR Jve it 2R{v [-R2 (1 ® Qq)he ]}

v
+(Ck_ﬁgk(1 ® Qs)ﬁe,k) Z Oquv (20)

such that v, j belongs to the following set
S= {ve,k\Pr(vgkve,k < ’yfjk) >1-—p}, k. 2D

Since Ve ~ CN(0,In,,n.), it can be easily verified
that ||v.||? is a Chi-square random variable with degrees of
freedom (DoF) 2N ;, Nr. The probability of the event in (20)
with channel uncertainty regions in (21) is 1— p, thus,the chan-
nel uncertainty region always holds for v, = w,
where F~!(a) denotes the inverse cumulative distribution
function of the Chi-square random variable at a. Thus, the
probabilistic constraint can be equivalently reformulated into
the following inequalities:

ng [_Rzk(l ® Qs)Rg,k]Ve,k +2§R{ng [_RZ}@(I ® Qs)ﬁe,k]}

+(Ck_l_lgk(1 & Qs)}_le,k) Z 07

H 2
“Ve,kVek + Ye,k > 0.

In order to incorporate the channel uncertainties in the robust
optimization framework, we consider the following lemma:
Lemma 3 (S-Procedure) [36]: Let fi(x),k = 1,2, be defined
as

fe(x) = xT Apx + 2R {kaX} + ¢,

where Ay = A € C"", by € C"! and ¢; € R. The
implication fi(x) > 0 = fa(x) > 0 holds if and only if
there exists p > 0 such that

Ay by |
bgl Co
provided there exists a point X with f; (X) > 0.

By exploiting S-Procedure, the power minimization in (9) can
be reformulated as follows:

(22)

[A1 b,

b{{ ¢ :| t 07 (23)

Tr(Qs
Snin (Qs)
1 _
o lm R (1w QJRs W R Qs)hak] o
-hl,I® Q)R b= A2 g -
Qs i 07 )\k Z 07Vk7 (24)

where t, = (37 —1)02 , + o 2hHQSh -h/,(I©Q.)h,,
The relaxed problem in (24) is a semidefinite programmlng
(SDP) and can be solved efficiently by using convex optimiza-
tion software [34]. Similarly, we also show that the optimal
solution to the relaxed problem in (24) is the solution to the
original problem in (9) by using the following lemma:
Proposition 3: Provided that the relaxed problem in (24) is
feasible such that R, > 0 (Vk), the optimal solution of this
problem always returns rank-one.

Proof: Please refer to Appendix IV. |

D. Robust Power Minimization Based on Full Channel Un-
certainty Model

In the previous section, we investigated the robust secrecy
rate optimization based on the partial channel uncertainty

model. Now we study a more challenging model with the
imperfect CSI of the legitimate receiver as well as that of
the eavesdroppers. Comparing with the previous model, in
which the probabilistic constraint of the secrecy rate consists
of only one CSI error, it is more difficult to handle the
probabilistic constraint of the secrecy rate in terms of the
channel estimation errors of both the legitimate receiver and
the eavesdroppers. According to this framework, the original
robust power minimization problem in (8a) can thus be re-
expressed as

Tr(Qs
Qin - Tr(Qs),

He,k QSHgkj

stPr{log(l—i— h7Q.h,)—log |T+
e,k

)

>1—p,VEk.

Based on this full channel uncertainty model, we aim to
solve the robust power minimization problem in (25) by
converting the probabilistic constraint into a deterministic one
by exploiting the Bernstein-type inequality and S-Procedure.

1) Robust Power Minimization Based on Bernstein-Type
Inequality: In this subsection, we employ the Bernstein-Type
inequality to tackle the secrecy rate probabilistic constraint in
(25), which can be modified by using the matrix inequality in
(3) and (11) as follows:

Pr{al2 [ef Q.e, + 2R{ef Q,h,} + b QSBS]
R
I el Qe+ Rl (19Q )

ek

+h! (1w Qs)ﬁe,k} >of 1} >1—p, Vk. (26)

The above probability constraint can be written in matrix form

as follows:
Pr{[ef ,eéfk][ \
. .,
?Qs 0

ﬁQs o L
][ °

Qs 0

+h{" by

>1—p, Vk.

