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Chapter 1

Mathematical Preliminaries

Exercise 1.1 For a € R such that o # —1/n and 1,, € R™ the vector of all 1s, show that

we have (I +al, 1))~ =1 — =25-1,1,,.

Exercise 1.2 (¢) Show that we can diagonalize by blocks the matrices M and M~1 as
M= A B _ I 0\/A O I A™'B
~\¢ D) — \cAatr1)\0 M/AJ\0O I
(A B
~\C D

(@) - G W) (e )

Exercise 1.3 Show that det (( 7)) = det(M/A) det(A) = det(M/D) det(D).

Exercise 1.4 (#) Prove the identities ), = py + SyaXzs (2’ — pa) and covariance
matriz Xy, = Syy — Sy Xos Say-

Exercise 1.5 Ezpress the eigenvectors of XX T and XX using the singular vectors
of X.

0 X

Exercise 1.6 Faxpress the eigenvectors of (Xf o ) using the singular vectors of X.

Exercise 1.7 Show that for the logistic regression objective function defined as F(0) =
LS log(1 4 exp(—y;(X0);) with X € R™*? and y € {—1,1}", then F'(§) = X g,
where g € R™ is defined as g; = —y;0(—y;(X0);), with o(u) = (1 +e )" the sig-
moid function. Show that the Hessian is %LXT Diag(h)X, with h € R™ defined as
hi = 0 (3 (X0).)o(—yi (XO);).

Exercise 1.8 (Functions on matrices) Let A be a symmetric matriz. Show that the
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2 CHAPTER 1. MATHEMATICAL PRELIMINARIES
gradient of the function M s tr(AM™1), defined on invertible symmetric matrices, is
equal to M — —M~YAM~t. Show that the gradient of M s logdet(M) is M — M~1.

Exercise 1.9 LetY be a nonnegative random variable with finite expectation, and € > 0.
Show that ely>. <Y almost surely and prove Markov’s inequality:

Exercise 1.10 (Chernoff bound) Let X be a random wvariable. Show that for any
t € R and s > 0, we have P(X >t) < e S'E[e*X].

Exercise 1.11 Let Y be a nonnegative random wvariable with finite expectation. Show
that E[Y] = [T P(Y > t)dt.

Exercise 1.12 (¢#) For X a Gaussian random variable with mean 0 and variance 1,
show that for t > 0, 1 exp(—t?) < P(X > t) < exp(—t?/2).

Exercise 1.13 Show the one-sided inequality: with probability greater than 1—4, % S Zi—
a— b
LSyt ElZi] < l ‘ log (3

Exercise 1.14 (Azuma’s inequality (¢)) Assume that the sequence of random vari-
ables (Z;)ixo0, satisfies E(Z;|F;—1) = 0 for an increasing sequence of increasing “o-fields”
(Fi)izo0," and |Z;| < ¢; almost surely, fori > 1. Then

2t2

1 — -n
P(-SN " Z >t)< (—)
<n§ Z ) PO@ T a)

2

Exercise 1.15 Show that a Gaussian random variable with variance o* is sub-Gaussian

with constant o2.

Exercise 1.16 If Z1,...,Z, are independent random variables which are sub-Gaus-sian
with constant 72, show that P(|2 3" | Z; — L3 | E[Zi]| > t) < 2exp(— 272) for any
t > 0.

Exercise 1.17 (#) Let Z be a random variable that is sub-Gaussian with constant 2.
Then, by using the tail bound P(|Z — E[Z]| > t) < 2exp(— 2:2)'

t2
vt >0, P(|Z -E[Z]| > t) < 2exp(_ 272)
.

Show that for any positive integer q, E[(Z — E[Z])?1] < (2q)q!(272)4.

1See more details in https://en.wikipedia.org/wiki/Azuma’s_inequality.


https://en.wikipedia.org/wiki/Azuma's_inequality

Exercise 1.18 (#4) Let Z be a random variable such that for any positive integer g,
E[(Z — E[Z])?9] < (29)¢!(272)?. Then show that Z is sub-Gaussian with parameter 2472.

Exercise 1.19 Assume that the random variable Z has almost surely nonnegative values
and finite second-order moment. Show that for any s > 0, we have log (E[efsz]) <

—sE[Z] + 5 E[Z?).

Exercise 1.20 (#) Use McDiarmid’s inequality to prove a Hoeffding-type bound for vec-
tors: If Zy,...,Z, € R? are independent centered vectors such that ||Z||a < ¢ almost
surely, then with probability greater than 1 —§, we have

1zn:Z < c(l—&-\/Zlgl)
— il < —= og = |.
n 5 VN 1)

Exercise 1.21 (#) Prove the inequality

1 — 1 &
P(‘n;% - ﬁ;E[ZJ

S nt?
Z1) S 2exp ( T 207+ 2ct/3)'

Exercise 1.22 Assume that Z1, ..., Z, are random variables that are sub-Gaussian with
constant 7% and have zero means. Show that E[max{|Z1|,...,|Z,[}] < \/272log(2n).
Prove the same result up to a universal constant using the tail bounds IP’(|Z| >t) <
2exp(—3 ) together with the union bound, and the property E[|Y]] = P(lY| > t)dt
for any mndom variable Y such that E[|Y]|] exists.

Exercise 1.23 (#4) Assume that Zi,...,Z, are independent Gaussian random vari-
ables with mean zero and variance o®. Provide a lower bound for Elmax{Zy,...,Z,}] of

the form cy/logn for ¢ > 0.

Exercise 1.24 Assume that Z1, ..., Z, are sub-Gaussian random variables with common
sub-Gaussianity parameter T, and potentially different means p1, ..., uy,. For a fized set
of nonnegative weights w1y, ..., T, that sum to 1, and 6 € (0,1), show that with probability
greater than 1 — 0, for all i € {1,...,n}, |z; — wi| < 7/2log(1/m;) + 74/210g(2/0). If

i € argminge(y,... pn} {zl + Tw/210g(1/7ﬁ')}, show that with probability greater than 1 — 4,

s < mingegr,ny {pi + 27y/2log(1/m;) } + 274/21log(2/6).

Exercise 1.25 (#4) Consider a convex function f : R? — R such that f(0) = 0 and f
is L-smooth with respect to the norm §; that is, f is continuously differentiable and for
all ,m € RY, f(0) < f(n)+ f'(n)T(0—n)+ 2Q(0 —n)?. Let Z; € R? be independent
zero-mean random vectors with E[Q(Z;)?] < o2, fori=1,...,n. Show by induction in n
that E[f(Z1 + - - + Zy)] < nL%-.
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Exercise 1.26 Consider a function g : [0,1] — R. Show that the piecewise interpolant
based on values at {0,1} equals § : © — (1 — z)g(0) + zg(1) and that its integral equals
19(0)+29(1). Assuming g is twice differentiable with second-derivative bounded in mag-
nitude by L, show that for all z € [0,1], [g(z) — §(z)| < Lz(1 - 2).

Exercise 1.27 Show that the trapezoidal rule leads to an error in O(1/n) if we assume
only one bounded derivative.

Exercise 1.28 (¢) Show that for 1-periodic functions, the trapezoidal rule leads to an
error in O(1/n®) if we assume s bounded derivatives.

Exercise 1.29 Assume that the matrices M; € R¥*% qre independent, have zero mean,
and || M;llop < ¢ almost surely for alli € {1,...,n}. Show that

"

Moreover, with 0% = max { Amax (= > i M;" M), Amax (£ >o1_ ) MiM,") }, show that

1 n
P( ﬁ;Mi

n

1
2 M

2
c
p 8

nt?
Op>t><(d1+d2)'eXp(— )

nt?/2 )
% +ct/3)

>t> g(dl%—dg)-exp(—

op



Chapter 2

Introduction to Supervised
Learning

Exercise 2.1 Consider binary classification with Y = {—1,1} with the loss function
0(—1,-1)=£(1,1) =0 and £(—1,1) = c— > 0 (cost of a false positive), £(1,—1) = cy >0
(cost of a false negative). Compute a Bayes predictor at x as a function of Ely|z].

