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Abstract

We give new algorithms based on the sum-of-squares method for tensor decomposition. Our
results improve the best known running times from quasi-polynomial to polynomial for several
problems, including decomposing random overcomplete 3-tensors and learning overcomplete
dictionaries with constant relative sparsity. We also give the first robust analysis for decomposing
overcomplete 4-tensors in the smoothed analysis model.

A key ingredient of our analysis is to establish small spectral gaps in moment matrices
derived from solutions to sum-of-squares relaxations. To enable this analysis we augment
sum-of-squares relaxations with spectral analogs of maximum entropy constraints.
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1 Introduction

Tensors are arrays of (real) numbers with multiple indices—generalizing matrices (two indices)
and vectors (one index) in a natural way. They arise in many different contexts, e.g., moments
of multivariate distributions, higher-order derivatives of multivariable functions, and coefficients
of multivariate polynomials. An important ongoing research effort aims to extend algorithmic
techniques for vectors and matrices to more general tensors. A key challenge is that many tractable
matrix computations (like rank and spectral norm) become NP-hard in the tensor setting (even
for just three indices) [Hds90, HL13]. However, recent work gives evidence that it is possible to
avoid this computational intractability and develop provably efficient algorithms, especially for
low-rank tensor decompositions, by making suitable assumptions about the input and allowing for
approximations [AG]15, AGJ14, GM15, HSS15, HS5516]. These algorithms lead to the best known
provable guarantees for a wide range of unsupervised learning problems [AGH"14, BCMV14,
GVX14, AGHK14], including learning mixtures of Gaussians [GHK15], Latent Dirichlet topic
modeling [AFH"15], and dictionary learning [BKS15]. Low-rank tensor decompositions are useful
for these learning problems because they are often unique up to permuting the factors—in contrast,
low-rank matrix factorizations are unique only up to unitary transformation. In fact, as far as we
are aware, in all natural situations where finding low-rank tensor decompositions is tractable, the
decompositions are also unique.

We consider the following (symmetric) version of the tensor decomposition problem: Let
ai,...,a, € R? be d-dimensional unit vectors. We are given (approximate) access to the first k
moments M, ..., M of the uniform distribution over as, ..., a,, thatis,

n
Mi=1>"a® forte{l,. .. k. (1.1)
i=1
The goal is to approximately recover the vectors ay, . . ., a,. What conditions on the vectors ay, ..., a,
and the number of moments k allow us to efficiently and robustly solve this problem?

A classical algorithm based on (simultaneous) matrix diagonalization [Har70, LRA93, attributed
to Jennrich] shows that whenever the vectors a1, ..., a, are linearly independent, k = 3 moments
suffice to recover the vectors in polynomial time. (This algorithm is also robust against polynomially
small errors in the input moment tensors [AGH"15, GVX14, BCMV14].) Therefore an important
remaining algorithmic challenge for tensor decomposition is the overcomplete case, when the number
of vectors (significantly) exceeds their dimension. Several recent works studied this case with
different assumptions on the vectors and the number of moments. In this work, we give a unified
algorithmic framework for overcomplete tensor decomposition that achieves—and in many cases
surpasses—the previous best guarantees for polynomial-time algorithms.

In particular, some decompositions that previously required quasi-polynomial time to find are
reduced to polynomial time in our framework, including the case of general tensors with order
logarithmically large in its overcompleteness 7/d [BKS15] and random order-3 tensors with rank
n < dé?/ logo(l)(d) [GM15]. Iterative methods may also achieve fast local convergence guarantees
for incoherent order-3 tensors with rank o(d4%?), which become global convergence guarantees
under no more than constant overcompleteness [AGH "14]. In the smoothed analysis model, where



each vector of the desired decomposition is assumed to have been randomly perturbed by an inverse
polynomial amount, polynomial-time decomposition was achieved for order-5 tensors of rank up to
d?/2 [BCMV14]. Our framework extends this result to order-4 tensors, for which the corresponding
analysis was previously unknown for any superconstant overcompleteness.

The starting point of our work is a new analysis of the aforementioned matrix diagonalization
algorithm that works for the case when ay, ..., a, are linearly independent. A key ingredient of
our analysis is a powerful and by now standard concentration bound for Gaussian matrix series
[Oli10, Tro12]. An important feature of our analysis is that it is captured by the sum-of-squares
(SoS) proof system in a robust way. This fact allows us to use Jennrich’s algorithm as a rounding
procedure for sum-of-squares relaxations of tensor decomposition, which is the key idea behind
improving previous quasi-polynomial time algorithms based on these relaxations [BKS15, GM15].

The main advantage that sum-of-squares relaxations afford for tensor decomposition is that
they allow us to efficiently hallucinate faithful higher-degree moments for a distribution given only its
lower-degree moments. We can now run classical tensor decomposition algorithms like Jennrich’s
on these hallucinated higher-degree moments (akin to rounding). The goal is to show that those
algorithms work as well as they would on the true higher moments. What is challenging about
it is that the analysis of Jennrich’s algorithm relies on small spectral gaps that are difficult to
reason about in the sum-of-squares setting. (Previous sum-of-squares based methods for tensor
decomposition also followed this outline but used simpler, more robust rounding algorithms which
required quasi-polynomial time.)

To this end, we view solutions to sum-of-squares relaxations as pseudo-distributions, which
generalize classical probability distributions in a way that takes computational efficiency into
account.! More concretely, pseudo-distributions are indistinguishable from actual distributions
with respect to tests captured by a restricted system of proofs, called sum-of-squares proofs.

An interesting feature of how we use pseudo-distributions is that our relaxations search for
pseudo-distributions of large entropy (via an appropriate surrogate). This objective is surprising,
because when we consider convex relaxations of NP-hard search problems, the intended solutions
typically correspond to atomic distributions which have entropy 0. Here, high entropy in the
pseudo-distribution allows us to ensure that rounding results in a useful solution. This appears
to be related to the way in which many randomized rounding procedures use maximum-entropy
distributions [Ghal4], but differs in that the aforementioned rounding procedures focus on
the entropy of the rounding process rather than the entropy (surrogate) of the solution to the
convex relaxation. A measure of “entropy” has also been directly ascribed to pseudo-distributions
previously [LRS15], and the principle of maximum entropy has been applied to pseudo-distributions
as well [BHK*16], but these have previously occurred separately, and our application is the first to
encode a surrogate notion of entropy directly into the sum-of-squares proof system.

Our work also takes inspiration from a recent work that uses sum-of-squares techniques to
design fast spectral algorithms for a range of problems including tensor decomposition [FHSS516].
Their algorithm also proceeds by constructing surrogates for higher moments and applying a

Un particular, the set of constant-degree moments of n-variate pseudo-distributions admits an n°(0)-time separation
oracle based on computing eigenvectors.



classical tensor decomposition algorithm on these surrogates. The difference is that the surrogates
in [HSS516] are explicitly constructed as low-degree polynomial of the input tensor, whereas our
surrogates are computed by sum-of-squares relaxations. The explicit surrogates of [[HSS516] allow
for a direct (but involved) analysis through concentration bounds for matrix polynomials. In
our case, a direct analysis is not possible because we have very little control over the surrogates
computed by sum-of-squares relaxations. Therefore, the challenge for us is to understand to what
extent classical tensor decomposition algorithms are compatible with the sum-of-squares proof
system. Our analysis ends up being less technically involved compared to [HHSSS16] (using the
language of pseudo-distributions and sum-of-squares proofs).

1.1 Results for tensor decomposition

Let{ay,...,a,} C R? be a set of unit vectors. We study the task of approximately recovering this
set of vectors given (noisy) access to its first k moments (1.1). We organize this overview of our
results based on different kinds of assumptions imposed on the set {a1, ..., a,} and the order of
tensor/moments that we have access to. All of our algorithms are randomized and may fail with
some small probability over their internal randomness, say probability at most 0.01. (Standard
arguments allow us to amplify this probability at the cost of a small increase in running time.)

Orthogonal vectors. This scenario often captures the case of general linearly independent vectors
because knowledge of the second moments of a1, ..., a, allows us to orthonormalize the vectors
(this process is sometimes called “whitening”). Many efficient algorithms are known in this case.
Our contribution here is in improving the error tolerance. For a symmetric 3-tensor E € (R?)®3, we
use ||E|l{1},{2,3} to denote the spectral norm of E as a d—by-d2 matrix (using the first mode of E to
index rows and the last two modes of E to index the columns). This norm is at most Vd times the
injective norm ||E||1y,12},43} (the maximum of (E, x ® y ® z) over all unit vectors x, v,z € R%). The
previous best error tolerance for this problem required the error tensor E = T — )7 a?3 to have
injective norm || E||{1},421,13} << 1/d. Our algorithm requires only ||El[{1},{2,31 < 1, which is satisfied
in particular when ||Ell{1} {2} 43} < 1/Vd.

Theorem 1.1. There exists a polynomial-time algorithm that given a symmetric 3-tensor T € (R?)®3 outputs
a set of vectors {aj,...,a),} C R? such that for every orthonormal set {ai,...,a,} C RY, the Hausdorff
distance? between the two sets is at most

disty ({a1, ..., an} ), ..., a1} < O(1) HT -3 ae (12)

(11423}

Under the additional assumption ||T -}/, H?SH{l}’{Z’g} < 1/logd, the running time of the
algorithm can be improved to O(d'*%) < d33* using fast matrix multiplication, where w is the
number such that two n X n matrices can be multiplied together in time n® (See Theorem 10.2).

It is also possible to replace the spectral norm ||-[[{1},2,3) in the above theorem statement by
constant-degree sum-of-squares relaxations of the injective norm of 3-tensors. (See Remark 5.3 for

2The Hausdorff distance disty (X, Y) between two finite sets X and Y measures the length of the largest gap between
the two sets. Formally, distg(X, Y) is the maximum of maxyex minyeyllx - yll and maxyey minyex|lx — yll.



details. ) If the error E has Gaussian distribution N(0, 62 - Id?3), then this norm is w.h.p. bounded
by o - d3/4(log d)°M [HSS15], whereas the norm II:ll{1},12,3) has magnitude Q(o - d). We prove
Theorem 1.1 in Section 5.2.

Random vectors. We consider the case that ay, ..., a, are chosen independently at random from
the unit sphere of RY. For n < d, this case is roughly equivalent to the case of orthonormal vectors.
Thus, we are interested in the “overcomplete” case n > d, when the rank is larger than the dimension.
Previous work found the decomposition in quasi-polynomial time when n < d%/2/ logo(l) d [GM15],
or in time subquadratic in the input size when n < d*3/1og®" d [HSSS16]. Our polynomial-time
algorithm therefore is an improvement when  is between d*/3 and d*? (up to logarithmic factors).

Theorem 1.2. There exists a polynomial-time algorithm A such that with probability 1 — d=*(1) over the
choice of random unit vectors ay, ..., a, € RY, every symmetric 3-tensor T € (R%)®3 satisfies

2 Q1)
disty (A(T), {a, ... ,an}) <O ((%) + HT - Zn a?S

L (1.3)

{1},{2,3}) '

Again it is possible to replace the spectral norm ||-||{1,2,3) in the above theorem statement by
constant-degree sum-of-squares relaxations of the injective norm of 3-tensors, which as mentioned
before give better bounds for Gaussian error tensors. We prove Theorem 1.2 in Section 7.

Smoothed vectors. Next, we consider a more general setup where the vectors a1, ...,a, € RY are
smoothed, i.e., randomly perturbed. This scenario is significantly more general than random vectors.
Again we are interested in the overcomplete case n > d. The previous best work [BCMV14] showed
that the fifth moment of smoothed vectors a1, ..., a, with n < d?/2 is enough to approximately
recover the vectors even in the presence of a polynomial amount of error. For fourth moments of
smoothed vectors, no such result was known even for lower overcompleteness, say n = -9

We give an interpretation of the 4-tensor decomposition algorithm FOOBI?® [LCCO07] as a special
case of a sum-of-squares based decomposition algorithm. We show that the sum-of-squares
based algorithm works in the smoothed setting even in the presence of a polynomial amount
of error. We define a condition number «(-) for sets of vectors ay, ..., a, € R? (a polynomial in
the condition number of two matrices, one with columns {af92 | i € [n]} and one with columns
{ai®(a;®aj—aj®a;)®aj|i+je€ [n]}). First, we show that the algorithm can tolerate error
< 1/x which could be independent of the dimension. Concretely, our algorithm will output a
set of vectors 41, ..., 4, which will be close to {a1,...,a,} up to permutations and sign flip with
a relative error that scales linearly in the relative error of the input and the condition number «.
Second, we show that for smoothed vectors this condition number is at least inverse polynomial
with probability exponentially close to 1.

3The FOOBI algorithm is known to work for overcomplete 4-tensors when there is no error in the input. Researchers
[BCMV14] asked if this algorithm tolerates a polynomial amount of error. Our work answers this question affirmatively
for a variant of FOOBI (based on sum-of-squares).



Theorem 1.3. There exists a polynomial-time algorithm such that for every symmetric 4-tensor T € (R?)®*
and every set {ay,...,a,} C R? of vectors not necessarily unit length, there exists a permutation
i [n] — [n] so that the output {a], ..., a;} of the algorithm on input T satisfies

i - ”;zo')” IT-=k ”1@4”{1,2},{3,4} _

A on (S1 @) K, (4

where 0,(A) refers to the nth singular value of the matrix A, here the smallest non-zero singular value.

We say that a distribution over vectors ay, ..., a, € R? is y-smoothed if a; = a? +y - gi, where

0

ay,--, a9 are fixed vectors and J1, ..., gn are independent Gaussian vectors from N(0, % Id,).

Theorem 1.4. Let ¢ > 0and n,d € N with n < d*/10. Then, for any y-smoothed distribution over vectors
ai,...,Aa, inR9,
P {K(all sy an) < pOIY(d, ]/)} >1- exp(_dg(l)) .

The above theorems together imply a polynomial-time algorithm for approximately decomposing
overcomplete smoothed 4-tensors even if the input error is polynomially large. The error probability
of the algorithm is exponentially small over the choice of the smoothing. It is an interesting open
problem to extend this result to overcomplete smoothed 3-tensors, even for lower overcompleteness
n =d'%. Theorem 1.3 and Theorem 1.4 are proved in Section 8.

Separated unit vectors. In the scenario, when inner products among the vectors ay, ...,a, € R
are bounded by p < 1 in absolute value, the previous best decomposition algorithm shows that
moments of order (logn)/log p suffice [SW15]. Our algorithm requires moments of higher order
(by a factor logarithmic in the desired accuracy) but in return tolerates up to constant spectral error.
This increased error tolerance also allows us to apply this result for dictionary learning with up to
constant sparsity (see Section 1.2).

Theorem 1.5. There exists an algorithm A with polynomial running time (in the size of its input) such
that for all n, p € (0,1) and o > 1, for every set of unit vectors {ay,...,a,} C R? with 1>, aai’|| <o
and max;xj [{ai,a;)| < p, when the algorithm is given a symmetric k-tensor T € (RH®k with k >

(@) (%) -log(1/n), then its output A(T) is a set of vectors {a3,...,a,,} C R? such that

n
u®k

2
disty ({asz, 0%, {af’z, e, afz}) <O (r] + HT - Zi:l i

We also show that a simple spectral algorithm with running time close to d* (the size of the
input) achieves similar guarantees (see Remark 10.3). However, the error tolerance of this algorithm
the tensor viewed as a d*/3-by-d?*/3 matrix). This norm is always larger than the balanced spectral
norm in the theorem statement. In particular, for dictionary learning applications, this norm is
larger than 1, which renders the guarantee of the simpler spectral algorithm vacuous in this case.
We prove Theorem 1.5 in Section 5.3.