In order to transform the above constraint based on the
Bernstein-type inequality as described in Subsection IV-C, we

rewrite the CSI errors of the legitimate receiver and the eaves-
dropper as e, = RZv,, and e, = R(, Ve k> respectively,
where v, ~ CN(O In,) and v,y ~ CN(0,In, N, ), and set
v, = v vH ", Vk. Thus, this probability constraint can
be reformulated as

Pr{vamc +2R{viug} +cp, > o} >1—p, Vk, (28)

(25)



where
1 1 1
LRIQ.R? 0
Ap=| 2R % 5 |
0 _ERe,k(I ® QS)Re,k'
1
W— G%Rsz Q. 0 L hH 1H
k— oR % [ s e,k} B}
0 7ER37]€(I®QS)
SH T H %QS 0 “H 7 H1H R
:[hs 7he,k]|: 0 _UQQR (I®Qs):| [hs ahe,k] +1—-2"
e.k

By applying Lemma 1, the constraint in (28) can be expressed
as

—v=2In(p)wr+In(p)yr+ci >0,  (29a)

vec( Ak
65—
yel + Ay = 0,y > 0,VE. (29¢0)

Thus, replacing the constraints (26) with (29), the power
minimization problem (25) can be equivalently written as

min  Tr(Qj),

anin, st. (29), Vk.

(30)

The problem in (30) is a convex problem, and can be solved
by using interior point methods. With more complex structure
of the relaxed problem in (30), it is more challenging to
directly prove a rank-one solution of Q.. However, the
following proposition guarantees a rank-one solution.
Proposition 4: Provided that the problem in (25) is feasible,
the relaxed problem (30) yields a rank-one solution under
some restricted conditions.

Proof: Please refer to Appendix V. ]

2) Robust Power Minimization Based on S-Procedure:
In this subsection, we consider another conservative refor-
mulation for the probabilistic constraint of the robust power
minimization based on S-Procedure given a full channel un-
certainty model. This optimization problem can be rewritten
as

&Hn Tr(Qs)

1 - _ _
s.t. Pr{2(thshs+28‘E{e8HQShS}+estes)
JS

R

_T[Egk (I by Qs)l_le,k‘FQR{ee,k(I b2y Qs)ﬁe,k}
e,k

+e£k(1®Qs)ee7k]22R—1}21—p, Vk. (31)

In order to relax the probabilistic constraint in (31) into a
1
deterministic one, we consider e, = Rivy and e, =
1

R2, Ve, respectively, where v, ~ CN(0,Iy,) and v¢ ~

CN(0,In;ny ), and thus (31) can be reformulated as fol-
lows:

Tr(Qs
Qoin Tr(Q.)

1 L P

s.t. Pr{Q(vaéQsRé Vo 2R{VIRIQ,h,) +h7 Q.h,)
a

2f )

AN

C’s,k

+Egk(I®Qs)ﬁe,k] 2 QR_l} Z 1—[), Vk.

1 1 1 _
ngRez,k(I@) QS)Rs,kve,k +2%{ngR3 (I®Qs)he k)

(32)

From [37], the channel uncertainty regions are equivalently
defined as follows:

= Rs:{vs :vas §7§}7 Re,k:{ve,k :ngve,k: S’Yf,k}7 (33)

where vy, = w and e = \/w; F! and
F1 are the inverse cumulative density function (CDF) of
the Chi-squared distributed variables with degrees of freedom
(DoF) 2Nt and 2N Ng i, respectively. Thus, we can obtain

the following derivations,

Znin Tr(Qs)
1 2 5 = - — —_
5-t~7(VfR§ Q.R2v, +2R{vIR:Q.h,}+h7Q,h,)
2" 1 H o —
v kR PI2QRZ ve i +2R{VI, RZ (10Q,)he 1 }
e k
_H’lak(]:@Qs)Be,k:] ZQR_L
viivg <42, ngve,k < vfyk, Vk. (34)

The worst-case optimization framework is developed based on
the following reformulations:

Qin Tr(Q.)

st tg—tep>201,

1 1 1 1 _ _

S (VIRIQREV+2R{vRI Q,h,} +hQhy) > 1,
ZSR

1 1
UT[ngRj,k(IQ@QS)R;kve,k+2§R{V£kR (I®Qs ek}
e,k
_*_E.H

vilve <72,

(I®Qs) e k:] <te k>

VerVek < Ve E, (35)
where t, > 0 and ¢, ;, > O are slack variables for the achieved
rate of the legitimate receiver and the k-th eavesdropper,
respectively. By exploiting S-Procedure in Lemma 3, the
problem can be reformulated in (36) on the top of the next
page. This reformulated problem is a SDP, and can be solved
efficiently by the interior-point method, and the following
proposition is provided to show that the optimal solution of
(36) is rank-one:

Proposition 5: The optimal solution to problem (36) can be
proven to be rank-one provided that problem (25) is feasible.
Proof': Please refer to appendix VI. ]



n THQ,
Qin Tr(Q.)

s.t. ts—te,k>2R—1 (36a)
1 1
J+5 RIQ.R? iRE shy
7| M L R ) (36b)
ghs Q.R: ? Q ts—pss,
1 1 R 1 —

Pk crI®Qs)RZ, —2—R2, (I® Qu)he

Te k= . 1 o =0, (36¢)
3 e,k(:[@QS) ez te,k_ (I®Qs) e,k — He, k:lyek

s >0, pre >0, VE. (36d)

V. SIMULATION RESULTS

In this section, we provide simulation results to validate
the theoretical results derived in previous sections. In order
to evaluate the performance of the proposed scheme, we
consider a MISO secrecy channel with multiple multi-antenna
eavesdroppers, which consists of one multi-antenna legitimate
transmitter, one single-antenna legitimate receiver and three
multi-antenna eavesdroppers. In addition, the legitimate trans-
mitter has five antennas (i.e., N7 = 5), and each eavesdropper
is equipped with three antennas (i.e., Ng, = 3, Vk). The
transmit power is assumed to be 10 dB unless specified.
Moreover, all of the channels are generated using zero-mean
circularly symmetric independent and identically distributed
(1.i.d) complex Gaussian random variables, and the noise
power at the legitimate user and the eavesdroppers are assumed
to be one (i.e., 07 = 2, = 1). The outage probabilities are
set to be p = 0.05.

A. Power Minimization Based on Perfect CSI

In this subsection, we provide simulation results to validate
the closed form solution derived in (6) for the special case
of one legitimate user and one multi-antenna eavesdropper .
In addition, the original power minimization problem can be
formulated into a SOCP framework. We obtain the required
transmit power by solving the SOCP, the SDP and closed-
form expression for five different channels as shown in Table
I where the target secrecy rate is set to be 2. From this table,
it can be observed that these three results are the same, which
validate the closed-form solution and the SOCP formulation.

Channels Closed-form S(é)g\l;ex Oggglizsu[gg]
Channel 1 1.8081 1.8081 1.8081
Channel 2 1.4943 1.4943 1.4943
Channel 3 1.1292 1.1292 1.1292
Channel 4 0.6896 0.6896 0.6896
Channel 5 1.6659 1.6659 1.6659

TABLE I: The transmit power from closed-form solution and
convex optimization framework.

B. Robust Secrecy Rate Optimization with Partial Channel
Uncertainties

In this subsection, we evaluate the performance of the pro-
posed robust secrecy rate optimization by exploiting channel
uncertainties of the eavesdroppers. Here, the eavesdroppers’
CSI error covariance matrices have been assumed to be

Rer = 5§ I, where 5§ i, Tepresents the channel error variance
of the k- fh eavesdropi)er It is assumed the channel error
variance €2 e = 0.01 or 0.04 unless specified.

Fig. 1 shows the cumulative density function (CDF) of the
achieved secrecy rate for the secrecy rate optimization prob-
lem, where the target secrecy rate is set to be 1. From
this result, one can observe that the Bernstein-type inequality
based scheme can satisfy the outage constraint, whereas the
S-Procedure based scheme has a small proportion of the
achieved secrecy rates that cannot satisfy the outage constraint
since approximately 10 % of the secrecy rates are below the
target secrecy rate. Fig. 2 represents the achieved secrecy rate
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01l f Bernstein—type inequality |
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Fig. 1: The CDF of secrecy rate with partial channel uncertainties.

performance of these two robust proposed schemes based on
partial channel uncertainties with different transmit powers,
where these achieved secrecy rates increase with the transmit
power, and the Bernstein-type inequality based scheme has
a better performance than S-Procedure based scheme. The
achieved secrecy rate performance of these two robust pro-
posed schemes based on partial channel uncertainties with
different error variances (i.e., £2,) is plotted in Fig. 3. As
seen in this result, the achieved éecrecy rates of both robust
proposed schemes and the worst-case scheme decrease with
increasing error variance. Additionally, both robust proposed
scheme outperform the worst-case scheme.
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Fig. 3: The secrecy rate with different error variance based on
partial channel uncertainties.