Solution. Given z € X, we compute

argmin E[{(y,z) |z = 2/].

ze{-1,1}
We have
Elylz] = P(y = 1]z) — P(y = —1[z).
Therefore, computing E[¢(y, z’) |x = a'] for 2/ = —1, we obtain :
1-Eyle =o'
Ell(y,2") |z =2'] = Ell(y, - 1)|r =2’ | = c_Ply= 1|z =2') = c,w.
With 2/ =1, it yields :
1+E =1
E[t(y. ) |r = '] = El((y. Ve = 2] = e, B(y = lfo = ') = , T AT =]

This gives a choice for a Bayes estimator f : X — R such that, for all 2’ € R,

fa) = sign (Elyle = '] - = ;ji).

Exercise 2.2 We consider a learning problem on X x Y, with Y = R and the absolute
loss defined as £(y, z) = |y — z|. Compute a Bayes predictor f. : X — R.
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Solution. Let X,Y,1 be as defined in the text. We assume that y given x has a density
function p(y, ).

LetzeX, zeR:

“+ o0
e(z) = E(ly — 2| |z = o) = / ly — 2lp(y, )dy

— 00

z +oo
- / (= — y)py, 2)dy + / (v — 2)ply, 2)dy.

—0o0

By the Leibnitz rule, the derivative yields: ¢'(z) = [*_ p(y, z)dy — f;oo p(y, z)dy, which
shows that the minimum of e is reached on the median of y given x. Therefore, the Bayes
predictor f, is, in our case, the median of y given x.

Exercise 2.3 We consider a learning problem on X x Y, with Y = R and the “pinball”
loss U(y,z) = a(y — 2)+ + (1 —a)(z — y)4, for a € (0,1). Compute a Bayes predictor
f« : X — R. Provide an interpretation in terms of quantiles.

Solution. For all z,y € Y, the loss function #(z,y) is defined as, for a € (0,1):
lzy)=aly -2+ + (1 -a)(z -y = aly = 2)ly>: + (1 - ) (z = y)ly<:.
The Bayes predictor at x is given by:
f*() € argmin E[((y, z)|a]
We have :
E[l(y, 2) | 2] = Ela(y = 2)1y>z + (1 — @) (2 = y)1y<:|7]

— o / (v — 2)Lys-p(yl2)dy + (1 — a) / (2 — )Ly <-plyle)dy
R R

+o00
—a [ =Dy (1-a) [ - p)1epllo)dy

—00

Since we want to find the minimum of this with respect to z (and the loss is convex in
z), we compute a subgradient with respect to z and set it to 0. We have:

oy~ 2) + (1 - a)(z — y)sla] =0

z —+oo
s (1-a) / p(ylz)dy — o / p(ylx)dy = 0
& [ p(ylr)dy = a

We thus have a minimizer by taking z as the quantile of order « of the conditional
distribution of y given z.



Exercise 2.4 (¢#) Characterize Bayes predictors for regression with the “c-insensitive”
loss defined as {(y, z) = max{0, |y — z| —e}. If for each x, y is supported in an interval
of length less than 2¢, what are the Bayes predictors?

Solution. Assume ¢ > 0. Let 2/ € R. Let z € R.

E(((y, 2)|x = o) = / Iy - 2| — £)p(y. 2)dy

ly—z|>e

= /_ N (y —z—¢e)p(y, x)dy + / (z —y —e)p(y, x)dy.

z—Yy>e

Derivating the expresion w.r.t z yields:

/ Py, z)dy — / p(y,x)dy =Py — 2 > el = ') —P(y — 2 < —elz = '),
y—z>€

z—y>e

Therefore, a Bayes estimator can be interpreted as a balance between the number of
overestimated and underestimated predictions, above a specific threshold (¢).

Let y be supported in an interval of less than 2¢ for all x. For a given x, we assume
that (a,b) is the smallest interval supporting y given = (b — a < 2¢). As we cannot have
both P(y — 2 < —¢glz =2') > 0 and P(y — z > e|lz = ) > 0, we need

Ply—z< —¢lz=a)=Ply—z>¢clz=2")=0.

Therefore, f : X — R is a Bayes estimator for this problem if, and only if, for all x,
f(z) € (b—€,a+¢), where a and b are x—dependent as defined before.

Exercise 2.5 (Inverting predictions) Consider the binary classification problem with
Y = {-1,1} and the 0-1 loss. Relate the risk of a prediction [ and to that of its oppo-
site — f.

Exercise 2.6 (“Chance” predictions) Consider binary classification problems with
the 0-1 loss. What is the risk of a random prediction rule where we predict the two
classes with equal probabilities independent of input x? Address the same question with
multiple categories.

Exercise 2.7 (#) Consider a random prediction rule where we predict from the proba-
bility distribution of y given x. When is this achieving the Bayes risk?

Exercise 2.8 How would the curve move when n increases (assuming the same balance
between classes)?
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Chapter 3

Linear Least-Squares
Regression

Exercise 3.1 In the Gaussian model given above, show that 52 the mazimum likelihood
estimator of o2 is equal to 6% = %Z?:l(yT — () 10)2.

Exercise 3.2 Show that the expected empirical risk is equal to ]E[{]\Q(é)] = n=ds2

n
particular, when n > d, deduce that an unbiased estimator of the noise variance o? is
given by ﬁ“y — @[3

Solution. We want to compute R(6).

nR(0) = E(ly — 0]3)
—E(lly — ®(@7®) "2 Ty[l3), as 6 = (2T @) '@ Ty
= E(||(I —)y||3), where IT = &(® ' &)~ 1d "
=E(tr(y " (I —M)y)), as I — I is symmetric and (I — )2 =T —1I

tr((1 = IE(yy "))
o?tr((I — 1)), as E(yy ") = ©60,0,0 021

=o0%(n—d), as I € R™*", and II is a projector on a space of dimension d.

This gives the expected result. Isolating o? in the previous equation, we actually compute
0% = E(-15|ly — ®6||3) which means that —1—|ly — ®6||3 is an unbiased estimator of o2,

Exercise 3.3 (General noise) Consider the fized design regression model y = @0, + ¢
with & with zero mean and covariance matrix equal to C € R™ ™ (not oI anymore). Show
that the expected excess risk of the OLS estimator is equal to %tr [<I>(<I>T<I>)*1<I>TC’]
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Exercise 3.4 (Multivariate regression (#)) Consider Y = R* and the multivariate
regression model y = 0] o(x) + & € R¥, where 0, € R¥* and ¢ has zero-mean with
covariance matriz S € R¥** . In the fived regression setting with design matriz ® € R"*¢
and Y € R™* the matriz of responses obtained from i.i.d. &, € R¥, i =1,... n, derive
the OLS estimator minimizing +||Y — ®0||% and its excess risk (where |M||p denotes the
Frobenius norm defined as the square root of the sum the squared components of M ).

Exercise 3.5 Using the matriz inversion lemma (discussed in section ??), show that the

ridge regression estimator given in proposition 77 can also be written as 0y = (®Td +
nA) 10Ty = dT (@D T +nAI)~ly. What could be the computational benefits?

Exercise 3.6 Compute the expected risk of the estimators obtained by regularizing by
0T AO instead of \||0]|3, where A € R4 is a positive-definite matriz.