General unit vectors. In this scenario, the number of moments that our algorithm requires is
constant as long as }; a;a;" has constant spectral norm and the desired accuracy is constant.

Theorem 1.6. There exists an algorithm A (see Algorithm 4) with polynomial running time (in the

size of its input) such that for all ¢ € (0,1),0 > 1, for every set of unit vectors {ay,...,a,} C RY

with ||X7, aiai' || < o and every symmetric 2k-tensor T € (R)®2* with k > (1/¢)°D - log(c) and
@2k

”T ~ i ||{1,...,k},{k+1 oy S 1/3, we have

.....

distys (A(T),{a%2, ...,a2%})" < O (e) .

The previous best algorithm for this problem required tensors of order (logo)/e and had

running time 40((log 0)/e9W+log n) [

BKS15, Theorem 4.3]. We require the same order of the tensor and
the runtime is improved to be polynomial in the size of the inputs (that is, dPel((10g9)/e)),

We also remark that a bit surprisingly we can handle 1/3 error in spectral norm, and this is
possible partly due to the choice of working with high order tensors. As a sanity check, we note
that information-theoretically the components are identifiable: under the assumptions, the only
vectors u that satisfy (T, u®2ky > 1/3 are those vectors close to one of the a;’s. We also note that the
rounding algorithm of the sum-of-squares relaxation of this simple inefficient test requires a bit
new idea beyond what we used previously. Here the difficulty is to make the runtime dP°((8 )/¢)

instead of dP°Y(9/¢) See Section 9 for details.

Spectral algorithms without sum-of-squares. Finally, using a similar rounding technique directly
on a orthogonal tensor (without using sum-of-squares and the pseudo-moment), we also obtain a
fast and robust algorithm for orthogonal tensor decomposition. See Section 10 for details.

1.2 Applications of tensor decomposition

Tensor decomposition has a wide range of applications. We focus here on learning sparse dictionaries,
which is an example of the more general phenomenon of using tensor decomposition to learn
latent variable models. Here, we obtain the first polynomial-time algorithms that work in the
overcomplete regime up to constant sparsity.

Dictionary learning is an important problem in multiple areas, ranging from computational
neuroscience [OF97, OF96a, OF96b], machine learning [EP07, MRBLO07], to computer vision and
image processing [EA06, MLB*08, YWHMO8]. The general goal is to find a good basis for given
data. More formally, in the dictionary learning problem, also known as sparse coding, we are given
samples of a random vector y € R", of the form y = Ax where A is some unknown matrix in R**™,
called dictionary, and x is sampled from an unknown distribution over sparse vectors. The goal is to
approximately recover the dictionary A.

We consider the same class of distributions over sparse vectors {x} as [BKS15], which as
discussed in [BKS15] admits a wide-range of non-product distributions over sparse vectors. (The
case of product distributions reduces to the significantly easier problem of independent component
analysis.) We say that {x} is (k, 7)-nice if E xf.‘ = 1foreveryi € [m], E xf/zx?/Z < tforalli #j € [m],



and E x® = 0 for every non-square degree-k monomial x*. Here, 7 is a measure of the relative
sparsity of the vectors {x}.

We give an algorithm that for nice distributions solves the dictionary learning problem in
polynomial time when the desired accuracy is constant, the overcompleteness of the dictionary is
constant (measured by the spectral norm ||Al|), and the sparsity parameter 7 is a sufficiently small
constant (depending only on the desired accuracy and ||Al|). The previous best algorithm [BKS15]
requires quasi-polynomial time in this setup (but works in polynomial-time for polynomial sparsity
T < n~9W),

Theorem 1.7. There exists an algorithm R parameterized by o > 1, n € (0, 1), such that for every dictionary
A e R with ||Al| < o and every (k, T)-nice distribution {x} over R™ with k > k(n, c) = O((log c)/n)
and © < (k) = k=W, the algorithm given n®® samples from {y = Ax} outputs in time n®® vectors
al,...,a}, that are O(n)'/?-close to the columns of A.

Since previous work [BKS15] provides a black box reduction from dictionary learning to tensor
decomposition, the theorem above follows from Theorem 1.6. Our Theorem 1.5 implies a dictionary
learning algorithm with better parameters for the case that the columns of A are separated.

1.3 Polynomial optimization with few global optima

Underlying our algorithms for the tensor decomposition is an algorithm for solving general systems
of polynomial constraints with the property that the total number of different solutions is small and
that there exists a short certificate for that fact in form of a sum-of-squares proof.

Let A be a system of polynomial constraints over real variables x = (xi,...,x4) and let
P:R! - R¥ bea polynomial map of degree at most {—for example, P(x) = x®‘. We say that
solutions a1,...,a, € R? to A are unique under the map P if the vectors P(ay),...,P(a,) are
orthonormal up to error 0.01 (in spectral norm) and every solution a to A satisfies P(a) ~ P(a;) for
some i € [n]. We encode this property algebraically by requiring that the constraints in ‘A imply the
constraint Y, (P(a;), P(x))* > 0.99 - ||P(x)||*. We say that the solutions a1, ..., a, are {-certifiably
unique if in addition this implication has a degree-¢ sum-of-squares proof.

The following theorem shows that if polynomial constraints have certifiably unique solutions
(under a given map P), then we can find them efficiently (under the map P).

Theorem 1.8 (Informal statement of Theorem 5.2). Given a system of polynomial constraints A and a
polynomial map P such that there exists {-certifiably unique solutions a1, . .., a, for A, we can find in time
d9® vectors 0.1-close to P(ay), . .., P(a,) in Hausdorff distance.

2 Techniques

Here is the basic idea behind using sum-of-squares for tensor decomposition: Let ay,...,a, € R4
be unit vectors and suppose we have access to their first three moments M;, My, M3 as in (1.1).
Since the task of recovering ay, ..., a, is easier the more moments we know, we would make a
lot of progress if we could compute higher moments of a4, ..., a,, say the fourth moment My. A



natural approach toward that goal is to compute a probability distribution D over the sphere of RY
such that D matches the moments of a1, ..., ax that we know, i.e., Ep(,) u = My, Ep() u® =M,
Ep() u®* = M3, and then use the fourth moment Ep u®* as an estimate for M,.

There are two issues with this approach: (1) computing such a distribution D is intractable and
(2) even if we could compute such a distribution it is not clear if its fourth moment will be close to
the fourth moments M, we are interested in.

We address issue (1) by relaxing D to be a pseudo-distribution (solution to sum-of-squares
relaxations). Then, we can match the given moments efficiently.

Issue (2) is related to the uniqueness of the tensor decomposition, which relies on properties
of the vectors ay, ..., a,. Here, the general strategy is to first prove that this uniqueness holds for
actual distributions and then transfer the uniqueness proof to the sum-of-squares proof system,
which would imply that uniqueness also holds for pseudo-distributions.

In subsection 2.1 below, we demonstrate our key rounding idea on the (nearly) orthogonal
tensor decomposition problem. Then in subsection 2.2 we discuss the high level insight for the
robust 4th-order tensor decomposition algorithm and in subsection 2.3 the techniques for random
3rd-order tensor decomposition.

2.1 Rounding pseudo-distributions by matrix diagonalization

Our main departure from previous tensor decomposition algorithms based on sum-of-squares
[BKS15, GM15] lies in rounding: the procedure to extract an actual solution from a pseudo-
distribution over solutions. The previous algorithms rounded a pseudo-distribution D by directly
using the first moments (or the mean) Ep(, #, which requires D to concentrate strongly around
the desired solution. Our approach here instead uses Jennrich’s (simultaneous) matrix diagonal-
ization [Har70, LRA93], to extract the desired solution as a singular vector of a matrix of the form
Ep){g, u)u u', for a random vector g.* This permits us to impose much weaker conditions on D.

For the rest of this subsection, we assume that we have an actual distribution D that is supported
on vectors close to some orthonormal basis a1, . . . , a5 of R?, and we will design a rounding algorithm
that extracts the vectors a; from the low-degree moments of D. This is a much simpler task than
rounding from a pseudo-distribution, though it captures most of the essential difficulties. Since
pseudo-distributions behave similarly to actual distributions on the low-degree moments, the
techniques involved in rounding from actual distributions will turn out to be easily generalizable to
the case of pseudo-distributions.

Let D be a distribution over the unit sphere in RY. Suppose that this distribution is supported on
vectors close to some orthonormal basis a1, . . ., a4 of R, in the sense that the distribution satisfies

the constraint ]
{Z(ai,u)S >1- s} . 2.1)
D(u)

i=1

4 In previous treatments of simultaneous diagonalization, multiple matrices would be used for noise tolerance—
increasing the confidence in the solution when more than one matrix agrees on a particular singular vector. This is
unnecessary in our setting, since as we’ll see, the SoS framework itself suffices to certify the correctness of a solution.



(This constraint implies {max;c4{a;, u) > 1 — €}p(,) because Z’f:l(ai, u)® < max;e[4){ai, u) by
orthonormality.) The analysis of [BKS15] shows that reweighing the distribution D by a function of
the form u ~ (g, u)** for g ~ N(0,1d;) and some k < O(log d) creates, with significant probability,
a distribution D’ such that for one of the basis vectors a;, almost all of the probability mass of D’ is
on vectors close to g;, in the sense that

max E (a;,u) >1- O(e),where D'(u) « (g, u)*D(u).

ie[d] D'(u)
In this case, we can extract a vector close to one of the vectors a; by computing the mean Ep(,) u
of the reweighted distribution. This rounding procedure takes quasi-polynomial time because it
requires access to logarithmic-degree moments of the original pseudo-distribution D.

To avoid this quasi-polynomial running time, our strategy is to instead modify the original
distribution D in order to create a small bias in one of the directions a; such that a modified moment
matrix of D has a one-dimensional eigenspace close to a;. (This kind of modification is much less
drastic than the kind of modification in previous works. Indeed, reweighing a distribution such
that it concentrates around a particular vector seems to require logarithmic degree.)

Concretely, we will study the spectrum of matrices of the following form, for g ~ N(0,Idy):

_ T
M, = D]El)(g, uy-uu'.

Our goal is to show that with good probability, M, has a one-dimensional eigenspace close to one
of the vectors a;.

However, this is not actually true for a naive distribution: although we have encoded the basis
vectors a; into the distribution D by means of constraint (2.1), we cannot yet conclude that the
eigenspaces of M, have anything to do with them. We can understand this as the error allowed in
(2.1) being highly under-constrained. For example, the distribution could be a uniform mixture
of vectors of the form a; + ew for some fixed vector w, which causes w to become by far the most
significant contribution to the spectrum of M,. More generally, an arbitrary spectrally small error
could still completely displace all of the eigenspaces of M,.

An interpretation of this situation is that we have permitted D itself to contain a large amount
of information that we do not actually possess. Constraint (2.1) is consistent with a wide range of
possible solutions, yet in the pathological example above, the distribution does not at all reflect
this uncertainty, instead settling arbitrarily on some particular biased solution: it is this bias that
disrupts the usefulness of the rounding procedure.

A similar situation has previously arisen in strategies for rounding convex relaxations—
specifically, when the variables of the relaxations were interpreted as the marginals of some
probability distribution over solutions, then actual solutions were constructed by sampling from
that distribution. In that context, a workaround was to sample those solutions from the maximum-
entropy distributions consistent with those marginals [Ghal4], to ensure that the distribution
faithfully reflected the ignorance inherent in the relaxation solution rather than incorporating
arbitrary information. Our situation differs in that it is the solution to the convex relaxation itself
which is misbehaving, rather than some aspect of the rounding process, but the same approach
carries over here as well.



Therefore, suppose that D satisfies the maximum-entropy constraint |[Ep,) uu'|| < 1/n. This
essentially enforces D to be a uniform distribution over vectors close to a1, . .., a,. For the sake of
demonstration, we assume that D is a uniform distribution over a1, ..., a,,. Moreover, since our
algorithm is invariant under linear transformations, we may assume that the components a1, ..., a,
are the standard basis vectors e1, . . ., ¢,, € R%. We first decompose M, along the coordinate g1,

My = g1-Me, + My, where g’ =g—g1-e1.

Note that under our simplified assumption for D, by simple algebraic manipulation we have
M., = Epu) uuu' = ejer’. Moreover, by definition, g1 and g’ are independent. It turns out
that the entropy constraint implies Ey ||My|| < \/@ - 1/n (using concentration bounds for
Gaussian matrix series [Oli10]). Therefore, if we condition on the event g; > n_lwllog d, we have
that M, = g1e1 er’ + M, consists of two parts: a rank-1 single part g1e; e1’ with with eigenvalue
larger than 17! \/@ , and a noise part which has spectral norm at most < \/@ . Hence, by the
eigenvector perturbation theorem we have that the top eigenvector is O(1'/2)-close to e1 as desired.

Taking 1 = 0.1, we see with 1/ poly(d) probability the event g1 > n~!4/log d will happen, and
therefore by repeating this procedure poly(d) times, we obtain a vector that is O(1/?)-close to e;.
We can find other vectors similarly by repeating the process (in a slightly more delicate way), and

the accuracy can also be boosted (see Sections 4 and 5 for details).

2.2 Overcomplete fourth-order tensor

In this section, we give a high-level description of a robust sum-of-squares version of the tensor
decomposition algorithm FOOBI [LCCO07]. For simplicity of the demonstration, we first work with
the noiseless case where we are given a tensor T € (R%)®* of the form

n

T= Z a®t. (2.2)

i=1

We will first review the key step of FOOBI algorithm and then show how to convert it into a
sum-of-squares algorithm that will naturally be robust to noise.

To begin with, we observe that by viewing T as a d X d> matrix of rank n, we can easily find the
span of the a?z ’s by low-rank matrix factorization. However, since the low rank matrix factorization
is only unique up to unitary transformation, we are not able to recover the alfez’s from the subspace
that they live in. The key observation of [LCC07] is that the af’Z’s are actually the only “rank-1"
vectors in the span, under a mild algebraic independence condition. Here, a d>-dimensional vector

is called “rank-1" if it is a tensor product of two vectors of dimension d.
Lemma 2.1 ([LCCO7]). Suppose the following set of vectors is linearly independent,
{a?z ® a;’.z’z —(a; ® a;)®* | i# j} : (2.3)

Then every vector x®2 in the linear span of a?z, ..., a%? is a multiple of one of the vectors a?z.



This observation leads to the algorithm FOOBI, which essentially looks for rank-1 vectors in the
span of al@z ’s. The main drawback is that it uses simultaneous diagonalization as a sub-procedure,
which is unlikely to tolerate noise better than inverse polynomial in d, and in fact no noise tolerance
guarantee has been explicitly shown for it before.

Our approach starts with rephrasing the original proof of Lemma 2.1 into the following SoS

proof (which only uses polynomial inequalities that can be proved by SoS).

Proof of Lemma 2.1. Let a;,...,a, be multipliers such that x®2 = D a?zﬁ Then, these
multipliers satisfy the following quadratic equations:

x® = Z ;- af’z ®a®?,
ij j
x® = Z i (Eli ®a]-)®2 .
ij
Together, the two equations imply that
_ o ®2 ®2 (.. A\®2
0= Zi;&j aia; (ai ®a; (a;i®aj) ) .