C. Robust Secrecy Rate Optimization with Full Channel Un-
certainties

Next, we provide simulation results to evaluate the perfor-
mance of the robust secrecy rate optimization based on the
full channel uncertainty model, where the CSI of both the
legitimate user and the eavesdroppers are not available at the
legitimate transmitter. The CSI error covariance matrices have
been assumed to be Ry = 21, R, = Eikl, where ¢2 and
537 . represent the channel error variances of the legitimate
user and the k-th eavesdropper, respectively. Here, we set the
channel error variances as £2 = €2, = 0.01, 0.04 or 0.1.

We show the CDF of the achieved secrecy rate for the
secrecy rate optimization problem in Fig. 4, where the target
secrecy rate is set to be 1, and the Bernstein-type inequality
based scheme can satisfy the outage constraint since the
approximately 5 % of the achieved secrecy rates are below the
target secrecy rate. However, the S-Procedure based scheme
has approximately 10 % of the achieved secrecy rates and
cannot satisfy the outage constraint, which is under the pre-
defined secrecy rate. Fig. 5 represents the achieved secrecy
rate performance of these two robust proposed schemes based
on full channel uncertainties (i.e., 2 = 5§7k = 0.01, 0.04
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Fig. 4: The CDF of secrecy rate with full channel uncertainties.
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Fig. 5: The secrecy rate with different transmit powers based on
full channel uncertainties.

or 0.1) with different transmit powers, where these achieved
secrecy rates increase with transmit power, and the Bernstein-
type inequality based scheme outperforms that of S-Procedure.
The achieved secrecy rate performance of these two robust
proposed schemes based on full channel uncertainties with
different error variances is shown in Fig. 6. As seen in this
result, the achieved secrecy rates of the proposed schemes and
the worst-case schemes decrease with error variance. In addi-
tion, the Bernstein-type inequality based scheme outperforms
the S-Procedure based scheme and the worst-case scheme.
Moreover, the achieved secrecy rate versus the number of the
eavesdroppers (i.e., K) is shown in Fig. 7. It is observed from
this result that the achieved secrecy rate decreases as more
eavesdroppers are in the presence. In addition, Bernstein-type
inequality based scheme outperforms the S-Procedure based
one in terms of the achieved secrecy rate.

VI. CONCLUSIONS

In this paper, we have studied different secrecy rate op-
timization techniques for a MISO secrecy channel. We first
formulated the power minimization into a SOCP framework
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for the case of a single legitimate user and multiple eavesdrop-
pers, and derived a closed-form solution for the scenario with
only one eavesdropper. In addition, the robust secrecy rate op-
timization problems with secrecy rate probabilistic constraints
have been presented by incorporating two different statistical
channel uncertainties. The original secrecy rate optimization
problems were not convex in terms of the probabilistic con-
straint. In order to make the original problems tractable, we
considered two conservative approximation approaches (i.e.,
Bernstein-type inequality and S-Procedure) to convert this
probabilistic constraint into a deterministic one. Besides, we
investigate the rank-one property of the optimal solution for
our proposed robust schemes. Simulation results have been
provided to validate the performance of the proposed schemes
for different scenarios.
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APPENDIX I: PROOF OF PROPOSITION 1

First, due to the rank-one solution of the problem in (4), we
can equivalently obtain

min w3
1+ U%WHhshfw

> 28 vk,
1+ WHHE)kakW -

s.t.

(37

il
0.2

ek
Then, the above problem can be modified as follows:

min w3
w

R

2 1
st. ——|HLw|?+2"% - 1)< < |hl'w|* vk (38)
o ’ (o

From the following inequality relations

{ : } e 0,6 [yl < . (39)

The original power minimization problem in (2) can be
formulated into a SOCP problem as in (5).
This completes the proof of Proposition 1. |

APPENDIX II: PROOF OF COROLLARY 1

First, we rewrite the problem (37) for only one eavesdropper
using the equation w = ,/pv as

min pvilv, st VH(I+U%hSh§)V > 2
PV p 9 L. VH(I+ %HeHE)V e 9

viiv=1,p>o0.