Solution. Replacing the regularization term A[|0||3 by [|0]|3, with A positive definite,
we obtain that 6y = 2(X + A)~'®Ty. Therefore, E(6) = 6. — (I + A)"'Ab,. As in the
book, we decompose the excess risk in bias B and variance V. The computations yield :
B = |[E(f) — 6|3 = (5 +A) " A6.13
B=0] A+ A)"IS(S+A)LAG,
1 -
V=E(|-(E+A)"0Tel)

:]E(% rEeT RS+ A)TID(E+A) D Te))
_ %tr(oﬂ(g FA)TISE + A) IS

T (S +4)7D)).

Vv

By summing the preceding terms, we have :

E(R@) =R*+B+V =024+ 0] AS+A)7IE(S +A)"TA0, + %2 tr(((S+A)71D)?).

Exercise 3.7 (#) Consider the “leave-one-out” estimator G)Ti € R? obtained, for each
i€ {1,...,n}, by minimizing %Zﬁéi(yj — 0T p(x;)? + A\|0]|3. Given the matriz H =
O(@TP +nA)"10T € R™*", and its diagonal h = diag(H) € R", show that

fz plai) 0572 = (T = Diag() (1 — H)yl.

where Diag(h) denotes the diagonal matriz with h as its diagonal. Hint: use Woodbury
matriz identities from section 77.



11

Exercise 3.8 Show that for the random design setting with the same assumptions as
proposition 77, the expected risk of the ridge regression estimator is

E[R(6,) — R*] = A?E[aj(i FA)ISE + )\I)”G*] + %QIE[tr (S + AI)*QEE]} .

Exercise 3.9 (#) Given ® € R"*?, we consider minimizing |® — AD||% with respect to
D € R¥*? gnd A € R"™*. Show that the optimal solution is such that AD is the data
matrixz after performing PCA. Using the singular value decomposition of ®, show that
an alternating minimization algorithm that iteratively minimizes |® — AD||% with respect
to A, and then D, converges to the global optimum for almost all initializations of D;
compute the corresponding updates.

Exercise 3.10 (K-means clustering) Given ® € R"*¢ we consider minimizing the
objective ||® — AD||% with respect to D € R¥*? and A € {0,1}"** such that each row of A

sums to 1. Compute the updates of an alternating optimization algorithm that minimizes
|® — ADIJ%.
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Chapter 4
Empirical Risk Minimization

Exercise 4.1 (#) On top of the assumptions made in this section, assume that a(0) = 0.
Show that if a* is the Fenchel conjugate of a, then for any function g : X — R, we have
a*(R(g) — R*) < Ralg) — R

Exercise 4.2 (#4) Consider a convex function ® : R — R, which is differentiable at
zero with ®'(0) < 0. Define G(z) = ®(0) — infyer { 2P (u) + 352®(—u)}. Show that G
is convez, G(0) = 0, and G[R(g) — R*| < Ra(g) — Ry for any function g : X — R.

Compute G for the exponential loss.

Exercise 4.3 (¢#) Assume that |2n(x) — 1| > € almost surely for some e € (0,1]. Show
that for any smooth conver classification-calibrated function ® : R — R of the form
®(v) = a(v) — v as in this section, then we have R(g) — R(g«) < o) [Ra(g) — R] for
any function g : X — R.

Exercise 4.4 For the logistic loss, show that for data generated with class-conditional
densities of x|y = 1 and x|y = —1, which are Gaussians with the same covariance matriz,
the function g(x) minimizing the expected logistic loss is affine in x. This model is
often referred to as “linear discriminant analysis (LDA).” Provide an extension to the
multicategory setting.

Exercise 4.5 Show that for © = {§ € R%, ||0||1 < D} (¢1-norm instead of the f3-norm),
we have

inf R — inf R < GE T 1 — D).
é)le(t;) (fG) GleRfd (fG) <G [HSO( )”oo](Ho ”1 )+
Generalize to all norms.

Exercise 4.6 (#) Provide an explicit bound on supjg,<p |R(f) — CJAQ(f)|, and compare
it to using Rademacher complezities in section 7?7. The concentration of averages of
matrices from section 77 can be used.

13
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Exercise 4.7 (¢) In terms of expectation, show the following (using the proof of the mazx
of random variables from section 77, which applies because bounded random variables are
sub-Gaussian):

loa(2[7)

[sup IR(f) R(f)” <l 2]

feF

Exercise 4.8 Let m(g) be the covering number of a unit ball of R? by balls of radius € for

an arbitrary norm. Using comparisons of volumes, show that (é)d <m(e) < (1 + %)d.

Exercise 4.9 Show the following properties of Rademacher complezities (see 7, for more

details):

o If 3 C I, then Ry (7€) < Ro(90).
Ry (H + H') = Ry (H) + Ry, (H).
If a € R, Rp(aK) = |af - Ry (H).
IFho:2 =R, Ru(H + {ho}) = Ru(H).
R, (H) = Ry, (convex hull(H)).

Solution.

e We define H,H' s.t H C H'. Let Ys¢ = suppeqce’ (h(21),---,h(2y)) and Yao
defined similarly. Since Y/ is obtained by maximizing over a larger set, it is larger,
hence the result.

e We define H,H' and want to compute R, (H + H'). We have H + H' = {h +
W,h € H,h € H'}. Therefore, by linearity of the expectation, and additivity of
the evaluated expression w.r.t h (meaning that sup,ecgc prege - = SUDpege - +
SUppscger - .- here), we get Ry, (H + H') = Ry, (H) + Ry, (3').

e Let € R. If a > 0, the result is obvious. If @ < 0, let’s consider the expectation
w.r.t the Rademacher variables (g7, ... ,éJn) ~ —(61, ..-1&n) (by symmetry). We
therefore have to compute E./ p(supneqe = i ei(—a)h(z)). As —a = |af is

positive, we clearly have R, (aH) = |a|R, ( ). This concludes the proof.
o We have

Ra({ho}) = Zezho (20) = En(; >~ E.(e)ho(=) =0,

using that we evaluate the sup on a singleton. The result follows from the second
property shown in this exercise.

e We clearly have R,,(H) < Ry, (convex hull(H)) by using H C convex hull(H) and the
first result of this exercise. We therefore want to show R,,(3) > R, (convex hull(K)).
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Let ¢ = (e1,...,e,) be a draw of Rademacher variables ; let h € convex hull H.
There exists (@;)ieq1,....,m} € R™, which sum to 1, and (h;)ieq1,....m} € H™ s.t.
h = S, aghy. We have :

Z Eiil(Zl‘) = Z & Z akhk(’zl)

.....

i=1 k=1
m n
= E oy, E eihk(2;)
k=1  i=1
m
E ag supE eih(z;))
= et
< sup E 51 Zz
hle

Therefore, SUPf,c convex hull(30) 211 ih(zi) < suppege o, €ih(z;). Taking the ex-
pectancy concludes the proof.

Exercise 4.10 (Massart’s lemma) Assume that 3 = {hq, ..., hy,}, and almost surely
we have the bound = > | hj(x;)? < R? forallj € {1,...,m}. Show that the Rademacher

complezity of the class of functions H satisfies Ry, (H) < 1/210%1%.

Exercise 4.11 (¢) The Gaussian complexity of a class of functions H from Z to R is de-
fined as G (H) = E. p [suppeqc = S €ih(2;)], wheree € R™ is a vector of mdependent
Gaussian vamables with mean zero and variance 1. Show that (1) Ry ( \/> Gy (

and (2) Gp(H) < /2log(2n) - R, (H

Exercise 4.12 (¢;-norm) Assume that almost surely, ||p(z)||cc < R. Show that the
Rademacher complezity R,,(F) for T = {fo(x) = 0" p(x), Q) < D}, with Q = |- |1, is

upper-bounded by RD(%(M))UQ‘

Solution. We use R, (F) = 2E(||®¢||s) (|| - [lo is the dual norm of | - ||;). We want
to upper-bound

E[[[@7elloc] = E[ max max{ Y ¢j(@)ei, = > wi(@ie }
= j=1 j=1

which is the maximum of 2d random variables.