®

By assumption, the vectors a ’® a?ﬂ —(a; ® a)®* are linearly independent for i # j. Therefore, from

the equation above, we conclude } ;. j a%a? = 0, meaning that at most one of a; can be non-zero.
Furthermore this argument is a SoS proof, since for any matrix A € RP*P with linearly independent
columns and any vector polynomial v € R[x]P, the inequality ||v||* < m”AU”Z can be proved
by SoS (here omin(A) denotes the least singular value of matrix A). So choosing A to be the matrix
?2 ®a® — (a; ® aj)®2 for i # j and v to be the vector with entries a;a, we find by

SoS proof that ||04||;L — ||0z||§L =0. O

with columns a

When there is noise present, we cannot find the true subspace of the af’z ’s and instead we only
have an approximation, denoted by V/, of that subspace. We will modify the proof above by starting
with a polynomial inequality

I Idv x*2)1* > (1 - 8)[1x*%1%, (2.4)

which constrains x®? to be close to the estimated subspace V (where 6 is a small number that
depends on error and condition number). Then an extension of the proof of Lemma 2.1 will show
that equation (2.4) implies (via a SoS proof) that for some small enough 0o,

Z a?a? <o(1). (2.5)

i#]

Note that @ = Kx®? is a linear transformation of x®2, and furthermore K is the pseudo-inverse
of the matrix with columns a?z. Moreover, if we assume for a moment that a has 2-norm 1 (which
is not true in general), then the equation above further implies that

n
D (Ki, x®2)E = lally > 1-0(1), (2.6)
i=1

Stechnically, a1, ..., ay are polynomials in x so that x®2 = 21’.1:1 ;- a?z holds



where K; € R? is the i-th row of K. This effectively gives us access to the 4-tensor }; KZTM (which has
ambient dimension d? when flattened into a matrix), since equation (2.6) is anyway the constraint
that would have been used by the SoS algorithm if given the tensor }; K‘f’4 as input. Note that
because the K; are not necessarily (close to) orthogonal, we cannot apply the SoS orthogonal tensor
decomposition algorithm directly. However, since we are working with a 4-tensor whose matrix
flattening has higher dimension d?, we can whiten K; effectively in the SoS framework and then use
the orthogonal SoS tensor decomposition algorithm to find the K;’s, which will in turn yield the a;’s.

Many details were omitted in the heuristic argument above (for example, we assumed a to have
norm 1). The full argument follows in Section 8.

2.3 Random overcomplete third-order tensor

In the random overcomplete setting, the input tensor is of the form

n

T=>a®+E,

i=1

where each 4; is drawn uniformly at random from the Euclidean unit sphere, we have d < n <
d'5/(log d)°V, and E is some noise tensor such that ||E||1} 123} < € or alternatively such that a
constant-degree sum-of-squares relaxation of the injective norm of E is at most ¢.

Our original rounding approach depends on the target vectors a; being orthonormal or nearly
so. But when n > d in this overcomplete setting, orthonormality fails badly: the vectors a; are not
even linearly independent.

We circumvent this problem by embedding the vectors a; in a larger ambient space—specifically
by taking the tensor powers a] = a?z, ce.,ay = af?z. Now the vectors af, ..., a; are linearly
independent (with probability 1) and actually close to orthonormal with high probability. Therefore,
if we had access to the order-6 tensor Z(a;)®3 = af%, then we could (almost) apply our rounding
method to recover the vectors a’.

The key here will be to use the sum-of-squares method to generate a pseudo-distribution over
the unit sphere having T as its third-order moments tensor, and then to extract from it the set of
order-6 pseudo-moments estimating the moment tensor }; a?é. This pseudo-distribution would
obey the constraint {(¥ ® u ® u)'T > 1 - ¢}, which implies the constraint {3 {a;, u)® > 1 — ¢},
saying, informally, that our pseudo-distribution is close to the actual uniform distribution over {a;}.
Substituting v = u®2, we obtain an implied pseudo-distribution in v which therefore ought to be
close to the uniform distribution over {a’}, and we should therefore be able to round the order-3
pseudo-moments of v to recover {a’}.

Only two preconditions need to be checked: first that }’;(a})(a; )" is not too large in spectral norm,
and second that our pseudo-distribution in v satisfies the constraint { 3’;(a’, v)3 > 1-0(e)}. The first
precondition is true (except for a spurious eigenspace which can harmlessly be projected away) and
is essentially equivalent to a line of matrix concentration arguments previously made in [FHHS5516].
The second precondition follows from a line of constant-degree sum-of-squares proofs, notably
extending arguments made in [GM15] stating that the constraints {3 ;{(a;, u)® > 1 — ¢, ||u]|> = 1}



imply with constant-degree sum-of-squares proofs that {3;;{a;, u) > 1-0(e) — O(n/d*?)} for
some higher powers k. The rigorous verification of these conditions is detailed in Section 7.

3 Preliminaries

Unless explicitly stated otherwise, O(-)-notation hides absolute multiplicative constants. Concretely,
every occurrence of O(x) is a placeholder for some function f(x) that satisfies Yx € R. |f(x)| < C|x]|
for some absolute constant C > 0. Similarly, {)(x) is a placeholder for a function g(x) that satisfies
Vx € R.|g(x)| > |x|/C for some absolute constant C > 0.

For a matrix A, let A* denote the Moore-Penrose pseudo-inverse of A. For a symmetric
positive semidefinite matrix B, let B/? denote the square root of B, i.e. the unique symmetric
positive-semidefinite matrix L such that L? = B.

The Kronecker product of two matrices A and B is denoted by A ® B. A useful identity is that
(A®B)(C® D) = (AC) ® (BD) whenever the matrix multiplications are defined. The norm || - ||
denotes the Euclidean norm for vectors and the spectral norm for matrices.

Let T € (RY)®K be a k-tensor over RY such that T = iy, iy Tiigeiy ® -+ ®ej,, where ey, ..., e, is
the standard basis of R?. We say T is symmetric if the entries (T}, . ;) are invariant under permuting
the indices. The k index positions of T are called modes. The injective norm || T |inj is the maximum
value of (T, x1 ® --- ® xi) over all vectors x1,...,x; € R with ||x1]| = --- = |lxxll = 1. A useful
class of multilinear operations on tensors has the form T + (A1 ® - -- ® Ax)T, where Ay, ..., A

-----

are matrices with d columns. (This notation is the same as the Kronecker product notation for
matrices, that is, (A1 ® -+ ® AT = 3;, i Tijip(Arei) ® - - - ® (Age;,).) If some of the matrices
A; are row vectors, and the others are the identity matrix, then the corresponding operation is
called tensor contraction. For example, for a third-order tensor T € (R%)®3 and a vector g€ R4, we
call (Id ® Id ®¢")T the contraction of the third mode of T with g. (Some authors use the notation
T(Id,1d, g) to denote this operation.)

For a bipartition A, B of the index set [k] of T, we let ||T||4,p denote the spectral norm of the
matrix unfolding T4 g of T with rows indexed by the indices in A and columns indexed by indices
in B. Concretely,

.....

ITlas = oo oy 2 Tivi XinYin

llxlI<1, llyli<1
Here, ig = ig - -iay and ip = iy, - ip, are multi-indices, where A = {a1,...,a)4} and B =
{b1,...,bg}. For k =2, ||T|l{1} 2} is the spectral norm of T viewed as a d-by-d matrix. For k = 3,
ITllg1,23,¢3} is the spectral norm of T viewed as a d?-by-d matrix with rows indexed by the first
two modes of T and columns indexed by the last index of T. For symmetric 3-tensors, all norms

ITl{1,2y,133, ITll1,33,423, and || T|l{2,3y,1} are the same.

3.1 Pseudo-distributions

Pseudo-distributions generalize probability distributions in a way that allows us to optimize
efficiently over moments of pseudo-distributions. We represent a discrete probability distribution



D over R" by its probability mass function D: R” — R such that D(x) is the probability of x
under the distribution for every x € R". This function is nonnegative point-wise and satisfies
Zxesupp(D) D(x) = 1. For pseudo-distributions we relax the nonnegative requirement and only
require that the function passes a set of simple nonnegativity tests.

A degree-d pseudo-distribution over R" is a finitely® supported function D: R" — R such that
Zxesupp(D) D(¥) =1 and ¥y cquppny D(¥) f (x)? > 0 for every function f: R" — R of degree at most
d/2. We define the pseudo-expectation of a (possibly vector-valued or matrix-valued) function f with

respect to D as
def

Ebf= ) D®f().
xesupp(D)
In order to emphasize which variable is bound by the pseudo-expectation, we write ]ED(X) f(x).
(This notation is useful if f(x) is a more complicated expression involving several variables.)

Note that a degree-co pseudo-distribution D satisfies D(x) > 0 for all x € R". Therefore, D is
an actual probability distribution (with finite support). The pseudo-expectation Ep f = Ep f of a
function f is its expected value under the distribution D.

Our algorithms will not work with pseudo-distributions (as finitely-supported functions on
R") directly. Instead the algorithms will work with moment tensors ]ED(X)(l, X1,..., xn)®d of
pseudo-distributions and the associated linear functional p — Ep,)p(x) on polynomials p of
degree at most d.

Unlike actual probability distribution, pseudo-distributions admit general, efficient optimization
algorithms. In particular, the set of low-degree moments of pseudo-distributions has an efficient
separation oracle.

Theorem 3.1 ([Sho87, Par00, Las01]). Forn,d € N, the following set admits an n©®-time weak separation
oracle (in the sense of [GLS81]),

{D]I(é)(l’ X1, %)™ degree-d pseudo-distribution D over R" } )
X

This theorem, together with the equivalence of separation and optimization [GLS81] allows us
to solve a wide range of optimization and feasibility problems over pseudo-distributions efficiently.

The following definition captures what kind of linear constraints are induced on a pseudo-
distribution over R" by a system of polynomial constraints over R".

Definition 3.2. Let D be a degree-d pseudo-distribution over R". For a system of polynomial
constraints A = {f1 > 0,..., fix > 0} with deg(f;) < ¢ for every i, we say that D satisfies the
polynomial constraints A at degree ¢, denoted D ¢ A, if Ep ([Tics fi)h > 0 for every S C [m] and
every sum-of-squares polynomial  on R" with [S|{ + degh < d.

This is a relaxation (to pseudo-distributions) of the statement that the probability mass of a true
distribution contains only solutions to A. Indeed, if an actual distribution D is supported on the
solutions to A, then D satisfies D |=; A regardless of the value of ¢.

®We restrict these functions to be finitely supported in order to avoid integrals and measurability issues. It turns out
to be without loss of generality in our context.



We say that D satisfies A (without further specifying the degree) if D |, A for { =
max{r»ojca deg f. We say that a system A of polynomial constraints in variables x is explic-
itly bounded if it contains a constraint of the form {||x I> < M}. The following theorem follows from
Theorem 3.1 and [GLS81]. We give a proof in Appendix B for completeness.

Theorem 3.3. There exists a (n + | A|)OD-time algorithm that, given any explicitly bounded and satisfiable
system A of polynomial constraints in n variables, outputs (up to arbitrary accuracy) a degree-d pseudo-
distribution that satisfies A.

3.2 Sum of squares proofs

Let x = (x1,...,x,) be a tuple of indeterminates. Let R[x] be the set of polynomials in these
indeterminates with real coefficients. A polynomial p is a sum-of-squares if there are polynomials
q1,...,qr suchthatp = g2 +--- +g2. Let f1, ..., f; and g be multivariate polynomials in R[x]. A
sum-of-squares proof that the constraints {f; > 0, ..., f, > 0} imply the constraint {g > 0} consists
of sum-of-squares polynomials (ps)sc[,] in R[x] such that

9= Z ps - l—[fi~
Sc[n] ieS

We say that this proof has degree ¢ if every set S C [n] satisfies deg(ps - [1;es fi) < ¢ (in particular,
this would imply ps = 0 for every set S such that deg[[;cs fi > ¢). If there exists a degree-¢
sum-of-squares proof that { fi > 0,..., f, > 0} implies {g > 0}, we write

{fi>0,...,f, >0}, {g >0}.

In order to emphasize the indeterminates for the proofs, we sometimes write { fi(x) > 0,..., fr(x) >

0} by e {g(x) >0} .
Sum-of-squares proofs obey the following inference rules, for all polynomials f, g: R* — R

andF: R" > R",G: R" > R, H: R» - R”,
Abe{f>20,9g20 At {f20}, Aty {g>0}

(addition and multiplication)

Abe{f+g>0} "’ Al {f 920} ’
A "; %{f Ef’ c (transitivity)
{F >0} ¢ {G >0} (substitution)

{F(H)) > 0} F¢.degrny {G(H) > 0}

Sum-of-squares proofs are sound and complete for polynomial constraints over pseudo-
distributions, in the sense that sum-of-squares proofs allow us to reason about what kind of
polynomial constraints are satisfied by a pseudo-distribution. We defer the proofs of the following
lemmas to Appendix B.

Lemma 3.4 (Soundness). If D |=¢ A for a pseudo-distribution D and there exists a sum-of-squares proof
Abp B, then D [=¢.pr B.



Lemma 3.5 (Completeness). Supposed > {' > €, and ‘A is a collection of polynomial constraints with
degree at most €, and A - {x3 + - + x2 < B} for some finite B. Let {g > 0} be a polynomial constraint
with degree {'. If every degree-d pseudo-distribution D that satisfies D |=¢ A also satisfies D |=¢ {g > 0},
then for every € > 0, there is a sum-of-squares proof Aty {g > —¢}. 7

3.3 Matrix constraints and sum-of-squares proofs

In sections 4 and 9, we still state positive-semidefiniteness constraints on matrices, which will
be implied by sum-of-squares proofs. We define notation to express what it means for a matrix
constraint to be implied by sum-of-squares. While the duality between proof systems and convex
relaxations also holds in the matrix case [Cim12], and it is possible to give a full treatment of matrix
constraints in sum-of-squares, here we give an abridged and simplified treatment sufficient for our
purposes.

Definition 3.6. Let A be a set of polynomial constraints in indeterminant x, and M is a symmetric
p X p matrix with entries in R[x]. Then we write A F, {M > 0} if there exists a set of polynomials
g1(x), ... gm(x) and a set of vectors v1(x), ..., v,(x) of p-dimension with entries in R[x] such that
A e, {qi > 0} where ¢; + 2deg(v;) < ¢ for every i, and

m
M= qi(x)oi(x)oi(x)" (3.1)
i=1
The proof that sum-of-squares is sound for these matrix constraints is very similar to the
analogous proof of Lemma 3.4 (see Appendix B).

Lemma 3.7. Let D be a pseudo-distribution of degree d and d > €t’. Suppose D ¢ A, and A ¢ M > 0.
Then E[M] = 0.

We now give some basic properties of these matrix sum-of-squares proofs.

Lemma 3.8. Suppose A, B’ are symmetric matrix polynomials such that &= {A = 0, B > 0}. Then
F{A®B > 0}.

Proof. Express A = Y1, qi(x)ui(x)ui(x)T and B =}, ri(x)vi(x)vi(x)". Then
A®B =Y 3 gi(0)r(0)[ui(x) @ v;(0)][ui(x) ® v;(x)]" . O
i=1 j=1

Lemma 3.9. Suppose A, B, A’, B’ are symmetric matrix polynomials such that - {A > 0,B" >0, A = A/,
B>B'}. Then —F{A®B>A"®B’,B®A > B ' ®A’}.