(40)

In order to solve this problem, we consider the Lagrange dual
problem of (37), which can be written as,

1
L(w,A) = wiw+ 225 (1 + Sw'H.Hw)
ge
1
-1+ ﬁthshfw)

S

1 1
=w' <1 + S 2"H H - 2Ahsh§’> w
Ue US

+A(2f-1), @D

where A is non-negative Lagrangian multiplier. The corre-
sponding dual problem is defined as follows:

m)z\xx A (2R — 1)

1 1
st. Z2 T+ S 2"HH — —h,h! =0,
€ O—S

A>0. (42)

In order to show the strong duality between the problem in (37)
and its dual problem, the Hessian matrix of the Lagrangian of
the problem in (37) is derived as follows:

Vewr =1+ %AQRHGHE — %)\hshf. (43)
The strong duality holds between the primal problem and its
dual problem provided the Hessian is a positive semidefinite
matrix [38]. This will be satisfied provided that the original
problem in (37) is feasible, which implies that the strong
duality holds between the original problem (37) and its dual



problem. Thus, we can derive the optimal A* from the positive
semidefinite constraint in (42) as follows:

1
Amaz (52 L h hf —

Note that the above equatlon can be obtained based on the fact
Tr(A) > Apax(A). Thus, we can obtain the minimum power
as

A=

. 44
HHA) @

p = (2% —1). (45)

In addition, the optimal w lies in the null space of Z, thus

1 2R
Vi = Umaa(—hoh? — HHY), v= " @46
o o [[vall2
This completes the proof of Corollary 1. |

APPENDIX III: PROOF OF PROPOSITION 2

We first rewrite the relaxed power minimization problem as
follows:
min
Q

s

@,
[ f (18 QURE, |+ V2wt

1

e,k Sai,k(;}fl),

Tr(h;h7Q,)+hY, (I0Q,)h

2303

‘Hm ol

< W,

H vecm L(I2 QR >}
\f(Rjk(I®Qe) k)

ykI—Revk(I(@Qs)R;ktO»
Yk Zoa Qs t OaVk7

In order to show the solution to the above problem is rank-one,
the SOCP constraint (47b) can be restrictedly given by

2

1 —
\/||R I® Qs R2kH%‘ 2[R, (T® Qq)he 2

1 —
\/IIR (T® Qo) (IRE 17 +2[he k1)

< /T ® Q)T © Qu)H] T (Re i) + 2Tr(Re 1) [l |2
<wp,=Tr((IT® Qo)X ® Q) M]IE <wf, (48)

where [, = \/TrQ(R@k) + 2Tr(Re 1) ||he & ||2. By exploiting

Tr[(A @ B)(C ® D)] = Tr(AB ® CD), Tr(A ® B) =

Tr(A)Tr(B) and (A @ B)T = AT ® B”, we can obtain
ENEATH(Q.Q) < wy,

2

= A (QUQH) < THQUQE) < i,
= Q.Q <41 = Skz[ ar ] =0, @9)

where t2 = lz;’,‘ Thus, the constraint in (49) can be

rewritten into the f0110w1ng linear matrix inequality (LMI):

tl Qs t.I 0 0 Qg
[Qf tkl]to’:[OHtI}—'—{Qf 0

“);g} tgl} [ ]Qs[ ]+[_OI]Q§[10],
Qs <t (50)

|-o

In order to further reformulate the above LMI, we consider
the following lemma:

Lemma 4: (Nemirovski lemma) [39]: For a given set of matrices
A=A B and C, the following LMI is satisfied:

A - BXC 4+ CHIXHB, |IX|| < t, (51)

if and only if there exists non-negative real numbers a such

that
] - 0.

By applying Lemma 4 to the LMI in (50), we can obtain

soc| L6l || S to a0 ]

*tk[IO] 0,1]:

_ H _RH
{A aCHC —tB (52)

—tB al

(53)

From (53), we claim that constraint (49) can be equivalently
rewritten without Qg. In order to prove rank-one of the
power minimization problem, we consider the Lagrangian
dual function of (47), which can be expressed in (54) on
the top of the next page, where Z, Ay and Cj are dual
variables associated with Q, (47a) and (47¢), respectively. In
addition, H"™ € HY™ N and T, € HY™ " are block

o 1 1
submatrices of R 1 +h, khf  and R(‘j’ kaR; &> Tespectively,
and can be expressed specifically as follows:

H}(€171) HECLNE,k)
Re,k + Ee,kﬁgk = : (55)
H](CNE,kal) H;NE,kyNE,k)
and
(1,1) (1,Ng,k)
) ) Te,k Te,k o
RZ,ChRE) = : : (56)
TS\ITCE);C,I) T(NE,ImNE,k)

We consider parts of the KKT conditions related to the proof

oL
= 7
Q. 0, (57a)
7ZQ,=0, (57b)
Qs=0, Z=0, A\, >0, Cy = 0,Vk. (57¢)
According to the KKT condition in (57a), we have
K Ng,k K Ng
1-Z+3 S HS™ —th b 37 ST = 0,(58)
k=1n=1 k=1 n=1

where t = S8 bl /\;R e;‘ Postmultiplying the two sides of (58)
by Qs, and based on (57b) we have

K Ne K Ngxk
<I+ZZA H' 43 ST "")>QszthsthS,(59)
k=1n=1 k=1 n=1

From (59), we claim that there is at least one A, Vk such
that A > 0, which is shown by contradiction. If all A, = 0



K 2
L(Qs, Z, M, Cr) = Tr(Qq) — Tr(ZQ.) + > M {Tr[(RQk +h.:h)(I®Q,)]— 2;02 r(h,h7Q,)
k=1 s
K
1 1 1
—2In(p)wy,—In(p)yx —o? *Gr =1 ] ~> Tr {ck (ykI ~RZ,(Ig QS)R;kﬂ
k=1
K Npgx& K )\k K Ngx&
= Tr(Q)~Tr(2Qu)+Y_ > MTr(H™Q,) - Y T e;Tr(h h7Q)+> Y mTQ.. (54)
k=1 n=1 k=1 k=1 n=1
for Vk, then t = 0 = (I+ZkK1 ZQ’El’CT ") )Q, =0 (c.f. From the above equality, we show that T # 0
() b contradiction. If T = 0, then we have
(59)) such that Q, = O due to I+Ek L ZnE T -0, Ns, - (n,n) _
which implies that the legitimate transmitter does. not send 1+ Z’“ 1 2n=i Sy Qs = 0. such that Q, = 0

any information to the legitimate receiver. Thus, we claim
that there exists at least one Ay > O such that ¢ > 0 holds.
According to (59), the following relation of rank holds:

K Ng.k K Nk
rank(Qjs) —rank[<1+zz,\kH n,n _|_Z ZT(n n ) ]
k=1n=1 k=1 n=1
=rank(th,h Q,) <min{rank(th,h?), rank(Q,)} <1. (60)

This completes the proof of Proposition 2. ]

APPENDIX IV: PROOF OF PROPOSITION 3
Here, we provide the proof for the rank-one solution of the

power minimization problem in (24). The first step is to re-
express the Lagrangian function of (24) as follows:
K

LQsZY) = —> Tr(YrAyg), (61)
AkIﬂ—Rék(I@Qs) GRS S EYa W)

Tr(Qs) —Tr(2Q;)

where

k=1
Ak = I k] ’
_he k(I ® QS) 123 _)\k'@k
in addition, Z and Y, are the dual variables associated
with Q, and Ay, respectively. Then, we rewrite Ay for the
convenience of notations.

pYA | 0
A =
b {0 (52 — 1) gk_)‘k’YQk]+

[R?, Bl @eQi[RE, Bl

From (62), the Lagrangian dual function can be rewrit-

ten as (63), where S!""
. "~ qH
[ng h. k} Y, {Rf x he k] similar to Appendix III. Next,

we consider KKT conditions, which can be obtained as

2
Ue,k
2 [0
2802

h,]7Q,[0 h,]

1
3R

K Ngx
Qe g0 nTo B S0
s k=1 n=1
K NEg
=1-2+) S s =[0 h,]T[0 h,]" (64)
k ln 1

where T = Zk i Yk Multiplying Qs by the two sides
of (64), we have

K Ng

(I+Z S s

k=1 n=1

)Qsz[O h,]T[0 h]7Q., (65

(62)

IS HfT is a submatrix of

due to T+3° 5, ZfEl" S"™ 0, which violates Q, # 0
K Ngk

due to R > 0. Thus, we clalm T = 0, and we obtain the
rank-one relations:
rank(Q;) = rank<<I + Z Z S;(gn’n)>Qs>
k=1 n=1
= rank( [0 h,]T[0 h]” Qs)
< rank([0 h,]) <1 (66)