Since ||¢(z)||loc < R almost surely, we have |p;(z)] < R for all j. The random
variables €;p;(z;) are therefore bounded by R and —R and are sub-Gaussian with a sub-
Gaussian parameter 02 = R2. The sum Z;.l:l @;(x;)e; is therefore also sub-Gaussian
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(as the summed random variables are independent) with a parameter 72 = nR?. So is
— i1 wilTi)es
Using the result from section 1.2.4, we can bound the expectation of the maximum of

these 2d variables by /272logd = R+/2nlog 2d.

Combining it to the first result, we obtain :

2log2d

R(F) = RD\| =

Exercise 4.13 (#) Let p > 1, and q such that 1/p + 1/q = 1. Assume that almost
surely, ||<p(a:)\|q < R. Show that the Rademacher complezity Rn( ) for F = {fo(x) =
0T p(z), Q) < D}, with Q = || - ||, is upper-bounded by L f\/ﬁ (hint: use exer-

cise 1.25). Recover the result of exercise 4.12 by taking p =1+ 10g(2d)
Exercise 4.14 Consider a learning problem with 1-Lipschitz-continuous loss (with re-
spect to the second variable), a function class fo(z) = 0T @(x), |0]1 < D, and ¢ : X — R?,
with || o(x)]|eo almost surely less than R. Given the expected risk R(fy) and the empirical
risk R(fg). Show that E[R(f;)] < infygy,<p R(fo) + 4RD+/2log(2d)/n, for the con-

strained empirical risk minimizer fp.

Exercise 4.15 (#4) Extend the result in proposition 77 to features that are almost surely
bounded in the {,-norm by R, and a regularizer ¢ that is strongly convex with respect to
the £,-norm; that is, such that for all 6,1 € R, 1(0) = ¢ (n)+¢'(n) T (0 —n)+ 5110 —nl12,
for some p > 0, where ¢¥'(n) is a subgradient of 1 at n. Hint: use exercise 4.183.

Exercise 4.16 (#) Consider a learning algorithm and a distribution p on (z,y) such that
for all (z,y) € X xY, and two outputs f,g: X — Y of the learning algorithm on datasets
of n observations that differ by a single observation, |£(y, f(x)) — L(y, g(x))| < Bn, an
assumption referred to as “uniform stability.” Show that the expected deviation between
the expected risk and the empirical risk of the algorithm’s output is bounded by B,. With
the same assumptions as in proposition 77, show that we have 3, = % (see ?, for
more details).



Chapter 5

Optimization for Machine
Learning

Exercise 5.1 Let piy be the smallest nonzero eigenvalue of H. Show that GD is linearly
convergent with a convergence rate proportional to (1 — uy /L)' after t iterations.

Solution. We have, for any A € A(H) the eigenvalues of H :

A\ 2 A 2 A 2
A <1 — ) < max |V <1 — > <L max (1 - ) )
L NeA(H) L NeA(H) L
A>0 A>0

where we use between the first and second terms that A = 0 (if it exists) can not be
a maximizer, and between the second and third terms that for a,b positive, max(ab) <
max(a) max(b).

As A(H)NR* C [p4, L], this gives the expected result directly, having

L I 2t
F(0) = P)| < 5 (1= E5) 7 160 = ..

Exercise 5.2 (Exact line search (¢)) For the quadratic objective in equation (?7),
IE"(6:-1)115

, 0, D THEF (6 1)

Show that when F is strongly convex, we have F(6;) — F(n.) < (%) [F(6i—1)— F(n.)],

and compare the rate with constant step size GD. Hint: prove and use the Kantorovich

_ I+pw?

— 4ulL

show that the optimal step size vy in equation (?7) is equal to v =

inequality sup),,—1 2THzzTH 'z

Exercise 5.3 Assume that function F : R — R is strictly convex; that is, ¥0,n € R?
such that 0 #n and o € (0,1), F(an+ (1 —a)f) < aF(n)+ (1 —a)F(0). Show that there

17



18 CHAPTER 5. OPTIMIZATION FOR MACHINE LEARNING
is equality in Jensen’s inequality in equation (?7) if and only if the random variable 0 is
almost surely constant.

Exercise 5.4 Identify all stationary points in the function in R? depicted here:

Exercise 5.5 Show that function F : R — R is u-strongly-convex if and only if function
0 — F(0) — £[6]|3 is convex.

Exercise 5.6 Show that if function F : R? — R is p-strongly-convez, then it has a
unIquUe Mminimaizer.

Exercise 5.7 (#) Show that the differentiable function F : R — R is u-strongly convex
if and only if for all §,n € RY, |[F"(0) — F'(n)]l2 = ull0 — nll2.

Exercise 5.8 (#) Consider angle « between the descent direction —F'(0) and the de-
F'(0)" (6-n.)

viation to optimum 6 — n,, defined through cosa = TFOo=nR Show that for a
wu-strongly-convex, L-smooth quadratic function, cosa > 2V “L (Hint: prove and use the
Kantorovich inequality supj,(,=1 2THzz"H 12 = L;;’z) ) (0#) Show that the same

result holds without the assumption that F is quadratic. (Hint: use the co-coercivity of
the function 6 — F(0) — 4||0||3 from proposition ?7.)

Exercise 5.9 Compute all constants for {y-regularized logistic regression and for ridge
T€gression.

Solution. For ridge regression with data matrix X € R"*?, the Hessian of the cost func-
tion is X " X/n+MI, thus the objective function has smoothness constant Apax (X ' X/n)+
A, and strong convexity constant Amin(X T X/n) + A.

For logistic regression, we define the regularized empirical risk as

~ 1 <& A
R(6) = — > log(1 + exp(~y:0 " 2:) + S 1011,

i=1
with gradient

n

~ 1 -  exp(—y;f ;) 1 1
R1(0) = —— G AN = — =S N,
©) n ; 1+ exp(—y;0Tx;) it Z 1+ exp(y;0Tx )y it

and Hessian

exp(yif " x;) T

92" - s + AL
n (1+exp(—y0Tx i))QIIl *

=1

The scalar = 1a ¥ (1 — —) is always between 0 and 1/4, thus, we have, using

o
(14a)? +1
the Lowner ordering between symmetric matrices:

~ 1
M < R'(0) = 4—XTX + A
n
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with X € R"*9 the data matrix. Thus, R has a smoothness constant less than i)‘max (XTX/n)+
A and is A-strongly-convex.

Exercise 5.10 Let F be an L-smooth convex function on R%. Show that its Fenchel
conjugate is (1/L)-strongly convet.

Exercise 5.11 (Fenchel-Young inequality) Let F' be an L-smooth convex function
on R? and F* be its Fenchel conjugate. Show that for any 0,z € R?, we have F(6) +
F*(2) — 270 >0, if and only if z = F'(6). (#) Show in addition that we have the lower
bound F(0) + F*(z) — 2760 > 3|z — F'(0)||3.

Exercise 5.12 (Alternative convergence proof - I) Consider an L-smooth convex
function with a global minimizer 0., and GD with step size v4 = 1/L:
e Using proposition ??, show that |0, —n.[|3 < [|0i—1 — 0|3 — £ F' (1) T (i1 — ).
o Show that F'(6;) < F(6;—1).
o Using a telescoping sum, show that F(0:) — F(n.) < H%HHO — .13

Exercise 5.13 (Alternative convergence proof - II (#)) Consider an L-smooth con-
vex function with a global minimizer n., and GD with step size ¢ = 1/L:

o Show that ||0; — 0|3 < ||0i—1 — 04|35 for all t > 1.

o Show that F(6;) < F(0;-1) — 57 [|F'(6¢-1)|13 for all t > 1.

e Denoting Ay = F(0;) — F(n.), show that Ay < Ap—q —
Conclude that Ay < %HHO — .13

1 A2
ST =7z i1 for allt > 1.

Exercise 5.14 (#4) For the updates in equations (??) and (??), show that for the Lya-
punov function V(0,n) = f(0) — f(n.) + &0 — ne + (1 + /L/p)(n — 0)“;, then we
have V(0,m:) < (1 — /u/L)V(0i—1,m—1). Show that this implies a convergence rate
proportional to (1 — \/u/L)t.