Proof. By Lemma 3.8, we have - A® (B-B’) = 0and + (A - A’)® B’ > 0. Adding the two
equations we complete the proof. We may also take the tensor powers in the other order. m]

"The completeness claim stated here does not match the strength of the corresponding soundness claim. This reflects
an impreciseness in how we count the degrees of intermediate sum-of-squares proofs (in particular our degree accounting
is not tight under proof composition), and does not reflect than the power of the proofs themselves.



Lemma 3.10. Let u = [u, ..., uy] be an indeterminate. Then + {uu" < ||u||*>-1dy}.

Proof. The conclusion follows from the following explicit decomposition

F{ju)PId —uu' = Z (uiej — uje;)(ujej — u]'e,')T >0 O

1<i<j<d

4 Rounding pseudo-distributions

4.1 Rounding by matrix diagonalization

The following theorem analyzes a form of Jennrich’s algorithm for tensor decomposition through
matrix diagonalization, when applied to the moments of a pseudo-distribution. We show that if
the pseudo-distribution D(u) has good correlation with some vector a®*, then with good chance
a simple random contraction of the (k + 2)-th moments of the pseudo-distribution will return a
matrix with top eigenvector close to a.

Theorem 4.1 below is the key ingredient toward a polynomial-time algorithm. It states that in
order for Jennrich’s approach to successfully extract a solution in polynomial time, the correlation of
the desired solution with the (k + 2)-th moments of the pseudo-distribution only needs to be large
compared to the spectral norm of the covariance matrix of the pseudo-distribution. This covariance
matrix can be made as small as O(1/n) in spectral norm in many situations, including—as a toy
example—when D is a uniform distribution over n orthogonal unit vectors. Therefore in this
sense the condition (4.1) below is a fairly weak requirement, which is key to the polynomial-time
algorithm in Section 5.1.

Theorem 4.1. Let k € N be even and ¢ € (0,1). Let D be a degree-O(k) pseudo-distribution over R? that
satisfies {||u||* < 1}pe), leta € R? be a unit vector. Suppose that

o> () o] @

Then, with probability at least 1/d°% over the choice of g ~ N(0,1d%¥), the top eigenvector u* of the
following matrix Mg satisfies (a, u*)* > 1 - O(e),

M, := E (g,u®)-uu’. (4.2)
D(u)

As before, we decompose M, into two parts, with M ex and M, defined in analogy with M.
M, =(g,a%) - Mo + My where g’ = g —(g,a®")-a®". (4.3)

Our proof of Theorem 4.1 consists of two propositions: one about the good part M e« and one
about the noise part My . The first proposition shows that M,ex is close to a multiple of aa' in
spectral norm (which means that the top eigenvector of M s« is close to a).

Proposition 4.2. In the setting of Theorem 4.1, for t = Ep,(a, u)**?,

||Ma®k —t- aaTH <O(e)-t. (4.4)



The second proposition shows that M, has small spectral norm in expectation.

Proposition 4.3. In the setting of Theorem 4.1, let g’ = g — (g, a®*) - a®. Then, for t = Ep(,(a, u)**?,

]E’“Mg’” < O(e?klogd)/? - t.

Before proving the above propositions, we demonstrate how they allow us to prove Theorem 4.1.

Proof of Theorem 4.1. We are to show that with probability 1/d°®) over the choice of the Gaussian
vector g, there exists s € R such that ||s M, - aaT” < O(e). By Davis-Kahan Theorem (see
Theorem A.4), this implies the conclusion of Theorem 4.1. Let ¢ = ]ED(M)(a, u)k*+2_ For a parameter
7 = Q(klog d)!/?, we bound the spectral norm conditioned on the event (g, a®*) > 1,

1 T
0 ||| tmis —aa

‘ (g,a%) > T]

< 18— "]+ [ b ] | 0.0 > ] by (43)
< H%Ma@)k - aaT” +L E|My (by independence of (g,a®F) and g’)
g/
< O(e) + % -O(e%k log d)/? (by Proposition 4.2 and 4.3)
< O(e). (4.5)
By Markov’s inequality, it follows that conditioned on (g, a®) > 1, the event 'WM g—aal| <
O(e) has probability at least Q(1). The theorem follows because the event (g,a®*) > 7 has
probability at least d=O%), m]

Proof of Proposition 4.2. We are to bound the spectral norm of Mex — t - aa" for t = Ep,)(a, u)*+2.
Let a = IIJED(M) uu'|l. Let Id; = aa' be the projector onto the subspace spanned by a and let
Id_1 = Id —1Id; be the projector on the orthogonal complement. By our choice of t, we have
Id; Mex Idy =t - aa’.

Since Id_; Id; = 0, we can upper bound the spectral norm of M e« —t - a®ka®kT,

[Mger — t - 1d1|| < [[Id1(Mgex — t - Id1) Ida | + [|Id—1 Mer Id-a[ + 2[Ids Mper Id 4|
< ||[Td=1 Mer Id—q]| + 2 |[Idy M er Id_1]| (because Id; M, e Idq = ¢ - Idy)
< I1d -1 Myer Id_q | + 2 ||Idy M, e Id|[Y2 - Id -1 M Id_1[|'*  (because M e > 0)
< |[Td1 Mor Id_y]| + 2V - [[Tdy Mo Id_q || . (4.6)

It remains to bound the spectral norm of Id_1 M ex Id_1,

||Id_1 Ma®k Id_1|| = ”D]](E)@, u)k . Id_1 uuT Id_l
u

< D](E)(a, uY - (1=<(a,u)?)  (because - Id_q uu"Id_q1 < (||ull? = (a1, u)?)1d)

< ﬁ D]l(?;l)(a, u)? (using Fy42 xk=2.(1-x2) < ,(272; see below)



2
<. 47
3 @ (4.7)
Basic calculus shows that the inequality x¥=2 - (1 - x?) < é holds for all x € R. Since it is a true
univariate polynomial inequality in x, it has a sum-of-squares proof with degree no larger than the
degree of the involved polynomials, which is k + 2 in our case.

Combining (4.6) and (4.7), yields as desired that

”Mam—t-aaTH<O(#)-a<0(€)'t,

where the second step uses the condition of Theorem 4.1 on t = ]ED(M)(a, uyand o = ||1ED(M) uu'll. o

Proof of Proposition 4.3. The matrix My = Ep(,){(g’, u®*)-uu’, whose spectral norm we are to bound,
is a random contraction of the third-order tensor T = Ep(,) u ® u ® (u®). Corollary 6.6 gives the
following bound on the expected norm of a random contraction in terms of spectral norms of two
matrix unfoldings of T—which turn out to be the same in our case due to the symmetry of T.

ElMy | < Ollog ) max{[ITlln 3y I Tlhzy 1} = Ollogd)' ™| £ whuT|. 49
Theorem 6.1 shows that for any pseudo-distribution D that satisfies {||u|*> < 1},

‘ E u®yT . (4.9)

D(u)

<‘ E uu'
D(u)

The statement of the lemma follows by combining the previous bounds (4.8) and (4.9),

E[[My |l < O(log )2 HD]l(é)ug’kuT < O(e%klogd)t/? - ¢,
g9’ u

< O(log d)*? . HDH(%) uu'

using condition (4.1) of Theorem 4.1 which yields t = Ep,{a, u)**? > Q ((m/%)‘l) IEp uu'||. O

4.2 Improving accuracy of a found solution

We need one more technical ingredient before analyzing our main algorithm. Previously, the
run-time of the sum-of-squares algorithm in [BKS15] (on which our algorithm is based) depended
exponentially on the accuracy parameter 1/¢, and we give here a simple boosting technique that
allows us to remove this dependency and achieve polynomially small error.

Here we have a set of nearly isotropic vectors a1, . .., a,. We give a sum-of-squares proof that if
i ai, u)*is only ¢ off from its maximum possible value, and if u has constant correlation with
some a;, then u must in fact be (1 — O(¢))-correlated with a;. Intuitively, the former constraint forces
D to roughly be a mixture distribution over vectors that are close to a1, ..., a,, and the latter one
forces it to actually only be close to a;. We then briefly show how this proof implies an algorithm to
boost the accuracy when we already know a vector b that is 0.01-close to a solution, by solving for a
pseudo-distribution with the added constraint {(b, u)* > 0.9}.



Theorem 4.4. Let ¢ > 0 be smaller than some constant. Let ay,...,a, € R? be unit vectors such that
I3, aiai" || < 1+ e. Define the following systems of constraints, for each j € [n] or unit vector b € R%:

- 2 Y N2 s 1
Aj = {||u|| <1,Zi:1<al,u> >1-¢,(aj,u) ZZ}D(u)

By= (Il <1, Gar > 1-e, (bup 309}
i=1 D(u)

Then Aj 4 {{aj, u)? >1-10¢} forall j € [n], and also B, - Ajand (a;, b)? > 0.8 for some j € [n].

Proof. We have the following sum-of-squares proof:

n
Abus 1=e< )" lai,u)

2
< (aj, u)t + (Z#](ai, u)z) (by adding only square terms)
<(aju)t +(1+ & —(aj, u)?)’ (using Fy 2 (a;, u)? < (1+ &)lull?)
< <ﬂj, Ll)z —+ (% + S) (1 + & - <a]-,u>2) (since - 1/2 < (a]-,u)2 <1
<(3-e)aj,uy*+1+2¢, (4.10)

which means that A -, 4 (a;, u)? > 1—10¢ for € > 0 small enough.
To show that B, - A, for some i, it is enough to show that if B; is consistent (i.e. there exists
a pseudo-distribution satisfying B}, then there exists i € [1] such that {a;, b)> > 0.8, because it
implies {{a;, u)*> > 1/2} by triangle inequality.
For the sake of contradiction, assume that (a;, b)? < 0.8 forall i € [n]. Then, by triangle inequality
(see Lemma A.2), B, F {Vi € [n].{a;, u)*> < 0.99} which when combined with ||aiaiT||2 <1l+c¢
n

using substitution, contradicts the assumption that 8, = {3 (a;, u)* > 1 — ¢} for small enough
e>0. m|

Corollary 4.5. Let D be a degree-C pseudo-distribution over R? such that D |=¢/4 By, with By as defined in
. 2

Theorem 4.4. Then, there exists i € [n] such that ||]ED(M) u®? — al@Z” < O(e) and {a;, b)*> > 0.8.

Proof. By Theorem 4.4, By, -4 {{a;, u)?> > 1 —10¢} for some i. It follows by Lemma 3.4 that

2

E u® — 3%
D(u) t

<2—2<1E u®2,a?2>:2—2]E(ai,u)2<20$. O
D(u)

D(u)

5 Decomposition with sum-of-squares

In this section, we give a generic sum-of-squares algorithm (Algorithm 1 and Theorem 5.2) that will
be used for various different settings in the following subsections (Section 5.2 for orthogonal tensors,
Section 5.3 for tensors with separated components), and in the section 7 for random 3-tensor and
Section 8 for robust FOOBL.



5.1 General algorithm for tensor decomposition

In this section, we provide a general sum-of-squares tensor decomposition that serve as the main
building block for sections later. We will need the following lemma, which appears in [BKS15,
Proof of Lemma 6.1].

Lemma 5.1. Let € € (0,1)and {a1, ..., a,} be a set of unit vectors in RY with 120, a;a;"|| < 1+¢€. Then,
for all even integers k € N, there exists a sum-of-squares proof that

{uun2 <1, (i u)t >1- e} Fu ko2 {Zwi,u)"” >1- O<ke>} . (5.1)
i=1

i=1

Our main algorithm below finds the solutions to a system of polynomial constraints ‘A, when
given a “hint” in the form of a polynomial transformation of formal variables P(-). Roughly P should
be an “orthogonalizing” map so that if ay, ..., a, are the desired solutions to the constraints A,
then P(ay), ..., P(a,) are nearly an orthonormal basis, or more precisely || >.i_, P(ai)P(ai)TH <l+e¢
while [|P(a;)||* > 1 — ¢ for all i. We then only require that a sum-of-squares proof exists certifying
that the solutions to A after being mapped by P are actually close to P(a1), ... P(a,); more precisely,
that A k¢ {31 (P(a;), P(u))* > 1 — ¢}, for some ¢. The existence of this sum-of-squares certificate
then allows us to recover the solutions P(a;) up to O(¢) accuracy by solving for pseudo-distributions
and then rounding them.

We later show how Algorithm 1 can be applied to a variety of tensor rank decomposition
problems by the design of an appropriate orthogonalizing transform P. For example, in Section 7
P(-) orthogonalizes an overcomplete tensor by lifting the variables to a higher-dimensional space,
and P(-) serves as a whitening transformation on a far-from-orthogonal tensor in Section 8.

The main technical difficulty in this analysis was in making the run-time polynomial (as opposed
to quasi-polynomial in [BKS15]) for the nearly-orthogonal case where P is the identity transform.

Theorem 5.2. For every € € N, there exists an n®O-time algorithm (see Algorithm 1) with the following
property: Let ¢ > 0 be smaller than some constant. Let d,d’ € N be numbers. Let P: R? — R¥ be a
polynomial with degP < €. Let {ay,...,a,} C R? be a set of vectors such that by = P(ay),..., b, =
P(a,) € RY all have norm at least 1 — ¢ and X, bib;'|| < 1+eé. Let Abea system of polynomial
inequalities in variables u = (u1, ..., ug) such that the vectors a, . . ., a, satisfy A and

A {Z<bi,P<u>>4 >(1-¢) ||P(u>||4} . (5:2)
i=1

Then, the algorithm on input A and P outputs a set of unit vectors {b’,...,b,} € RY such that

disty ({682, b2}, {(0)®2, ..., (b,)%2}) < O(e)'/2.

Proof of Theorem 5.2. We analyze Algorithm 1. By Corollary 4.5, if there exists a pseudo-distribution
D’(u) that satisfies constraints (5.5), then the top eigenvector of ]ED/(H) P(u)P(u)" is O(¢)!2-close
to one of the vectors by, ..., b,. The fact that we add in step 4, the constraint {(P(u), b}) < 0.1}



Algorithm 1 General tensor decomposition algorithm

Parameters: numbers ¢ > 0, n, £ € N.

Given: system A of polynomial inequalities over RY and polynomial P: R — R?".
Find: vectors b/, ..., b € R?.