This completes the proof of Proposition 3. ]

APPENDIX V: PROOF OF PROPOSITION 4

In order to prove the rank-one solution of (29), we first
transform this problem into the following form

min Tr(QS)

[Tr(hsh!Y Q)+ Tr(R,Q,)]

7
Os
R

2 _
——Tr[(he ki 4+ Re i) I ® Q)] +ax >0,
e k

wkI fk
f,fl Wi
R

2 1
-5 R, (I® Q)R]
Ock

v —21n pwy, + In pyx, and
»RIQ.RZ
0
1ok
LRIQ,
0

1 1 1
=0, gy, + 5RIQRE = 0, (67a)
g

S

YkINg N p = 0, (67b)

where a, = 1 — 28 —
0
2R 1 1
—o R, (I®QRE,
0
R 1
~# R 0q)

The first SDP constraints in (67a) can also be restrictedly
modified by using the similar approach as shown in Appendix
III, whilst the Hermitian matrix in the second SDP constraint

f,— . (68)

V2 (" bl ]



L(Qs,Z,Yy) = Tr(Qs)—Tr(ZQs) +
k=1
S ORI |
(2713 - 1)Ue,k_Ak‘,Ye,k

NEg,k

K
=Tr(Q.) - Tr(ZQ.)+)

k=1n

2

K

"2 5n 7
2

k=

(Yk 0 1)7Q.[0 h.] )

6

Tr <S](€n’n) Qs) -
1

(63)

is evidently positive definite as a result of its structure. Then,
we consider the Lagrange dual function of the above problem,

(Qs> Z, )\, By, Ck) :Tr(Qs) _Tr(ZQs)

—Z Ak( BB Q.)+ TH(R.Q,)]

R
—LTI‘[(he kl_lgk'f'Re,k)(I & Qs)}—kak)

ek:
R
—ZTr[ck@kINTNE‘,&.—QR: (I@QS)R:k)],m%
k=1 e,k

According to the relevant KKT condition,

K Ngpx
—:I ZAkhhH ZAkR ZZA’“Q H{"™
N NEk k=1 n=1 K
+> Z R(" " _7,=0, (70)

k=1 n=1 Ek

where H(" ) e HNT is a block submatrix of he khe K, +

R i, and R(n " ¢ IHINT is a block submatrix ofR CkR
Then, settmg

2R (n,n) (n,n) K )\k
ﬁ(Aka R ) - 207% R,, (71)
k=1 n=1 ¢ k=1

we can obtain

)\k H
Z=T-—
(Z — )h h! (72)
k=1 "%
From (71), it is easily verified that T > 0 when Ay = 0,
however, A, # 0, as discussed in Appendix III. Thus, we only
focus on the case of Ak > 0.

Setting v = Zk 1 2& > 0, one can easily observe that T = 0

and rank(vh,hil) = 1 from (72). Letting rank(T) = r, we
consider the following assumption:

if T > 0, then this implies r+ = N, according to [40,
Lemma 5], rank(Z) > Np — 1. We can claim rank(Z) # Np
due to Qs # 0. Thus, rank(Z) = Nr — 1 only when
rank(Q;) = 1 due to the KKT condition ZQ, = 0. Therefore,
the remaining part is to show that T > 0. By exploiting
[40, Appendix D], we can conclude that T > 0 such that
rank(Q;) = 1.

This completes the proof of Proposition 4. |

APPENDIX VI: PROOF OF PROPOSITION 5

In order to show the rank-one solution of the problem in
(36), we rewrite T, and T, ; as follows:

T, = E,+ VZQ,V,, (73a)
Ter = Bep — VILI®Qs) Ve, (73b)
where
= _ | msl 0 7i[ 1 }
=T [ 0 —ts—pusy2, } V= O RS b |
R
—_ ,U,kI 0 272 |: 1 — :|
S L= Vep=— 2 .
* { 0 te’k_/‘e’k'ys,k}’ * Oe,k Res Bes

Then, we consider the Lagrange dual function of (36) by
replacing (36b) and (36¢) with (73a) and (73b), respectively.