Exercise 5.15 (#4) For the updates in equations (??) and (?7?), show that for the

. 2 2
Lyapunov function Vi(0,n) = (2)7[f(0) — f(n.)] + éHn — 1+ £(n — 9)‘ 5 then we
have Vi(0¢,m:) < Vie1(0s—1,m:—1). Show that this implies a convergence rate proportional
to 1/t2.

Exercise 5.16 (#) Assume that function F is p-strongly convez, twice-differentiable,
and such that the Hessian is Lipschitz-continuous: || f"(0) — f"(n)|lop < M||0 —nll2. Us-
ing Taylor’s formula with an integral remainder, show that for the iterates of Newton’s
method, |[VF(0;)]2 < %||VF(0t,1)H§. Show that this implies local quadratic conver-
gence.

Exercise 5.17 (Convergence of proximal gradient method) Consider a convex L-
smooth function G and a convex function H defined on R?. We consider the update in
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equation (7?7) and a minimizer 0, of G+ H.

Show that G(0;) < G(0;—1) + G'(01-1) T (0 — 0,—1) + £(|6, — 6,13

Show that G(0;—1) < G(ns) + G’ (01-1) T (01—1 — ns).

Show that H(0;) < H(n.) + (LO;—1 — LO; — G (0;-1)) T (0; — n.).

Deduce that G(0:) + H(0:) < G(1.) + H(n) + 5[10e—1 — mall5 — 5160: — n. 3.
e Conclude that for t > 1, G(6,) + H(0;) — [G(n) + H(n.)] < &160 — 0.3

Exercise 5.18 Show that if F is differentiable, B-Lipschitz-continuity is equivalent to
the assumption ||F'(0)|l2 < B, V8 € R,

Exercise 5.19 Compute the subdifferential of 0 — |0] and 6 — (1 —y0 ), for the label
y € {—1,1} and the input x € R?.

Exercise 5.20 Consider the iteration 0y = 6,_1 — MF’(@A} Show that with the
step size v, = D/\/t (independent of B), we get the following guarantee: ming<s<i—1 F(05)—
F(n.) < DB,

Exercise 5.21 Let K C R? be a convex closed set, and denote as Ilx (6) the orthogonal
projection of 6 onto K, defined as Ik (0) = arg min, e ||[n—0||3. Show that function
is contractive; that is, for all 0,n € R, | (0) — U (n)||2 < |0 —nll2. For the algorithm
0 = U (0i—1 — v F'(0:-1)), and with n, being a minimizer of F on K, show that the
guarantee of proposition 77 still holds.

Exercise 5.22 (¢) Let F : R? — R be a differentiable function, and 1 : R — R a
strictly convex function.
e Show that the minimizer of F(0) + F'(0)T(n — 0) + %Hn — 0|3 is equal to n =
6 —~yF'(0).
o Show that the Bregman divergence Dy(n,0), defined as Dy(n,8) = ¥ (n) — ¥ (0) —
Y'(0)T (n — 0), is nonnegative and equal to zero if and only if n = 0.
e Show that the minimizer of F(0) + F'(0)T (n — 0) + %qu(n,@) satisfies V'(n) =
Y'(0) —~F'(0). Show that the same conclusion holds if 1) is only defined on an open
convez set K C R%, and the gradient 1’ is a bijection from K to R%.

e Provide an explicit form of the resulting algorithm when 1 (0) = Z?Zl 0;logh;.

Exercise 5.23 (¢) Consider the same assumptions as exercise 5.21 and the same algo-
rithm with orthogonal projections. With D being the diameter of K, show that for the
average iterate 6, = %Zﬁ;é 05, we have F(0;) — F(0,) < %.

Exercise 5.24 (Doubling trick for subgradient method) Consider an algorithm
that successively applies the SGD iteration with step size v = D/(BV/2*) during 2% itera-
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tions, for k =0,1,.... Show that after t subgradient iterations, the observed best expected
value of F is less than a constant times DB/\/E.

Exercise 5.25 Compute all constants for fo-regularized logistic regression and the sup-
port vector machine (SVM) with linear predictors (section 77).

Exercise 5.26 (High-probability bound for SGD (¢)) Using the same assumptions
and notations as in proposition 7?7, we consider the projected SGD iteration: 6, =
Ip(0i—1 — Yegt), where I p is the orthogonal projection on the lo-ball with center O and
radius D. Denoting z; = —v;(0;_1 — 0,) " [ge — F'(0:_1)], show that E[z|F;_1] = 0 and
|2¢| < 4v:BD almost surely, and

1

1
Ve[F(0r—1) — F(0.)] < §(E[||9t71 —0.]3] —E[l|0: — 9*||§]) + 59 B + 2.

2

Using Azuma’s inequality (see evercise 1.14), show that with probability at least 1 — 0,
then, for the weighted average 0; defined in proposition 77, for any step sizes 7y;:

_ 2D2 t 2 t_ 2 1/2 1
F(d) — F(9.) < =2 4 p2 et s LapplEm ) s ) " Jatog L,
Zs:l Vs 2 23:1 Vs 23:1 Vs 0

and for a constant step size, v =7y, F(0:) — F(6.) < % + 7732 + % 2log 5 (for the

uniformly averaged iterate).

Exercise 5.27 (Minibatch SGD) Consider the mini-batch version of SGD, where at
every iteration, we replace g:(0:—1) by the average of m independent samples of stochastic
gradients at 0;_1. Show that the convergence result of proposition 77 still holds.

(#) Which assumption on gradients would improve the convergence rate?

Exercise 5.28 (SGD for smooth functions (#)) Consider independent and identi-
cally distributed (i.i.d.) conver L-smooth random functions f; : R — R, t > 1, with
expectation F : R? — R, which has a minimizer 0, € R%. Consider the SGD recursion
0 = 0r—1—y: f{(0:—1), with v, being a deterministic step-size sequence. Using co-coercivity
(proposition ??), show that

E[[10 = 0.113] <E[I0e—1—0.13] =27 (1 = L)E[F'(0-1) T (r—1 — 0.)] + 2/ E[ | f{(6:) 3]

Extend the proof of proposition 77 to obtain an explicit rate in O(1/v/t). (#) Show that
the minibatch version leads to an improvement in the rate (as opposed to the nonsmooth
case in exercise 5.27).

Exercise 5.29 (Nonuniform sampling (¢)) Consider the function F : R x Z — R,
which is convex with respect to the first variable, with a subgradient F’(0,z) with respect
to the first variable that is bounded in the ls-norm by a constant B(z) that depends on z.
Consider a distribution p on Z. We aim to minimize E,,[F(0, )], but we sample from
a distribution q, with density dq/dp(z) with respect to p to get i.i.d. random z¢, t > 1.
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Consider the recursion 0; = 0;_1 — mF’(@t,l, zt). Provide a convergence rate for
this algorithm and show how a good choice of q leads to significant improvements over
the choice ¢ = p when B(z) is far from uniform in z. Apply this result to the SVM when

applying SGD to the empirical risk.