Algorithm:

¢ For i from 1 to n, do the following:

1. Compute a degree-(k +2)¢ pseudo-distribution D(u) over R?, with k = O(1), that satisfies
the constraints

AU{l+e>IP@I*>1-¢}

[Epw) P)Pw)'| < p L

2. Choose standard Gaussian vectors g(l),...,g(T) ~ N(O, Id(d/)k) and T = d°0 and
compute the top eigenvectors of the following matrices for all t € [T]:

Dn(é )<g<f),p(u)®k> - P(u)P(u)" € R (5.4)

3. Check if for one of the normalized top eigenvectors b* computed in the previous step,
there exists a degree-4¢ pseudo-distribution D’(u) that satisfies the constraints

AU{l+e> [P >1-e,(b*, P(u))* > 0.99}. (5.5)

4. Set b] to be the top eigenvector of the matrix ]ED/(M) p (u)P(u)T and add to A the constraint
{(P(u), b;)z < 0.01}.




also implies by Corollary 4.5 that in some iteration i, we can never find a vector b’ that is close to
one vector b;. from a previous iteration j < i. Therefore, it remains to show that in each of the n
iterations with high probability we can find a pseudo-distribution D’(u) that satisfies (5.5).
Consider a particular iteration iy € [n] of Algorithm 1. We may assume that the vectors
by, .-, b 4
satisfying conditions (5.3) in step 1, including the additional constraints added to A in previous

are close to by,...,b;—1. First we claim that there exists a pseudo-distribution

iterations. Indeed, the uniform distribution over vectors a;, . . ., a, satisfies all of those conditions.
By assumption, we have a sum-of-squares proof A ;¢ {3 (b;, P(u))* > 1 - ¢}. Lemma 5.1
then implies A F, (r42)c {21 (bi, P(u))¥ > 1 — O(ke)} for an absolute constant parameter k to be
determined later. Since A includes the added constraints {(b1, P(1))> < 0.1,...,(bjy-1, P(u))* <
0.1}, it follows by || 22, bib;"||* < 1+0(e) and substitution that A = {1 (b, P(u))* < (0.1)F2(1+
O(¢))}, here choosing k so that (0.1)¥72 (1+ O(¢)) < 0.001. Therefore, A (k12 {2, <bi, P(u))* >
0.99} and so Ep(,) 2- io(bi, P(u))* > 0.99 for any degree-(k +2)¢ pseudo-distribution D that satisfies
constraints (5.3). In particular, by averaging, there exists an index i* € {iy,...,n} such that

N 0.99
. ky 099
JE (i P > g

>O.9-‘

= T
D]I(EM)P(u)P(u)

By Theorem 4.1, for each of the matrices (5.4) in step 2, its top eigenvector is 0.001-close to b;
with probability at least d-°(). Therefore, we find at least one of those vectors with probability no
smaller than 1 — %M. In this case, a pseudo-distribution D’(u) as required in step 3 exists, as an
atomic distribution supported only on b; is an example that satisfies the conditions. m|

5.2 Tensors with orthogonal components
We apply Theorem 5.2 to orthogonal tensors with noise.

Theorem (Restatement of Theorem 1.1). There exists a polynomial-time algorithm that given a symmetric
3-tensor T € (R¥)®3 outputs a set of vectors {aj,...,a),} C RY such that for every orthonormal set
{ai,...,a,} CR?, the Hausdorff distance between the two sets is at most

n
El®3

i=1 1

disty ({al,...,an},{ai,...,a;,})z < 0(1)- HT - Z

. (5.6)
{11,423}

Proof. We feed Algorithm 1 with the inputs P(u) = u and A = {(T, u®3) > 1— ¢} where ¢ =
IEll{1},123y and E = T — %; a®3. We have

Ay ) (ai,u)’ = (T,u®%) = (E,u®)
i=1
=(T,u®®) —¢

>1-2¢.
Here at the second line we used that

F(E, u®) < ||Ell{1) 03 < €- (5.7)



We verify that A satisfies the requirement (5.2),

A = Z;<ai, uyt > (Zlkai, u>4) (Z;(ai, u>2) (using orthonormality)

2
n
> (Z(ai, u>3) (Cauchy-Schwarz: Lemma A.1)
i=1
>1-4¢.

Therefore calling Algorithm 1, we can recover 4; which is, up to sign flip, close to a; with error
O(e'/?). We determine the sign by finding the 7 € {1, +1} such that (T, Tﬁl@3> > 1 — € and set the
output 4’ to 7d;. m]

Remark 5.3. Note that in the proof of Theorem 1.1, the conclusion of equation (5.7) is the only thing
we used about the error term E. Therefore, define the following SoS relaxation of the injective norm:

IEllsos = inf [ {llull® < 1} = {(E,u®%) < c}] .

Then we can replace the right hand side of equation (5.6) by O(1) - HT -3, a®

i

’SOS'

5.3 Tensors with separated components

The following lemma shows that for separated vectors the sum of higher-order outer products has
spectral norm that decrease exponentially with the tensor order.

Lemma 5.4. Let aq, ..., a, be unit vectors in R:. Then, for every k € N,

i (ﬂz‘az‘T)®(k+1)
i=1

n

i=1

k
<1+ (ma.x |(ﬂi,ﬂj>|) :
1#]

Proof. LetA =3 ; (aiaiT)®k+l. For a unit vector x € (R%)®*1 we’ll bound the quadratic form xTAx.
First, without loss of generality we can assume that x is in the subspace V spanned by {af’z’k+1 Fi.
This is because if x had a component y orthogonal to V, then yTali@k“ =0foralli € [n] by definition,
so that Ay = 0 and y can make no nonzero contribution to the quadratic form above.
Also let W = (A1/2)* so that W is a whitening transform and WAW is a projector onto V. Then

suppose x = ) ; ciWu?k”, so that }; c? = ||x||> = 1. Then

T Ay — (A ®k+1NT k+1
xAx—chc](al@Jr)WAWLI?Jr

ij

2 k+1

= Zci +Zcicj(ai,aj) -
i

i#]

k
< Z o7+ (I?EX |<11i/11j>|) Z cici{ai, aj)

i i#]



n

i=1

4

k
<1+ (max|<ai,aj>l)
1#]

where in the last step we let A’ = Y;a;a;" and W’ = (A’Y/2)*, and apply the inequality
2ijciciai, aj) = ¥ cic]-aiTW’A'W’a]- = x'TA’x’ < ||A’||, where x” = 3; ¢;W’a; is a unit vector. O

Lemma 5.5. Let a € R? and b € (R)®F be unit vectors such that (a®%,b)2 > 1 — e. Let B be the
reshaping of the vector b into a d-by-d*~' matrix. Then the top left singular vector a’ € RY of B satisfies
(a’,a)?> > 1-0(e).

Proof. Let c be the top right singular vector of B. Then, (a’ ® ¢, b) > (a®,b) > 1 — ¢. Therefore,
la’ ® c — b|| < O(e)V/2. By triangle inequality, |2’ ® c —a ® a®1)| < O(¢e)'/2, which means that as
desired [(a,a’)| > (¢’ ® c,a ® a®*-D) > 1 - O(e). m|

Theorem (Restatement of Theorem 1.5). There exists an algorithm A with polynomial running time (in the
size of its input) such that for all n, p € (0, 1) and ¢ > 1, for every set of unit vectors {a1, ..., a,} € R? with
|20, aiai"ll < o and maxixj [{ai, a;)| < p, when the algorithm is given a symmetric k-tensor T € (R%)®*

withk > O (1;01%) -log(1/n), then its output A(T) is a set of vectors {a}, ..., a},} C R? such that

n
a®k

i=1 i

2
disty; ({a1®2, . ,a;l®2}, {giﬂ/ o, afz}) <O (T] + HT - Z

Proof. We use Algorithm 1 from Theorem 52. Let E = T - Zia?k. We may assume
that [|Ellq1,. (k23 4 lk/2)+1,..k} < 17, since otherwise the theorem follows from the case when
n = Ellq1,...,1k/2)3 ALk/2)+1,...k}- Let P be the polynomial map P(x) = x®[k/41 and let A be the system
of polynomial inequalities

A={T,u®) >1-n,ul®>=1}. (5.9)

in variables u = (u1, ..., ug). Since ||Ell{1, .. k/2)3,{|k/2)+1,...k} < 7, all of the vectors ay, ..., a, satisfy
A. Let by, ..., by, be the unit vectors b; = P(a;). By Lemma 5.4 and the condition on k, these vectors
satisfy ||Y; bib;"|| < 1+ p/*/4lg < 1+ 1. Then, we have the following sum-of-squares proof

n n n
Ak Y (bi, Pa)Y = > (a, w4 > 3 a u) = (T,u®) - (B, u®F) (5.10)
i=1 i=1 i=1

21=n=WTllq,. k23 A1k/2)0+1,.. 6 = 1—27. (5.11)

It follows that A and P satisfy the conditions of Theorem 5.2. Thus, Algorithm 1 on input A and P
recovers vectors by, ..., bj, with Hausdorff distance at most O(+/7) from by, ..., b,. By Lemma 5.5,
the top left singular vectors of the d-by-d*/41-1 matrix reshapenings of by, ..., by, are O(y/n)-close to
the vectors ay, ..., a, up to sign. (If k is odd, then we may determine the signs of the a; by checking
if (T, u;‘g’k) >1-0(n)or (T, a;‘g’k) < —1+ O(n) for each output vector a’.) O



6 Spectral norms and tensor operations

In this section, we provide several bounds regarding the spectral norms of moments of the lifted
vectors, and the spectral norm of random contraction of a tensor, which are crucial in our analysis
in previous sections. We suggest readers who are more interested in applications of the algorithms
jump to Section 7 and 8.

6.1 Spectral norms and pseudo-distributions

Theorem 6.1. Let D be a degree-4(p + q) pseudo-distribution over R? that satisfies {||lull®> < 1} D(u)- Then,
forallp,q € N,

E uu'

8 u®p(u®q)T D(u)
u

D(u)

< . (6.1)

The theorem follows by combining Lemma 6.2 and Lemma 6.4 proved below. Lemma 6.2
reduces Theorem 6.1 to the case when p = g.

Lemma 6.2. Let D be a degree-4(p + q) pseudo-distribution over R? that satisfies {||u||> < 1}p(u). Then,
forallp,q € N,

2
B u®(u®)

T ®p ®pT
E B (1) (1)

T ®q ®qT
E B (1o7) (u®)

D(u)

<

6.2)

Proof. For all unit vectors x € (R?)® and y € (R?)®1

B 4 (4®1)" - B ®py(4,®1
<x,(D(M)u (u ))y> B (e uf)(u, y)

1/2 1/2
< ]E , ®p\2 . ]E ®q’ 2
(B coner?) (e

(Cauchy-Schwarz for pseudo-expectations)
1/2 1/2

B (u®) (u®)!

B (1,97 (1,27)
E E (20 ()

D(u)

< (6.3)

The lemma follows from this bound by choosing x and y as the top left and right singular vectors
of the matrix Ep,) u® (u®0)', m]

Towards proving Theorem 6.1 for the case of p = g, we first establish the following lemma which
says that tensoring with vector with norm less 1 won't increase the spectral norm.

Lemma 6.3. Let g(u, v) be a polynomial in indeterminates u, v. Let D be a degree-4 pseudo-distribution

over R? that satisfies {||ul|> < 1, g(u,v) > 0}D(u,0)- Then, forall p € N,

< . (6.4)

E g(u,0)(u®0)(u®ov)
D(M)g( ) ( ) ( )

E g(u, 0)o0"
D(y)g(u v)vv



Proof. We have the sum-of-squares proof that

Fg(u, ) (Id @' —(u®v)(ue® v)T)
=g(u,v)(Id-uu")® vo’
= g(u,v) (1 - |ul?)Id®vo” + g(u, v)(||ul*Td—uu") @ vo "
>0 (by 1 — ||u|> > 0and - ||lu]|?Id —uu™ > 0 (Lemma 3.10))

Therefore, we obtain that

E ,0)ldevo’ |- E ) ® 20 > 0
D(u,v)[g(u v)Ild®vv | bl [g(u v) (4 ® ) (u v)]

The desired inequality follows,

E L) (u®0)(ueo)
D(M)g(u )(u®0)(u®0v)

<|| E Ideg(u,v)ov”
ol g(u,v)

=|| E g(u,v)oo’
HD(0)9( )u

The following statement follows straightforward from the Lemma 6.3 by induction on p.
Lemma 6.4. Let D be a degree-4p pseudo-distribution over R? that satisfies {||u 17 < 1} ). Then, for all
p eN,

E wuu'
D(u)

< . (6.5)

D]I(::u) (uuT)®p

6.2 Spectral norm of random contraction

The following theorem shows that a random contraction of a 3-tensor has spectral norm at most
O(+/log d) factor larger than the spectral norm of its matrix unfoldings.

Theorem 6.5. Let T € R? ® R ® R be an order-3 tensor. Let g € N(0,1d,). Then for any t > 0,
]gP {” (Id®Ild®g") TH{l},{z} >t -max{||Tll{1},{2,3}, ||T||{2},{1,3}}} <2p+q)-e 2, (6.6)
and consequently,®
E [H (ldeldeg") THU},{Z}] < O(log(p + )" - max{|ITlly1y, 12,31, I T2y, 1137} - (67)
Proof. Let T; denote the ith third-mode slice of T so that T; = (Id ®Id ®eiT) T reshaped as a p-by-q
matrix. Note that when regarded as a p-by-g matrix, the contraction (Id ® Id ®¢") T is a Gaussian

matrix series with coefficients Ty, ..., T,, so that

7

|dedes)T] = szl giTi

8For large enough p and g, the constant hidden in the big-Oh notation below is at most 2
g ghp q g




where g1, ..., g, are independent standard Gaussians with g; = (g, ¢;). Therefore, by concentration
of Gaussian matrix series [Oli1l0, Theorem 1] (also see [Tro12, Corollary 4.2]), we have

P{l(Ild®Id®g")T|| > ta} < 2(p + q)e /2,
where ¢ = max {”Zi T, T, 112 TiTTi||}1/2.

For U and V sets of indices, let Ti;y denote the matrix unfolding of T with rows indexed by U
and columns indexed by V, so that ||T||y,v = || Ty v||. We claim that Y; T;T;" = (T{l},{zlg})T(T{l},{zlg})
and 3, T;'T; = (T{z},{lly,})T(T{z},{1,3}), which completes the proof. These identities are forced by the
observations that both of these objects are matrix quantities that are quadratic in T, with the first
object being a sum over the 2nd and 3rd indices of the two copies of T, and the second object being
a sum over the 1st and 3rd indices. O

7

The following corollary of Theorem 6.5 handles a larger class of random contractions.
Corollary 6.6. Let T € R” ® R7 ® R" be an order-3 tensor. Let g ~ N(0, L) with covariance matrix X
satisfying 0 < X < Id,. Then for any t > 0,

]gP{H (deldeg")T|| an > ErmadiiTl, e, ||T||{2},{1,3}}} <4p+q)-e 2. 6.8)

Proof. We reduce to the case X = Id, and apply Theorem 6.5. Concretely,let g’ = g+hand g” = g—h
where  is a random variable with distribution N(0,1d, —X) that is independent of g. By this
construction, g’ and g” both have marginal distribution N'(0,1d,), and g = 3(g’ + g”). Therefore we
can invoke Theorem 6.5 for random variables g” and g”. Letting 0 = max{||T {1} 42,3}, IT ll{2},{1,3} }»
using the union bound and the triangle inequality, we have that

]5{||(Id®ld®gT > ta}

)T”{l},{Z}

- 911;1 { |(ldeId &g’ + g)7) T||{1},{2} > 2ta}
< P {[(eraeq)) 7], , +|(dedeq )T, , > 2}

< gﬂ,)h { |(lde1d &(g")") T||{1},{2} > ta} + ;1;1 { |(ld@1d&(g”)T) TH{”’{z} > ta}

<4p+q)-et?,

where the second line uses the triangle inequality, the third line uses the union bound, and the
fourth line uses Theorem 6.5 applied to g” and g”. m]

Corollary 6.6 and Theorem 6.1 together imply the following theorem..