C(st Z, As» Ae,lm Vi, )\57 Ae,k) :Tr(Qs) —TI"(QSZ)
K K
A= Tr(TerAer)— > vi(ta—ter—2"7+1)
k=1 k=1
K
_)\SILLS_Z )\e,k:;u/e,kv (74)
k=1

where Z, A,, Ack, vk, As and A are dual variables
associated with Qg, T, Ter, s, ek, and (36a),
respectively. We consider the relevant KKT conditions
as follows:

oL
=0 75
Q. ) (75a)
QsZ =0, (75b)
T.A, =0, (75¢)
As = 07 Ae,k = 07 Qs = 07 )\s > 0. (75d)
From (75a), we have
or K NExk ()
_ H n,n)
Q. =1-Z-VANVI+> Y s =0, (76)
k=1 n=1
where ngk’”) € HfT is a block submatrix of Ve,kA&kak
(1,1) (1,Ng.x)
SE,k S E.,k
VerAe eV = : : (77)
S(]ZE’k’l) S(NE,k:7NE,k)



By pre-multiplying Qg by both sides of (76), we obtain

K Ngk

Q. (I+Z 3 SSf,;"’) =Q,V,A, V!

k=1 n=1

(78)

From the above equality, one can observe the following rank
relations,

K Npxk
rank(Q;) = rank [QS (I + Z Z Sinkn))]

k=1 n=1

= rank <QSVSA3Vf ) ) (79)

In order to prove rank(Qs) < 1, we need to show that
rank(Q;V A, V) < 1 holds. Due to (75¢), we post-multiply

Vf by the two sides of this KKT condition,
EAVELVIQ VA VE =0, (80)

As a result of the following equalities,

1 1 —
7|:R§ O}Eszﬂs(vs_[o hs]>7
Og Os

1 1

—[r} o|Vi=—R.

Os 02

By pre-multiplying both sides of (80) by - [ RZ 0 }, we
obtain

1 = 1
Hs <Vs [0 hs] >A5Vf+2RSQsVSAsz =0,
US US

1 o
= (usHQRSQs)VSASVf“ [0 h.] A V. 31
g g

S S

Now, we provide the following two scenarios for the equality
(81). First, we discuss the scenario when p; = 0. From (73a),

we have
Ts—[ 0 o0

0 —t, (82)

} +VIQ.V..
Assuming that rank(VZ Q. V) = r,, it thus straightforwardly
follows from (82) that

rank(T,) > rank(VZQ,V,) — rank [g tO] =rs—1,

=rank(null(Ty)) < Np+1—(r;—1). (83)

Assuming that there exists at least one ¢ that lies in the
null space of VfQSVS such that QZV, = 0. This as-
sumption holds true, since null(VZQ,V,) is non-empty, due
to rank(VEQ,V,) < (Nr + 1). We pre-multiply ¢7 and
postmultiply & on both sides of (82),

1,6 = ¢! {8 _H = (84)

It is easily verified that £ T.¢ = 0 due to t; > 0 and
therefore,

Ve e mull(VAQ,V,) = ¢ € null(T,),

= mull(VZQ,V,) C null(T,). (85)
According to (85),
rank (null(VZ Q,V,)) < rank(null(Ty)),
= rank(null(T;)) > Ny + 1 —ry. (86)
Combining (83) with (86), we have
Nr+1—rg <rank(null(T,)) < Np+1—(rs—1). (87)
Since T;A =0,
Nr+1—rs;<rank(A;) < Nr+1—(rs—1). (88)

Accordingly, A is of the following structure:

Nr+1-rg
A= ) & +Bm", (a>0,Vi, 8>0). (89)
=1
If 5 =0, then
L Nr+1-—rs
Q.AVI-QlQiv.( Y ase)ve
=1

Nr+1-—r;

S ai<Qévs§i§ZHV§)=0. (90)

i=1

1
= Q2

Together with (79), we obtain rank(Qs) = 0, which contra-
dicts to the optimality of the problem (8a). Therefore, we have
£ >0 and

Nr+1—-rg

> kit +pm" > v,

Q.V.A,VH — QéQéVf(
=1

- Q: (0+6Q§Vsm}HVf)

= BQ Ve VH. 1)

One can easily observe from (91) that rank(Q, VA, V) <
rank(nnf?) = 1.

Moreover, we provide the proof for the case of us > 0, since
wsl + #RSQS is of full-rank, according to (81),

rank(V,A, V)

s 1
=rank {H </LSI—|— 2RSQS)
US

-1
[0 h,] VA VI

Os

grank<[0 Es]> <1,= rank(Q.V,A ., VI <1, (92

which completes the proof of Proposition 5. ]
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