Exercise 5.30 (SGD for nonconvex functions) Consider an L-smooth potentially
nonconvez function F, and the SGD recursion with constant step size 7y, with unbiased
and bounded gradient estimates (e.g., assumptions (H-1) and (H-2)).

o Show that E[F(6;,)] <E[F(6,_1)] —vE[||F'(6,1|[3] + L2
o Show that 1 3"\ E[F(0,-1)] < L[F(00) — infepa F(n)] + 2572

s=1 2
Exercise 5.31 (¢) Consider the minimization of F(0) = 20T H0 —c "0, where H € R**
is positive-definite (and thus invertible), and the recursion 0; = 01 — y[F'(6:—1) + &4],
where all et ’s are independent, with zero mean and covariance matriz equal to C'. Compute
explicitly E[F(0;) — F(6.)], and provide an upper bound of E[F(0;) — F(6.)], where

Or= 53005

Exercise 5.32 With the same assumptions as proposition 77, show that with the step

. . Y Y 2
size vy = ﬁ, and with 0; = ﬁ Zi:l s05—1, we have E[G(6;) — G(6.)] < %.
Exercise 5.33 Consider the minimization of F(0) = E[||0 — z|13/2] from i.i.d. observa-
tions z1,...,z¢. Show that the t-th iterate of SGD equals %(zl otz

Exercise 5.34 (#4) With the same assumptions as in proposition 7?7, with step size
v: = 1/(B%Vt + ut), provide a convergence rate for the averaged iterate.

Exercise 5.35 (Weaker assumptions) Consider a joint distribution on (z,y) € XxR,
and a feature map o : X — R% bounded by R in the fo-norm. Denoting 0, a minimizer
of E[(y - (p(ac)TH)Q] with respect to 0, show that the bound in equation (??) applies
with 0 = E[(y — o(z)"6.)?].

Exercise 5.36 Check the homogeneity of all quantities of this section (step size and
convergence rates).
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Local Averaging Methods

Exercise 6.1 For k-nearest-neighbors and partitioning estimates, what is the pattern of
nonzeros in the smoothing matriz H € R"*"?

Solution. Common to both cases, we have a sparse pattern of nonzeros in the smoothing
matrix. This comes from the fact that in usual settings, we have either k£ small compared
to the number of points (k-NN) or J, the number of sets, big enough to capture meaningful
patterns in the data (partitions).

For k-NN, following the book’s notations, we have :

wi(x) = {i ifi€ thla),.... (@)}

0 otherwise

)

where {i1(z),...,ix(x)} are the indices of the k-closest elements of (z;)1<j<n to .

Therefore, unless we specify (by convention) that w;(z;) = 0, we have diag(H); = 1/k.
This means that on each column, k — 1 other cases are equal to 1/k, and the rest equal
to 0, but no specific pattern can be found.

Moreover, the smoothing matrix is not symmetric (the point x; being among the
closest points to a certain x; does not necessarily mean that the opposite stands).

For the partitioning case, unlike k-NN, in the case of partitions, the space segmenta-
tion is the same for all points (whereas it is local for KNN; as explained before). Therefore,
the smoothing matrix H is symmetric.

Moreover, by rearranging the points’ indices s.t, if ¢ is a permutation of {1,...,n},
we have (mcp(l),...,xv(nh) € A, (chp(nAlJrl),...,$¢(nA1+nA2)) S AQ, etc..., and we
thus obtain a block-diagonal matrix.

Exercise 6.2 For the binary classification problem, with Y = {—1,1}, assume that
f«(x) = Ely|x] is B-Lipschitz-continuous. Using section 77, show that the excess risk

23
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of the majority vote is upper-bounded by

n

(32 /x E{Zwi(x)A(xi,x)Q}dp(x)+a2i /9C E[wi(z)z]dp(x)>l/2.

i=1

Exercise 6.3 Show that if the Bayes rate is 0 (i.e., c = 0), then the 1-nearest-neighbor
predictor is consistent.

Solution. We note fn the 1-NN estimator computed on n samples, and want to show
that ( fn)n converges in probability to f.. Using proposition 6.2, we show that having
o = 0, the expected risk tends to 0 when n tends to infinity. Therefore, as the convergence
in L, norm (p > 1, here p = 2) implies the convergence in probability, we directly obtain
the expected result.

Exercise 6.4 Assume that the support X of the density p of inputs is bounded and that p
is strictly positive and continuously differentiable on X. Show that for h small enough
(with an explicit upper bound), then Cy = [ %dw < 2vol(X).

Exercise 6.5 If Z1,...,Z,, are i.i.d. Bernoulli random variables with parameter p €

(0,1]. Show that E[1+Z1+1,”+Zm] < (mil)p.

Exercise 6.6 (#) For the Nadaraya Watson estimator, show that when the target func-
tion and the kernel are twice continuously differentiable, then the bias term is bounded by

a constant times h*. Show that the optimal bandwidth selection leads to a rate proportional
to n~4/(4+d)
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Kernel Methods

Exercise 7.1 (¢4) Let H be a Hilbert space of real-valued functions on X endowed with
a dot product (-,-)3¢, such that for any x € X, the linear form f — f(x) is bounded (i.e.,
SUDfege, |fsc<a |f(@)] is finite). Using the Riesz representation theorem, show that this
is an RKHS.

Exercise 7.2 Show that if k: X x X — R is a positive-definite kernel, so is the function
(z,2) s eFl@2),

Solution. We have eF(@2") = Log k(mli,ﬂl Each (z,2') — k(z,2')" is a positive-
definite kernel as the product of positive-definite kernels. So is their sum, hence the

result. Note that this is different from the matrix exponential.

Exercise 7.3 Show that kernel k(z,2") = (1+z"2")* corresponds to the set of all mono-
mials £ - - x§? such that o +- - -+ aq < s. Also, show that the dimension of the feature

space is (djs) .

Exercise 7.4 Show that for s = 2, we have for all x, 2’ € [0,1], k(x,2') = q(z — '), with
a(t) = 1= G- ({1 =246 + {1)? — 5p).

. PR
e21m7r(m x’)

Exercise 7.5 (444) Show that we have k(x,3") = 3.,y SGrazmme = a(x — a') for

gty == cosh 2 1 zﬁ-%l/?} I/QI), Hint: use the Cauchy residue formula.'

Exercise 7.6 (Mercer kernels) Consider a probability distribution p on a set X, an
orthonormal basis (¢;):cr of the Hilbert space La(p) of square-integrable functions (with I
countable), and a summable positive sequence (\;)ier. Show that the function defined as

1See https://francisbach.com/cauchy-residue-formula/.
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E(z,2") = > ,cr Aivwi(z)pi(2’) is a positive-definite kernel and describe an associated
feature space.

Exercise 7.7 (Mercer decomposition (¢#4)) Consider a probability distribution p on
a set DC a positive deﬁnite kernel k : X x X — R, and the operator T defined on La(p) as

fx z)dp(x).
e Show that zf fxfx x,y)%dp(x)dp(y) is finite, then the operator T is bounded (it is
an instance of Hilbert-Schmidt integral operator®).

e Given an orthonormal basis (€;)icr of La(p) composed of eigenvectors for T (which
is assumed to exist), show that the corresponding eigenvalues (\;)ier are nonnegative
and k(z,2") = >, Migi(x)pi(z") (convergence meant in the norm La(p)).

Exercise 7.8 (#) Show that column sampling corresponds to approrimating optimally
each p(x;), j ¢ I, by a linear combination of p(x;), ¢ € I.

Exercise 7.9 Show that the matriv K — K(V,1)K(I,1)"'K(I,V) is positive-definite.
If |M||« denotes the nuclear norm (sum of absolute values of eigenvalues of symmetric
matriz M ), show that the approzimation error |K — K(V,I)K(I,I)"*K(I,V)||+ can be
computed without the need to compute the entire matriz K.

Exercise 7.10 In the setup of exercise 7.6, provide a random feature expansion of Mercer
kernels.

Exercise 7.11 (a) For ridge regression, compute the dual problem and compare the con-
dition number of the primal problem and the condition number of the dual problem; (b)
compare the two formulations to the use of normal equations as in chapter 3, and relate
the two using the matriz inversion lemma (®® T +nAI)71® = &(OTO + nAl)~!