Theorem 6.7. Let k € N and D be a degree-(4k + 10) pseudo-distribution over R? that satisfies {||u|?> <
1}pa)- Let g ~ N(O, X) be a Gaussian vector with covariance L. < Id?k . Then,

< 1/klogd ‘

(6.9)

E (7, u®Yy . uu’
D(u)(gu Y-uu

E E uu'
g~N(0,Id,) D(u)



We can apply Corollary 6.6 repeatedly to obtain a bound for random contraction over a larger
number of modes.

Theorem 6.8. Let T € RP*7*">%Ts be an order-(s + 2) tensor, and g1 ~ N(0,%1),...,9s ~ N(0, Ls) be
independent Gaussian random variables with covariance ©; < 1d,, for each i € [r]. Let ¥ = maX;e[s]{ri +2}.
Then forany t > 0,

T T s . —s—1 —t2/2
15{|!(Id®ld®g1 ... @), , > SC[S]1€52¢5{||T||SS}}<4(p+q)r 2. (6.10)

Proof. We prove by induction on s. The base case is exactly Corollary 6.6. For s > 2, suppose we
have proved the (s — 1)-case.
Let ' = (Id®Id®Id®g>" - ® gs") T be an order-3 tensor. Then we have that

(d®ld®g' ®...® g, )T =(Id®Id®g")T
Then using Corollary 6.6 on T” and g1, and then taking the expectation over g, ..., gs, we have
{|| (deld®g" ®...® g T||{1} o = Ermax{IT iy, 23 1T Ny, 0 3}}} <4p+q)e P
(6.11)

We view T’ as an order-(s + 1) tensor by merging the 2nd and 3rd modes, that is,
(Id®(Id®Id)® g2" -+ ® g5') T, and then apply the inductive hypothesis. We obtain

P T’ > L. ma Tllssc} b < 4(p + gr) 772 et/2. 6.12
o gs{ll {13, 12,31 5c[s]:1es,{§fs}ms:@{” Ils,s }} (p+qr1) (6.12)

P {|T > 571, Tllssc}p < 4(pri+q) 72772, 6.13
o gs{ll l1,3),42) Sl T g0 @{II lls,s }} (pr1+q) (6.13)

Using equations (6.11), (6.12), (6.13), and applying union bound we obtain

Te... T s . Zs—1 ,—t2/2
15{||(1d®1d®g1 ® - ®g:)T|| ) > SC[S]1€S2¢S{|ITIISS}}<4(p+q)r e 2,

and complete the inductive proof.

7 Decomposition of random overcomplete 3-tensors

In this section, we assume that we are given a random 3rd order overcomplete symmetric tensor T
of the following form
T= Zz =1 i (7'1)



where n < d1?/ (log d)o(l), the vectors a; are drawn independently at random from the Euclidean
unit sphere, and the error tensor E satisfies [|E|[{1},{2,3) < €.

Let Idsym be the projection to the symmetric subspace of (R%)®2 (the span of all x®2 for x € R%),
and let ® = % Z?:l e;g’z € (R?)®2. Let Idsyn be the projection to the subspace orthogonal to ®:

Ideym = Idgym —DO" . (7.2)

Algorithm 2 Polynomial-time algorithm for random overcomplete 3-tensor decomposition

Input: Number ¢ > 0 and n € N and symmetric tensor T € (R%)®3 of the form (7.1).
Find: 41,...,4, € RY.
Algorithm:

1. Call Algorithm 1 with

A={T,u®)y>1-¢,|ul>=1}, (7.3)
P(u) = Idsym u®?, (7.4)

where Idsyn is defined in (7.2). Suppose the outputs of Algorithm 1 are by, ..., by

2. Let 4; be 7, the top eigenvector of the matrix reshaping of b;, where 1; € {1, -1} is chosen so
that Td; > 0.

Theorem (Restatement of Theorem 1.2). With probability 1 — d=M) over the choice of random unit
vectors ay, . .., a, € R, when given a symmetric 3-tensor T € (R%)®3 gs input, the output dy, ..., d, € R4
of Algorithm 2 satisfies

(7.5)

i=1 1

2 Q1) n
distyy ({a1,.., dn} o, ..., a0}) <o((#) +”T—Z 29

{1},{2,3}) '

Theorem 1.2 follows immediately from Theorem 5.2 and the following proposition:

Proposition 7.1. With probability 1 — d=*W) over the choice of random unit vectors ay,...,a,, the
parameters P(-) and A defined in Algorithm 2 satisfy the requirements of Theorem 5.2. In particular, let
ci = P(a;) = Idsyny a?z. Then

n

i=1

<1+56, (7.6)

where & = O(Wn/d + n/d"), and
n
AL (e, Pa))* > (1= O(e +1/d))[Pw)]|* . (7.7)
i=1
We first show that by a simple extension of [GM15, Theorem 4.2 and Lemma 8], A implies

that the sum of the terms (a;, )8 is large. Note that c; ~ alfez and P(u) ~ u®?, and therefore this is
already fairly close to our target inequality (7.7).



Lemma 7.2 (Simple extension of [GM15, Theorem 4.2 and Lemma 8]). With probability 1 — d=*()
over the choice of random unit vectors a;,

A {Z(ai,u)?’ >1—c¢, |lul?= 1} - {Z<ai,u>8 >1-0() - 5} . (7.8)
i=1

i=1
where 8 = O(n/d32).

Proof. Using the proof of [GM15, Theorem 4.2] (specifically Lemma 3 and Claim 1), and the proof
of Lemma 5 (specifically equation (11) and equation (15)) we have®

AF {Zlku,a»‘* >1-0(e)-0, and Z;(u,ai)6 >1-0(e) - 6} . (7.9)

where 6 = O(n logo(l) d/d®?). Then we extend the proof using the same idea to higher powers:

n 2 n 2 n
- (Z(u,ai>6> =< Z(u,ai>5ai] , u> < Z(u,ai>5ai
i=1 i=1 i=1

= D a0+ > a0, a))ai, ap)
i=1

i#]

< ;(u,ai>10 + (;(u, ai>4> (Z;(u, ai)4) nilq?jx [Kai, a;)l, (7.10)

where the first line uses the Cauchy-Schwarz inequality (Lemma A.1) and the last line uses the fact
that D(u) satisfies the constraint —1 < (u, a;) < 1. By [GM15, Lemma 2], we have that

2

n
A (e <1+56. (7.11)
i=1

Combining the equation above, equation (7.10), equation (7.9), and the fact that with high probability
(ai,a;) < O(1/Vd), we obtain

A Z(u,ai)lo >1-0(e)- 6. (7.12)
i=1

Therefore, using the fact that (1, a;)> < 1, we complete the proof. m]
Lemma 7.3 (Rephrasing of [[H55516, Lemma 5.9]). Let ay,...,a, € RY be independent random vectors
drawn uniformly from the Euclidean unit sphere with 1 < n < d°/ logo(l) d, and let C be the matrix with

columns ¢; = Idgyny al@z. Then
|CTC-1d, || <6, (7.13)

where & = O(Wn/d + n/d).

9Technically [GM15] only proved the case when the vectors a; are uniform over {+1/ Vd }d, though the proofs work
for the uniform distribution over the unit sphere as well.



Though [HSSS16, Lemma 5.9] assumes n > d, its proof can also handle n < d if the error
bound is relaxed to O(v/1/d). See specifically the end of the first paragraph of its proof. Also while
[[HSS516, Lemma 5.9] assumes Gaussian random vectors, its proof reduces to the case on the unit
sphere. Therefore we omit the proof of Lemma 7.3.

Finally we prove Proposition 7.1.

Proof of Proposition 7.1. Equation (7.6) follows from Lemma 7.3. To prove equation (7.3), we essen-
tially just replace a?z in equation (7.8) by ¢; and bound the approximation error. We have

n

n n
4
A+ Z(Idsym’ u®21 Ci>4 = Z<u®2/ Id-sym/ Ell@2>4 = Z ((u®2, Ell@Z) - <®, a?Z))
i=1

i=1 i=1

= > (%2, a®?) - 1/d)"
i=1

> (1-1/d) ) (u,a:)* - O(1/d)
i=1

>1-0(e)—0(1/d) - O(n/d®?). (7.14)

where the second last step uses - (x — y?)* > (1—y?)x* — O(y?), and the last step uses equation (7.8).
o

8 Robust decomposition of overcomplete 4-tensors

In this section we provide a sum-of-squares version of the FOOBI algorithm [LCC07]. FOOBI yields
the rank decomposition of a 4th order tensor T = }}1" , a;@“ under the mild condition that the set
{a‘f’2 ® a?z — (a; ® aj)®?}z; is linearly independent. FOOBI has not been formally shown to be
robust to noise, though it’s believed to tolerate spectral noise with magnitude up to some inverse
polynomial of dimension. In contrast, the noise tolerance of our sum-of-squares version depends
only on the condition number of certain matrices, and not directly on the dimension.

In Section 8.3 we additionally show, under a smoothed analysis model where each component
a; of the input tensor is randomly perturbed, that the relevant condition numbers are never
smaller than some inverse polynomial of the dimension, with high probability over the random
perturbations.

Throughout this section we will work with an input tensor T of the form

n

T= Z an +E
i=1
where n < d? and E is a symmetric noise tensor with bounded spectral norm ||E ll{1,21,43,43-
For a matrix M, we use omax(M), omin(M) to denote its largest and smallest singular values
respectively, and o (M) to denote its kth largest singular value.
Let A € R¥*" be the matrix with columns a?z fori =1,...,n. The guarantees of our algorithm
will depend on the following 4th order condition number of A:



Definition 8.1. For a full rank matrix A € R**" with columns a?z fori=1,...,n,let k(A) defined
as

1(A) = ax(Q)/0,°(Q) + 073/ (07 (B)oy*(Q)) - (8.1)
where Q = AAT and B € R¥**n(1-1) jg the matrix with columns bij= a?z ® a?z —(a; ® aj)®2 for
every i # j.
Theorem 8.2 (Restatement of Theorem 1.3). Let 6 > 0. Let T € (R%)®* be a symmetric 4-tensor and
{a1,...,an} C RY beaset of vectors. DefineE =T — Y, ”?4 and define A as the matrix with columns
a?z. IfllEllf1,2),43,4) < O on(AAT) and Algorithm 3 outputs {a1,...,4,} on input T, then there exists a
permutation 1 : [n] — [n] so that for every i € [n],

|2 = || < O(5 () llaill . (8.2)

Algorithm 3 Sum-of-Squares FOOBI for robust overcomplete 4-tensor decomposition

Input: Number 6 > 0 and symmetric tensor T € (R?)®*.
Find: d1,...,4, € RY.
Algorithm:

1. Compute the best rank-n approximation!® Q of the d? x d> matrix reshaping of T. Let S be
the column span of Q.

2. Run Algorithm 1 with inputs P(-) and A set to

P(x) = (Q")"/*x®2, (8.3)
A = {lI1dg x®2|I* > (1 - 30) [Ix[|*}, - (8.4)

Suppose the algorithm outputs ¢y, ..., Cy.

3. Output 4y, ..., d, such that for each i € [n], the matrix 4;4;" is the best rank-1 approximation
of the matrix reshaping of Q'/2¢;.

Let Q be the best rank-nn approximation of the d? x d*> matrix reshaping of T, and let S be the
column space of Q. These two objects serve as our initial best-guess approximations of Q = AA"
and the subspace S spanned by {af’Z, ..., a%?} (also the column space of Q), which we do not have
access to. We define B € R?*"(1=1) a5 the matrix with columns bij=a"® a?z —(a;®aj)®* fori # j.

One of the core techniques in the analysis will be to use (the following rephrased version of)

Davis and Kahan’s “sin 60” Theorem, which bounds the principle angle between the column spaces
of two matrices that are spectrally close to each other.

Theorem 8.3 (Direct consequence of Davis-Kahan Theorem [DK70]). Suppose symmetric PSD matrices
Q € RP*P and Q € RP*P of rank n < D satisfy ||Q — Qll < 6 0,(Q). Let S and S be the column spaces of
Qand Q respectively, and assume 6 < % Then we have

sin(S, $) ' || 1ds - Ids Ids || = || Idg — Ids Idg || < 6/(1 - 6). (8.5)



Consequently,
|| Ids —Idg || < O(0). (8.6)
S

Theorem 8.2 follows from the analysis of Algorithm 1 as given in Theorem 5.2, as long as we can
verify its two conditions, which we restate in the following two propositions. While Proposition 8.4
follows quickly from Theorem 8.3, we prove Proposition 8.5 over the next three subsections.

Proposition 8.4. Let P(x) and A be as defined in Algorithm 3. Then each vector ay, . .., a, satisfies A.
Proof. By Theorem 8.3, || Idga®?|| > ||Ids a®2|| — ||(Ids — Idg) a®*|| > (1 — 20) ||a;||*. O

Proposition 8.5. Let P(x) and A be as defined in Algorithm 3. Then
n
A kg Y (P(a), PO > (1 - 1) [P,
i=1

where T < O(8 0713(Q)/ 07, (B)) + O(8 0max(Q)/ 04 (Q))-

Proof of Theorem 8.2. By Theorem 5.2 along with Proposition 8.4 and Proposition 8.5, step 2 in
Algorithm 3 must yield vectors ¢, ..., &, that are respectively O(t)-close to P(a1), ..., P(a,), where

T < O(6 020 (Q)/02,(B)) + O(6 Gmax(Q)/4(Q)). Then

1282 - 312¢i|| < [1a%2 = Q2P (ay)|| + 1QY2(P(ai) — &)l
1282 - Id5 a®?|| + o4ax(Q) - O(7)
I(1ds — 1dg)a®?| + o/ax(Q) - O(7)
O(5 0ax(Q)) + Tman(Q) - O(7)
Tma(Q) - O(1)

< opx(Q)/0,/2(Q) - O(7) - [l
= 0(6 k(A)) 2]

N NN

N

Therefore taking the best rank-1 approximation of the matrix reshaping of Q1/2¢ gives an
O(6 k(A))-approximation of a;. O
8.1 Noiseless case

We first prove Proposition 8.5 in the noiseless case, when T = }; al®4 and Q = Qand S = S. In this
scenario, we find that the left-hand side of the conclusion of Proposition 8.5 becomes

n

Z(P(ai),P(x»4 = Z <(Q+)1/2a1®2, (Q+)1/2x®2>4
i=1

i=1
L 4
— Z |:(EI®2)TQ+X®2:|
i
i=1
4
= [laTQ"x*[, .

The term ||P(x)||;L on the right becomes [|(Q*)Y/ 2x®2||;1. Thus Proposition 8.5 becomes



Proposition 8.6 (Noiseless Proposition 8.5). Let
A = {I11ds x5 > (1= c &) lIxll}, (8.7)
for some constant ¢ > 0. Then
A s ATQ ] > 1= D@5,
where T < O(6 02,,(Q)/0%. (B)), where c is treated as a constant in the big-O notation.
Proof. We write x®2 as a linear combination of the vectors al@z plus some term orthogonal to S.