Solution. Using the same notations as those of chapter 3, the primal problem of ridge
regression can be expressed as

. 1 A

min o ||ul|* + Z[|6]%,

ocr? 2n 2
y—Plh=u

where ® € R"*? is the design matrix.

The associated Lagrangian is therefore
1 A
£(0 = —|ull* + Z|10]* + X' (y — @O — u).
(6, 0,0) = - [Jull* + S 6] + Ao (y — 20 — )
As our primal optimization problem is convex, using the saddle point theorem, we

can express our minimization problem as the maximization of the dual function

g:a— min L0, a).
0ERY, ueR™

2See https://en.wikipedia.org/wiki/Hilbert-Schmidt_integral_operator.
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We compute

L

% N AdTa=0>0=0Ta,
00

%—u/n—a@)u—an

or -

Which yields g(a) = —"/\220‘”2 — ’\Hq);(x”z + ATy =Xy — 3aT (@27 + nAl)o.
Finally, computing ¢'(a)) = 0 gives

= (0" 4 nA)" 1y,

and therefore .
Ogual = @7 (DD +nAI) "1y

For the condition numbers, we are interested in comparing the eigenvalues of the
kernel matrix ®® " € R™*" and of the rescaled empirical covariance matrix ® ' ® € R?*?,
which share the same non-zero eigenvalue. Let nL bet the largest eigenvalue.

If n > d (with ®® T rank-deficient), denoting nu the smallest eigenvalue of @' ®,

the condition number of the primal problem in 6 is ﬁT*:\\, while the one of the dual
L+

problem in « is ==, and the one of the primal problem after having used the representer
theorem to obtain a minimization problem in « is infinite (this is the minimization of
Ly — Kal3 + %QTKQ, where K = ®®T). Thus using the representer theorem is not
advantageous.

If n < d (with ®T ® rank-deficient), denoting nu the smallest eigenvalue of the kernel

matrix @, the condition number of the primal problem in 6 is £52 while the one of

X
the dual problem in « is %, and the one of the primal problem after having used the

. . . . . . . 2 . .
representer theorem to obtain a minimization problem in « is % Again, using the
representer theorem is not advantageous.

Exercise 7.12 Write down the dual problem in equation (??) for the logistic loss and
the for the hinge loss (compare the results to section ?7).

Exercise 7.13 (Unregularized constant term) Consider the minimization problem
mingesccer + Yorq Ly, (p(x5),0)+¢)+3[|0]|2. If the loss function is conver with respect
to the second variable, show that the dual problem is the one in equation (?7) with the
additional constraint that Z?:l a; = 0. Without any assumption on the loss function,
show that we can restrict the search space for 6 to all combinations Y ., cip(x;) with
the same constraint that >, a; = 0.

Exercise 7.14 (Limit of Gaussian kernel for infinite bandwidth) Consider the
minimization problem mingeac ccr = Sy €(ys, ((x), 0)+c)+ 3 |0]|* from exercise 7.13.
For the Gaussian kernel k(z,x') = exp(—||z—2a'||3/r?), show that when r tends to infinity,
the resulting prediction function is the same as the one obtained by the linear kernel
k(z,2') = 22’ with the reqularization parameter A\r?/2.
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Exercise 7.15 (Optimization of the kernel) Show that for convex loss functions, the
maximal value in equation (?7) is a convex function of the kernel matriz K. For the
square loss, show that it is equal to %yT(K +n\) "ty

Exercise 7.16 (¢) Consider the minimization of F(0) = E[{(y, (¢(z),0))] using con-
stant step-size SGD for a convex G-Lipschitz-continuous loss and features almost surely
bounded by R. Show that after t steps (initialized at 8g = 0 and with step size v), the

averaged iterate 0, satisfies E[F(ét)] <infgeqc {F( + ”glf } + %ZRZ.

Exercise 7.17 (Kernel PCA) We consider n observations x1,...,x, in a set X equip-
ped with a positive-definite kernel and feature map ¢ from X to H. Show that the largest
eigenvector of the empirical noncentered covariance operator ,ZZ 1o(zi) @ o(x;) s
proportional to Y ;| a;p(x;), where o € R™ is an eigenvector of the n x n kernel matriz
associated with the largest eigenvalue. Given the RKHS H associated with kernel k, relate
this eigenvalue problem to the mazimizer of =31 | f(x;)? subject to || f||o = 1.

Exercise 7.18 (Kernel K-means) Show that the K-means clustering algorithm® can
be expressed only using dot products.

Exercise 7.19 (Kernel quadrature) We consider a probability distribution p on a
set X equipped with a positive-definite kernel k with feature map ¢ : X — H. For a
function f that is linear in @, we want to approximate fx f(@)dp(x) from a linear com-
bination >, a; f(x;) with o € R™.

(a) Show that

[ st Zalm <l | [ et Zawl

(b) Express the square of the right side with the kernel function and show how to minimize
it with respect to a € R™.
(¢) Show that if the points x1,...,x, are sampled i.i.d. from p and a; = 1/n for all i,

then E[H Sy e(@)dp(z) — 37 aip(a; H } LE[k(z, x)].

Exercise 7.20 Consider a binary classification problems with data (x1,y1), ..., (Tn,Yn)
in X x {=1,1}, with a positive kernel k defined on X with feature map ¢ : X — H. Let
ty (1—) be the mean of all feature vectors for positive (negative) labels. We consider
the classification rule that predicts 1 if ||o(z) — pi |2 < llo(z) — p—||3; and —1 other-
wise. Compute the classification rule only using kernel functions and compare it to local
averaging methods from chapter 6.

Exercise 7.21 (#) Find an upper bound of Z(p, f«) for the same assumption on f., but
with the Gaussian kernel.

3See https://en.wikipedia.org/wiki/K-means_clustering.
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Exercise 7.22 Consider the optimization problem ming ,, 5|y — ®0 —nl, |3 + 31013 in
the variables § € R and n € R, where ® € R"*? is the design matriz obtained from
feature map ¢ and data points xi,...,x,, y € R™, and 1, € R™ is the vector of all
1s. Show that the optimal values of @ and 1 are § = ®Ta and n = %lz(y — ®6), with
a=11,(I, K1, + n\) " 1L,y, and I1,, = I — %lnlz. Show that the prediction function
f(z) = (x)T0 +n takes the form >, ;(x)y; with weights that sum to 1.

Exercise 7.23 (#) Forzi,...,x, equally spaced in [0, 1] and for a translation-invariant
kernel from section 7?7, compute the eigenvalues of the kernel matriz and the smoothing
matriz.
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Chapter 8

Sparse Methods

Exercise 8.1 (Concentration of chi-squared variables) Consider n independent
standard Gaussian variables z1,...,z, and the variables y = 2% + --- + 22.  Using

lemma 77, show that for anye > 0, P(y > n(l+¢)) < (ei;ré))np, and for any € € (0,1),
1— n/2
Ply <n(l—¢)) < (Cxp(fs)) .

Exercise 8.2 Assume that € © is such that - ||y 0|2 < infgco Z|ly—®0||3+p. Show

that | ®(6 —60,)|2 < 4dsupycg |€ [ (%)] + 2np (with notations from section 77).

Solution. Let § € argmingcglly — ®0|[3. If 6, € O, we have
ly — ®6lI3 — np < [ly — BO|I3 < |y — P63,

using the approximation error on 6.

We develop the expressions as in section (8.1.1) and obtain, before taking the square
of the expression,

e 9)2}2'

90 = 6.)13 ~ np < 2090~ 6.)sup |7 i =7

We divide by ||®(0 — 6,)||2 and take the square of the expression. The left term is :
9 2
N np ~ 2 np
(60— 0. 2—) =@ 6|5+ ———] —2np
(190~ 01z - 5oz ) = 100~ 0.2 <||<I>(09*)||2>

> [ ®(6 - 6.)]3 — 2np.