F x®? = 1dg x®2 + Idg. x®?
n
= [Z [ 4] LZ?Z
i=1

where a = A*x®? is a n-dimensional vector with polynomial entries. Since Q = AA”, it follows that

ATQ*x®2 = ¢ and ||(Q+)1/2x®2||;L = ||0(||§, so that it will suffice to show ||0¢||j1L >(1-1) ||0(||§.
x®4:

2
+ Idge x® ’

We consider

[ n
F x® = x®2@x® = Zaiaf’z ®
=1

n
S ] b
i=1

- Z aiaja? @af?| + ¢, (8.8)

[i,j€ln]

with the error term C = (Ids x®2 + Ids: x®2)®2 — (Ids x®2)®?, so that A’ = ||C[12 < O(6) ||x|l3, since
A’ F || 1ds: x®2[|3 < O(6) [|x[l; from the definition of A’.
Since x®* is invariant with respect to permutation of its tensor modes, we can also write it as

n
Fox® = [Z aiaj(a; ® 11]')®2 +, (8.9)
i=1

where similarly A’ - ||C'||§ < 0(0) ||x||§3
Therefore, taking the difference of constraints (8.8) and (8.9) and recalling the definition of B
being the matrix with columns b; ; = a;x:z ® a?z — (a; ® a;)®?, we obtain

2
A E |y @byl =110 -3 < O©) x5,
i#] 2

2

so that therefore since ||Bv||§ > o2 (B) [|o]|5 for all vectors v,

2

A+ Za?a?-afmn(B)S Zaiaj bi|| < 0@) x|
1#] 1#] 2



2
< 0(0) | omax(Q) 5°2Q %2 < 0(6) (@)l
Hence, substituting in the above inequality,

A F lall = llal = Y a?a? > (1~ 05 02,(Q)/02 (B llallh 0
i#]

8.2 Noisy case

At this point we’ve proved a version of Proposition 8.5 in the special case where there is no noise. In

order to handle noise we need to show two things: first that the noisy set of polynomial constraints

A used in Algorithm 3 implies the noiseless version A’ from Proposition 8.6, and second that the

desired conclusion of A in Proposition 8.5 follows from its noiseless counterpart in Proposition 8.6.
The first step follows immediately from Theorem 8.3:

Lemma 8.7. Let A be defined as in Algorithm 3 and A’ be defined as in Proposition 8.6. Then A = A’.
Proof. By Theorem 8.3, || Ids x®2||7 = || Idg x®?||5 — (x®2)T(Idg — Ids) x®2 > (1 — O(9)) ||x|l;- m]

For the second step, we have by Proposition 8.6 and Lemma 8.7 a statement of the form
A by ||ATQ+x®2||i >(1-1) ||(Q+)1/2x®2”‘; )
but to prove Proposition 8.5 we need a statement of the form (after expanding out the function P)
A b JATQERy > (1= ) (@)
Thus what remains is to show that not too much is lost when we approximate Q* with Q*.

Lemma 8.8. Suppose symmetric PSD matrices Q € RP*P and Q € RP*P both of rank n < D satisfy
IQ = Qll < 6 0u(Q). Then |Q(Q* = QNI < O(6) and similarly [[Q'*((Q)* = (Q")'2)[| < O(5).

Proof. By Theorem 8.3, [|QQ* — QQ*|| < ||1ds — Idz || < O(5), where S and S are the column spaces
of Q and Q respectively. Then by adding and subtracting a term of QQ*,

[QQ"-QN)+(Q-0) Q" < 0(s).
By triangle inequality,
[QQT QM| < OB +[(Q-Q)Q*|| < 0®)+1IQ-Qll-IQ*Il < O(b).

The analogous result for ||Q'/2((Q*)!/? — (Q*)'/2)|| is obtained by substituting (Q*)!/? for Q* and
(Q*)Y2 for Q* in the above argument. 0

We also show that not too much is lost when approximating a vector with high £4/{ ratio.



Lemma 8.9. For y, B, T < 1/2, let B be the set of polynomial inequalities

B = {-Blloll3 < lull3 = lloli3 < Blloll3, llu—ol3 < ylvl3} U {0l > A -lol3} .
Then we have
Bty {llully > (1 - = Oy +B)) llullz} -
Proof of Lemma 8.9. We have that {||u — o2 < y|[vll2} F (u; — v;)* < yllv||>. Moreover, since 8 +
||u||2 <1+ )/)||ZJ||2 we have that 8 F (u; + v;)* < ||u + v||2 O(||v||§). Therefore it follows that
B v —ur = (vi—u)(ui+v;) < /2 (ui+0)* + 1/ - (ui —v;)
< O(Y II0lR),

where we used the AM-GM inequality. It follows that for every i,
B F Y i2-0? < [ulP~llol? + 0} - u? < O((VF +B)llol
j#i

Therefore by two rounds of adding-and-subtracting,

5+ St Tot(B- B S Bt~ 3o Dot

i#]j J#1 J#1 J#1 JE 1#]

< Y U207 + B Iol3) + Z LO((VT + P IoIR) + Y 0202

i i£]
= O(Y + B) (lulizllolly + I1oll) + lloll; = Iloll;
< (t+O0Wy +p)Ivly
< (1 +O0(Y +p)lully -

Here in the second line we used the axiom that ||u ||§ —|lv ||§ < ,B||v||§, the second-to-last line uses the
axiom ||v||ff >(1- T)”U“g, and the last one uses ||u||§ - ||v||§ > —,B||v||§ so that ||U||§ <(1- ‘B)‘1||u||§.
Rearranging the final inequality above we obtain the desired result. m]

Proof of Proposition 8.5. We know by Proposition 8.6 and Lemma 8.7

A kg |ATQ 2, > (1 - 1) [(QN)Y2x%; ,

(8.10)

where v < O(6 quax(Q)/Uﬁﬁn(B))-
By Lemma 8.8,

- ||ATQ+X®2 _ AT’Q"+x®2”§ _ ”AT(Q+ _ Q+)x®2||§

= [l4* Q" - @1 x|
IA*]3 - O(&?) - Ixll3
O(8%) 0,1 (Q) Ixll3 -

<
<



Also, using Lemma 8.8 after adding and subtracting a term of Q*QQ",
- ATQ+x®2||2 _ ||ATQ+X®2 2 — (x®2)TQ+AATQ+x®2 _ (x®2)TQ+AATQ+X®2
2 2
= (x*) [Q*QQ" - 3+ Q0" x*
T —~ —~ ~
= (x*?) [Q*Q(Q" - Q") +(Q* - 0"HQQ " x**
< (x*)'[0(6) Q* + 0(5) Q"] x*2
< 0(8) 0, (Q) lIxll3 ,
and similarly in the other direction. Furthermore,
2 2 _
= (lATQ x®2f; = A2 > o7 Q) lxl; -
Combining the above three inequalities with Lemma 8.9 and (8.10),
~ 4 ~ 4
A ks JATOH 2, > A -1)[|[ATQ x|, ,

where 7 < 0(6 02,,,(Q)/02,,(B) + 6 0max(Q)/5(Q)).
Finally, using the fact that A*Q'/? is a whitened matrix and therefore has orthonormal rows
and then using triangle inequality with Lemma 8.8,

- ATQ R = AT QY2 QU@ - (@)
= IQY(@" - (@) x|
S ||Q1/2(Q+)1/2 ‘ (@+)1/ZX®2||§ _ ||Q1/2[(Q+)1/2 — (O] (Q+)1/2x®2||§
> [lids - (@122 - 0(8) - (@2
> (1- 0() (@)%} .

Combining the above two inequalities we obtain the theorem. m]

8.3 Condition number under smooth analysis

In this section we prove that the condition number «(A) is at least inverse polynomial under the
smooth analysis framework [ST04]. We work with the same p-perturbation model as introduced
by [BCMV14]: Each d; is generated by adding a Gaussian random variable with covariance matrix
g Id; to a;. We are given a symmetric 4th order tensor )7, 5?4 (with noise). Let A be the
corresponding matrix with columns 51@2_ We will give an upper bound on x(A). Suppose the
vectors a; have bounded norm; then omax(Q) is bounded, and therefore an upper bound on «(A)
follows from establishing lower bounds on Omin(B) and Gmm(A’A‘T)_ The lower bound on the latter
follows from [BCMV14] and therefore we focus on the former.

Theorem 8.10. Letn < ‘f—é and dy, ..., d, beindependent p-perturbationsofay, ..., a,. Let B e RI>n(n-1)
be the matrix with columns l;i]- = ﬁ?z ® ﬁ?z —(3; ® d;)®2 for i # j. Then with probability 1 — exp(-d®D),
we have omin(B) > poly(1/d, p).



We will bound the smallest singular value using the leave-one-out distance defined by [RV09].

Lemma 8.11. [RV09] For matrix A € R™" with columns A;,i € [n], let S_; be the span of the columns
without A;, and d(A) = min;ep,) ||(Id —1Ids_;) Ail|. Then omin(A) > %d(A).

To bound d(B) from below, we use [BCMV14, Theorem 3.9] as our main tool.

Theorem 8.12. [BCMV14, Theorem 3.9] Let 6 € (0, 1) be a constant and W be an operator from R" to
R™ such that 05,((W) > 1. Then forany ay, ..., a¢ € R? and their p-perturbations dy, ..., d,

P[|W@ - @an|| > np'd 0] <1 -exp(-6d"*) (8.11)

Towards bounding the least singular value of B using Theorem 8.12, we need to address two
issues that don't exist in [BCMV14]. The first one is that Theorem 8.12 requires 4, ..., d¢ to be
independent perturbations of a1, ..., a,. However, we need to deal with 4; ® 4; ® 4 j®dj which is
a correlated perturbation of a; ® a; ® a; ® a;. We will use (a simpler version of) the decoupling
technique of [dIPG99] and focus on a sub-matrix of B where the noise is un-correlated.

The second difficulty is that the columns of B are also correlated since each 4; is used in n
columns. Therefore when the leave-one-out distance of B is under consideration, the column B; i
and the subspace of the rest of the columns have correlated randomness, which prevents us from
using Theorem 8.12 directly. We will address this issue by projecting B;; into a smaller subspace
which is un-correlated with B;; and then apply Theorem 8.12.

Proof of Theorem 8.10. We partition [d] into 4 disjoint subsets L1, L, L3, L4 of size d/4. Let B’ be the
set of rows of B indexed by L1 X Ly X L3 X L4. That is, the columns of B’ are aiL, ® (di, ®djLy —
djL, ®diL,) ®djL,, fori # j, where d; | denotes the restriction of vector a; to the subset L.

We fix a column B;]. with i # j. Let V = span{B}, : (k,{) # (i, ])}. Clearly V is correlated with
E;J.. We define the following subspace that contains V,

V= span{ adjL, ®x®Yy®dir,, (8.12)
A, ®dr, ®XQ Y,
AL, ®X®dk, Y,

XQY®dk,L, ®dL,,

X®dr, ®Y®drr, | X,y @R k¢ {i,j}}

Therefore by definition V > V, and thus V* c V* where V* denotes the subspace orthogonal to
V. Observe that by the definition of V, we have d; 1, ® d; 1, ® d jLs ® dj 1, is independent from V.
Moreover, V has dimension at most d? + d? + 4nd? < d*/2. Then by Theorem 8.12 we obtain that
with probability at least 1 — exp(-d®1),

dp. i, ®dir, ®dj1, ®djr,| > poly(1/d, p).
Consequently,

v 3> Ji. 5,

= |[Idp. dip, ®diL, ® djrs ® ti]‘,L4|| > poly(1/d, p),



where the first inequality follows from V ¢ V and second one follows from the fact that 4; 1, ®
djr, ®djL, ®djL, is orthogonal to the subspace Ve
Then taking union bound over all i # j, we obtain that d(B") > poly(1/d, p) occurs with
probability 1 — exp(—d“()). Therefore omin(B’) > poly(1/d, p) which in turn implies that omin(B) >
omin(B’) > poly(1/d, p).
m]

9 Tensor decomposition with general components

In this section we prove Theorem 1.6 (tensor decomposition with general components). The key
ingredient is a scheme for rounding pseudo-distributions (see Theorem 9.1 below) that improves
over our previous scheme (Theorem 4.1): The improved rounding scheme only requires moments
of degree logarithmic in the overcompleteness parameter o.

9.1 Improved rounding of pseudo-distributions

Theorem 9.1. Lets, o > 1and ¢ € (0,1). Let D be a degree-s pseudo-distribution over R? that satisfies the
constraint {||u||> < 1}, and let a be a unit vector in RY. Suppose that s > O(1/¢) - log(c/¢) and,

E (a,u)**? > Q(1/0) - |[E[un]|| > d=O0. 9.1)
D(u)
Then, with probability at least 1/d OG*) gver the choice of independent random variables g1, ..., gs ~
N(0,1d;2), the top eigenvector u* of the following matrix satisfies that (a, u*)* > 1 — O(¢),

M, = E (g1, u®?) (g5, u®?) - uu' (9.2)
D(u)
We start by defining some notations for convenience. Let

pg(”) = <g1/ M®2> e <g5/ u®2> .

Moreover, Let

aj=(g;,a®), g;=g;-aja®, and B;=(g}u).
Therefore we have that (g, u®?) = (a]-a®2, u®?) + (g;, u®?) = aj{a, u)? + Bj, and it follows that

Pg(”) = H1<j<s(05j<ﬂ/ U>2 + .3])
Theorem 9.1 follows from the following proposition and a variant of Wedin’s Theorem (see
Lemma A.5).

Proposition 9.2. In the setting of Theorem 9.1, let Id_1 = Id —aa". Then, with at least (Q(1/n) —1/d°®).
1/dO6) probability over randomness of g, we have

max {”]E [py(u)Id— uu' Id_q]

]E[pg(u)ld_l uu' Id1]||} < elﬁ[pg(uxu,a)z] . (9.3)

7

Proposition above follows from the following two propositions, one of which lowerbounds the
RHS of (9.3) and the other upperbounds the LHS of (9.3).



Proposition 9.3. In the setting of Theorem 9.1, let T = sy/slogd. Conditioned on the event that
ai,...,as > 1, we have with at least Q)(1/n) probability over the choice of g’

E [pg(u)(u,a)z] > 0.9a; ...as E[{a, u)**?]

Proposition 9.4. In the setting of Theorem 9.1, let T = s+/slogd and Id_y = Id —aa'. Conditioned on the
event that aq, ..., as > T, we have with at least 1 — d~1 probability over the choice of g’,

max {”]E [pg(u) Id_q uu'Id_]

E [Pg(u)ld—l uu’ Id1]||} < O(eaq...as) - E[{a, u)**?] . (9.4)

We first prove Proposition 9.3. We need the following three lemmas.

Lemma 9.5. Let ¢ € (0,1/3) and 0 < 6 < €. Suppose 0 < x < da; for every j € [s], then there exists a
SoS proof
Fy %2 ﬂ(asz +1) < aq...as ((1—)°x% + (1 + 0(5)) x%*2)
jels]
Proof. Since this is a univariate polynomial inequality, it suffice to show that it’s true for every x,
which will imply that there is also a SoS proof. For x € R such that x> < 1 — 2¢, we have that

le_[(a]-x2+1<) <x21_[(1—8)a]~ (by € > 6 and da; > x)
jels jels]

<(1-elar...asx?