This concludes the proof, as one just needs to rearange the terms.
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Exercise 8.3 (#) Consider a linear model f(x) = 07 ¢(x) with a G-Lipschitz-continuous
loss function and features almost surely bounded in {s-norm by R. Using section 77,
show that the minimizer of the empirical risk over all @ € R?, such that |0l < k and
10ll2 < D, has an expected risk less than the minimum expected risk over this same set

with an additive term proportional to GRD+/klog(d)/n.

Exercise 8.4 (¢4) With a penalty proportional to ||0]|olog ﬁ, show the same bound
as for k known.

Exercise 8.5 Provide a closed-form expression for the iteration of the coordinate descent
algorithm described just above.

Exercise 8.6 Assume that A > H%@TyHOO. Show that 8 = 0 is a minimizer of the Lasso
objective function in equation (7).

Solution. Using notations from the book, let H(6) = oy — ®0||3 + A[|6]:. This
function is convex, therefore, one just has to show that all its directional derivatives in 0
are nonnegative to show that 0 is a minimizer.

Let € > 0 and A € R%. We have

1 1
- (H(0) - H(eA)) = o (el DA + 2y T @A) + A[IA[]1.
Therefore,
o1 1 +
lim — (H(0) — H(eA)) = A\|A]L — —y ' PA
e—0 ¢ n
1 1 1
> (el |Al as Sy RA < | Ly @l Al
.1 1+
- _ > > || — .

lim = (H(0) - H(eA)) 20, as A2 ||~y @l

Exercise 8.7 For p € [1,00], show that the dual of the {,-norm is the {,-norm for
1,1

- =1,

» 4

Exercise 8.8 (¢) With the same assumptions as proposition ??, and with the choice of

the regularization parameter A = 4o/ %\/ I1=]l00, use lemma ?2 to provide an upper
bound of E[1(®(6 — 0.)][3].

Exercise 8.9 (#4) With the same assumptions as proposition 77, with the choice of

40\/m ||Z|| , provide an upper bound on the

the regularization parameter X =
expectation of the excess risk E[L(|®( 60, )I3]
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Exercise 8.10 (#44) If sampling o(x) from a Gaussian with mean zero and covariance
matriz identity, then with large probability, for n greater than a constant times k° 105‘1,

the mutual incoherence property in equation (7?) is satisfied.

Exercise 8.11 With the notations of section 72, show that if n = 0, from equation (?7),

we can recover the slow rate R(0y) — R(6*) < %(30 +2R||0.][1)1/21og 5~ 4d?

Exercise 8.12 Assuming that the design matrixz ® is orthogonal, compute the minimizer
oy = @013 + A3 [104,]]2-

Exercise 8.13 Consider the d (overlapping) sets A; = {1,...,i} and the norm Z?Zl 104, ]2
Show that penalization with this norm will tend to select patterns of nonzeros of the form

{i+1,...,d}.

Exercise 8.14 Compute the minimizer of 5-||Y — O3 + A||©||., where | M||p is the
Frobenius norm and | M ||, is the nuclear norm.

Exercise 8.15 Show that || M||. is the minimum of 1||U||% + 3|V |3 over all decompo-
sitions of M = UV 1.

Exercise 8.16 (¢) Consider m feature vectors ¢; : X — H;, associated with kernels
ki : X xX =R forje{l,...,m}. Show that

£ . Zé(yi, (01, 01(@:)) + -+ (Oms o (@) + %(Ilﬂlll o 0nll)’

01,5 0m

A
. ; f f — K K R™X"™ 4
18 equivalent to 1n alean - Zﬁ yi, (K(n)a);) + 2a (Ma, where K(n) € 18

the kernel matrix assocmted wzth the kernel mki + -« - + Nmkm and A, is the simplex in
dimension m.

Exercise 8.17 Show that for o € (0,1), 2u® = inf,»o i (- 1)770‘/(1_0‘), and derive
both a reul)ieighted {1 -minimization and a reweighted {o-minimization algorithm for the
penalty > . 0]~
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Chapter 9

Neural Networks

Exercise 9.1 (#) Provide a bound similar to proposition ?? for the alternative constraint
[lw;ll1 + |bj|/R = 1, where R denotes the supremum of ||z|| s over all x in the support of
Solution. Using the same computations as in the book, we obtain

its distribution.
1 — R <

after using 7’s bounds, the G-Lipschitz property of the loss function, and the result on
Rademacher complexities defined by a absolute value.

sup
lwlli+]e[=1

Rn(S) < 2GDE

Let’s upper-bound the expression we have to maximize :

w2+ ct] < w2+ |c]|t]
< |zl llwlls + lellt], using Holder’s inequality,
< lzlloo +lel(#] = [I2lloo); as flwllx + |ef = 1.
Therefore,
sup |sz+ct’ = max (|| 2] o, |]) -

llwll1+]el=1

Let’s compute each :

1 — [2R?1og 2d
E(Hg;minw): filai‘d"zm” n

using the results from Chap. 1 on the expectation of maximum; see Exercise 4.12 for a

more detailed explanation ;
R < R
- R < ==
- (IiE:lfl)_ Tn
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using Jensen’s inequality.

This leads to an upper bound of the form :
v2log2d _ 4GDRy/log2d

vnoo T vn '

This leads to a bound whose expression close to the book’s one, but with a dependance
in the log of the number of parameters.

R.(S) < 2GDR

Exercise 9.2 (¢) We consider a 1-Lipschitz-continuous activation function o such that
o(0) = 0, and the classes of functions defined recursively as Fo = {x +— 0"z, ||0]|2 < Do},
and, fori=1,...,M, F; = {z 31" 00(fi(2)), f; € Fiz1,10l1 < Di}, corresponding
to a neural network with M layers. Assuming that ||z|2 < R almost surely, show by
recursion that the Rademacher complezity satisfies R,,(Fas) < 2M 1L H

Exercise 9.3 (#4) Assume —R =21 < -+ < x, = R, y1,-..,Yn € R, show that the
piecewise-affine interpolant on [—R, R] is a minimum norm interpolant.

Exercise 9.4 (Step activation function (#)) Consider the step activation function
defined as o(u) = lyso. Show that the corresponding variation norm can be upper-
bounded by a constant times [p.|f(w)|(1+ R|wl|2)dw.

Exercise 9.5 Show that if we replace equation (77) with f; = S+ 1fe foois
the uniform convex combination of f1,..., ft, and we have the convergence rate J(f;) —
inf resc J(f) < (1 4 log t)diama (K)?.

Exercise 9.6 (Frank-Wolfe with line search) The update in equation (??) is often
replaCfd by fr = (1 — pe)fio1 + pefe with p, = argmin ¢ 1) P p(J (fie1), fr — fe—1)ac +
Lp?|fi — fim1ll3c. Show that we have J(fy) — infrex J(f) < t+1d1am9((3<)2.

Exercise 9.7 Extend the bound in equation (?7?) to all activation functions.

Exercise 9.8 Consider target functions of the form f.(x) = Z?Zl fj(w;'—x) for one-
dimensional Lipschitz-continuous functions f1, ..., fi. Provide an upper bound on excess
risk proportional to k:/nl/G.

Exercise 9.9 (Link with kernel learning (#)) With the setup presented in this sec-

tion, show that the infimum of fK ’ Z:(lw” Z) ’ dr(w, b) over probability distributions T on K is

equal to (fK |dv(w, b)|)2. Using exercise 8.16, show how the penalty v, can be interpreted
as kernel learning.

Exercise 9.10 (Step activation function) Consider, instead of equation (??), the ker-
nel k(z,2') = [ LuToto30lwT e +b30d7(w, b). Show that it can be expressed in closed form
INENE))

as k(z,2') = % _ ﬁmﬂw —yll2-
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