For x € R such that x2 > 1 —2¢ > 1/3, we have that
x? (ozsz +x) < x? 1_[ a;(1+ 0(8))x? (by x* > 1/3 and da; > k)
]

jels jels]
<ap...as(1+0(5)> x>+

Hence we obtain a proof for the nonnegativity of the target polynomial. It is known that every
nonnegative univariate polynomial admits a sum-of-squares proof. Therefore the inequality above
has a sum-of-squares proof. m]

Lemma 9.6. In the setting of Theorem 9.1, let T = s/slogd, k = O(y/s log d). Conditioned on the event
that aq, ..., a; > T, we have
E

<a, 1/[>2 l_[(aj<a, u>2 + K) <at...0: O(]E [(a, M>25+2]) )

j€ls]

Proof. By Lemma 9.5, we have,

B (@ up | [(afa,u?+0)| <ar...as (1= e Bl(a, )] + 1+ O(1/5))* E[(a, u)**2])

jels]

<ay...as O(E[(a, u)**?))
by(l-e)y <e/o and]E[(u,a)zs+2] > %

E[uuT”)

O



Proof of Proposition 9.3. We have

I;EI[]E [po(u)u,a)?] | a1, ..., as] :];E, E

[ ] (@jta,uy? +5]-)<u,a>2] | al,...,as]

1<j<s

=B [ [(aja, up+E[g]) - (u,a)?
| j€ls]
(by linearity of pseudo-expectation and independence of g1, ..., g7)

=aq...as E[{a, u)**?] (9.5)

Moreover, we bound the variance,

];E, (E [pg(u)(u,a)z])2 | al,...,as] < ];E[]E [py ()X (u,a)*] | a1, ..., as]

=E|[ | Elaja,u?+ Bl <”'a>4]
jels] ™

=B ﬂ(a]2.<a,u>4+1)-<u,a>4
jels) _

<E|[| [(Xa,w?+1)-(u,a) (by (u,a)? < 1)
jels] ]

=ay...as E[{a, u)**? (By Lemma 9.6)

Therefore, by Paley-Zygmund inequality, we have that with probability

P[E[py(u)u,a)*] > 091 ... as E[{a, u)**?] | a1, ..., as] > ﬁal a5 E[{a, u)**?] > Q1/n),
gl

which completes the proof. m]
Towards proving Proposition 9.4, we start with the following Lemma.

Lemma 9.7. Let ¢ > 0,k € N, a € R? with ||a|| = 1 and A = {||ul|?> < 1}. Then, there exists a matrix
sum-of-squares proof,

Abue ((@,uy* =1 - e)f) - (dq w)Idy w)' < O(e) - (a, u)**2-1d .

Proof. Let r = 1/e. We may assume r is an integer and that ¢ > 0 is small enough such that
(1 - ¢)" > 1/3. Then, the univariate polynomial inequality x2* — (1 — ¢)F < 3x2F - x? holds for all
x € R. (For x? < 1 — ¢, the left-hand side is negative. For x2>1-¢,the right-hand side is at least
x%* because 3x?" > x?" /(1 — ¢)" > 1.) It follows that there exists a sum-of-squares proof

Fr 22— (1 - e)F <302 2%, (9.6)



Similarly, there exists a sum-of-squares proof (see the texts below equation (4.7) as well)
Fox?(1=x%) < O(1/r)-x* = O(e) - x%. 9.7)
Therefore,

A bure (@,u = (1= )) - (dyw)ddg w)'

< 3(a, u)**? . (1d_y u)(Id_; u)" (by (9.6))
< 3(a, u)?**? . (1 —(a, u)?)1d (because - vo" < ||v]|?1d by Lemma 3.10)
< 0(e)-(a,u)?**2.1d . (by (9.7))

|

Proof of Proposition 9.4. We only bound ||]E [pg(u)Id_y uuTId_4| H The other term can be controlled
similarly and the detailed proof are left to the readers. Let as = [[jcs @ and Bs = []es B;. By the
fact that (gj, u®?) = aj(a, u)* + j, we have,

pg(u)Id— uu'Id_q = Z aspra, u)2|5| Id_q uu'1d_q, 9.8)
Sc(s],L=S¢

Ws(u)

where each summand is denoted by Ws(u). Observe that Ws can be written as
Ws(u) = |ld@ld@g] ®---®g] |- (¢a, 0)?S(1d_y u) ® (1d 1 u) & u®IH)
————

Then by Theorem 6.8, with probability at least 1 — 2-5d-2M gver the choice of gi, ..., g; we have,

[EWs]| < asOG1og )™ max B [(a,uy*(1d- u) © (1d-s u) & u®]|

JellL|+2]:1€],2¢] LI

< asO(s log d)H2. ”]E [(a, w)?S(1d_; ) ® (1d_; u)] || (Lemma 6.3 and ||u|> < 1.)

By Lemma 9.7 we have that
(el < 13 Fuaye (G2, = (1= &)¥1) - (1dy u)(Idg )" < O(e) - ¢a, w2 1d .
Therefore taking pseudo-expectation, we obtain that

E [(a,1)?5(1d 1 1) ® (d_y u)| < E[(1 - &)¥l(1d1 u) ® (1dy u)| + O(e) E [¢a, u)**21d]|  (9.9)

Then using the fact that
”]E [(1 — &)Sl(1d_q u) ® (Id_4 u)] H = ||Id_1 E [(1 - €)|5|uuT] Id_1H <(1-¢)d ||]E [uuT]” ,

and equation (9.9), we have

B [Ws]|| < asO(slog d)H2 - ((1 = &) | [un"]|| + O(e) I [¢a, w12 1d])  (9.10)



Taking union bound over all subset S, with probability at least 1 — A0 we have equation (9.10)
holds for every S C [s]. Taking the sum of equation (9.10) over S, we conclude that

“]E [pg(u) Id_q uu’ Id_1]|| < Z ||]E [Ws]” (by equation (9.8))
S

< B u]||- | (@ = e)a; + O(Js logd)) + O(e) E |(a, u)? | |(ajéa, u)* + O(y/slogd))| (9.11)
jels] jels]

When a; > 7, where 7 = s4/slogd and s = ¢ log(c/¢) where c is a sufficiently large absolute
constant, using the fact that ||1E [u uT]” < o/n, we have

||]E [uuT]” l_l((l —&)aj+O0(y[slogd)) < (1-¢/2)f°ay...as < %m co Qg
jels]

Regarding the second term on the RHS of (9.11), by Lemma 9.6, we have that when a; > 7,

E |(a,u)? l_l(aj(a, uy? +O(y/slogd)| < a1...as - O(E [{a, u)***?))
jels]

Therefore, plugging in the two bounds above into equation (9.11), we obtain that

HIE [pg(u)Id_l n Id_1]|| <O(eay...as)-E [(a, u)25+2] .

9.2 Finding all components

In this section we prove Theorem 1.6 (restated below) using iteratively the rounding scheme that is
developed in the subsection before.

Theorem (Restatement of Theorem 1.6). There exists an algorithm A (see Algorithm 4) with polynomial

running time (in the size of its input) such that for all ¢ € (0,1),0 > 1, for every set of unit vectors

{ai,...,a,} C R? with 120, a;a;"|| < o and every symmetric 2k-tensor T € (R¥)®2k with k >
o). v, ,®2k

(1/¢) log(o) and ”T i a; “{1,A..,k},{k+1,...,2k} < 1/3, we have

disty (A(T), {022, ...,a8%})" < O (¢) .

Proof of Theorem 1.6. We analyze Algorithm 4. Let = coe'/? where ¢y is a large enough absolute
constant. Let A’ be the constraint that 3; a;, u***? > 1/3. Then we have A - A’. We first observe
that as long as a vector 4 satisfies A, then a has to be O(e!/?)-close to one of the a;’s up to sign flip.
This is because

1/3 < (T, u®*2y —1/3 < (u, a;)**? < max{a;, u)* ( E (ai, u)z) < omax{a;, u)* .
i - i
1



Algorithm 4 Tensor decomposition with general components
Parameters: numbers ¢ > 0, n € IN.

Given: 2k-th order tensor T

Find: Set of vectors S = {d1,...,4,} ¢ R? with n’ < n.

e Lets=k—-1,¢=0(s),and n = O(e)"/2.
A= {llul? =1} u {(T,u*"2) > 2/3} . 9.12)

e For i from 1 to n, do the following:

1. Compute a (-degree pseudo-distribution D(u) over R? that satisfies the constraints

o

A and H]ED(L,)uuTH < i1

(9.13)

2. RepeatT =d 06" rounds of the following:
— Choose standard Gaussian vectors g1,...,9s ~ N(0,Id;2) and compute the top

eigenvectors a* of the following matrix,

D]](::u)(gs, u®y.. (g5, u®) - uu’ € R4, (9.14)

— Check if a* satisfies A. If yes, let 4; = 4* and S « S U {4;}, add to A the constraint
{{u, 4;)*> < 1-5n}, and break the (inner) loop.

3. If no new d; is found in the previous step, stop the algorithm.




That is, we can always check whether a* is what we wanted as in the second bullet of step 2.
Therefore, it remains to show that as long as there exists a; that is n'/2-far away (up to sign flip) to
the set S, we will find a new vector after Step 2 in the next iteration.

We assume that after iteration ig, the set W = {a; : Vi € [io], (a;j, A <1- n} is not empty. We
will show that after iteration ip + 1, we will find a new vector in W up to O( )12 error. We claim first
that in the 7y + 1 iteration there exists a pseudo-distribution D(u) that satisfies (9.13). Indeed, this
is because the actual uniform distribution over the finite set W satisfies constraint (9.13). Here we
used the fact that for every j € [n] we have (T, a?2k> > (Y, a®, a?2k> —1/3 > (aj,aj)* —1/3 =2/3.

Since constraints (9.13) enforce that for every i < iy pseudo-distribution D(u) satisfies that
(u,d;)* < 1 -1, and moreover, we have ||a; — 7;4;]|*> < O(¢) for some 7; € {-1,+1}, by Lemma A.2,
we conclude that D(u) also satisfies the constraint that (u, a;)> < 1 — 1/2 (here we use the fact that
n = co¢ with large enough constant cg). These implies that D(u) satisfies that Zﬁ(’:l(u, a;)**? <
(1-n)* Zj“zl(u,ai)z. Therefore, we have E [Z;":l(u, ai)25+2] <SA-n*E[(u,a;)?] <ol 0/(n-
ip + 1) < 1/3. Thus by constraint (9.13) we have E [Zi>i0(u, a;)**2] > 1/3. Therefore, there exists
i* > iy such that E [(u, ai*>23+2] > m Then by Theorem 9.1 we obtain that with 1/do(53)
probability, in each step of the inner loop we can find 4; that is O(¢'/?)-close to a;+, and therefore
at the end of the inner loop with high probability we found a new vector d;,+1 which is close
O(e'?)-close to a;x.

O

10 Fast orthogonal tensor decomposition without sum-of-squares

In this section, we give an algorithm (see Theorem 10.2) with quasi-linear running time (in the size
of the input) that finds a component of an orthogonal 3-tensor in the presence of spectral norm
error at most 1/log d . The previous best known algorithm for orthogonal 3-tensor is by [AGH"14,
Theorem 5.1] which takes similar runtime and tolerates 1/d error in injective norm. It is known that
for any symmetric tensor E the spectral norm can be bounded by injective norm with multiplicative
factor Vd, that is, IEll{1312,3) < Vd - lEll{1y{21¢3}- Therefore, our robustness guarantee is at least Vd
factor better than tensor power method.

The key step of Algorithm is the following simple Theorem that finds a single component. It is
in fact an analog of Theorem 4.1 without sum-of-squares. Here we analyze the success probability
much more carefully for achieving quasi-linear time.

Theorem 10.1. Let a1, ...,a, € R? be orthonormal vectors. Let T € (R?)®3 be a symmetric 3-tensor
such that ||T - 3; a?3||{1},{2,3} < 7. Let g be a standard d-dimensional Gaussian vector. Let 6 € [0, 1].
Then, with probability 1/(d'*°(log d)°MV) over the choice of g, the top eigenvector of the following matrix is
O(t/0)-close to ay,

M, :=(Ide®ldeg")T.

At the same time, the ratio between the top eigenvalue and the second largest eigenvalue in absolute value is at
least 1+ 6/3 — O(71).



Proof. LetE=T -} ; a?g’ . Then,

n
M, = (d@ld@gNE + ) (g,a) - af?, (10.1)
i=1
Since E is symmetric and ||E||{13 42,3y < T, Theorem 6.5 implies that with probability at least 1 -1/ d?
over the choice of g,

|0d @ 1d &g")E|| < 2(log )21 . (10.2)

{1142}
Let t = \/2logd. By the fact that (g,a1),...,(g,a,) are independent standard Gaussian variables
and standard estimates on their cumulative density function, the following event happens with

.1 1
probability at least AT (log 40D

(g,a1) > (1+0/3)-t and max [{g,ai)| <t (10.3)

i€{2,.., n}

Conditioned on the events in (10.2) and (10.3), we have the following bound on the spectral norms
of My, and M, —6/3 -t - afz, which implies that the top eigenvector of M, is O(t/6)-close to a1
(by [HSSS16, Lemma A.1]),

9”{1},{2} B HM,] B %& -y

" T
> Zi:1<!],ﬂi> -aia;

v

(10.4)
(1342}

1 n
‘ - H((g, a1) = 36 apar” + Ziﬂ(!], a;) - aia;’

(conditioned on event in (10.2))

‘ —2(log n)'?1

> éét —2(log d)2¢ (conditioned on event in (10.3))

> (1= 0(1/5)) %& . (10.5)

The probability that the events of (10.2) and (10.3) happen simultaneously is at least

1 1 1
d1+5(log d)O) a2 > d1+3(log d)OM ~
This bound implies the first part of the theorem. To see the eigengap bound, we first observe that the
largest eigenvalue of M, is at least (g, a1) — ||(Id ®Id ®gT)E||{1} @ > (1+6/3)t —2(logd)"/?1. On
the other hand, by eigenvalue interlacing, the second larges eigeflvalue of M, is bounded by the top
eigenvalue of M, — (g, al)ulaI = (Id®Id®g")E + Yiolg,ai)- a?z, which in turn is bounded above
by 2(log d)!/?1 + t. Therefore the eigenvalue gap statement follows by recalling t = y2logd. O

We remark that we can amplify the success probability of the algorithm by running it repeatedly
with independent randomness.

Theorem 10.2. There exists a randomized algorithm with running time d° - (logd)°M that given a

symmetric 3-tensor T € (R%)®3 such that ||T — i a?3l|{1},{2,3} < 1/logd for some set of orthonormal

vector {a1,...,a,} CR? outputs with probability ()(1) a vector unit v such that

1 n
. 12 ®3
r_n[1r}||v—a1|| < > +H1 E a

i€[n i=1 !

(1142043}



Furthermore, there exists a randomized algorithm with running time d'*® - (log d)°1) < O(d®3®) that given
T as before, with probability at least ()(1) outputs a set of vectors {a}, ..., ay } with Hausdorff distance at
T - Zn a®3

i=1"q

most 2% + from {ax,...,a,}. Here w is the matrix multiplication exponent.

){1},{2},{3}
Proof. We may assume that d is larger than some constant. We run d'*® - O(log d)° iterations of
the following procedure which can be carried out in O(d®) time. We will discuss how to speed the
algorithm at the end.

1. Choose a standard Gaussian vector g and compute M, = (Id ® Id ®¢")T.

2. Run O(log d)? iterations of the matrix power method on M, viewed as a d-by-d matrix (with
random initialization) and set u to be the top eigenvector calculated in this way.

3. Check that [{u®3,T)| > 0.9.

4. Run O(loglog d) iterations of the tensor power method on T starting from u. Output the final
iterate v of the method.

The analysis of the tensor power method [AGH"14, Lemma 5.1] shows that whenever the check
in step 3 succeeds then the final output v satisfies the desired accuracy guarantee of the theorem.
It remains to show that the check in step 3 succeeds with probability at least 1/(logd)°™) over
the randomness of the algorithm. (We obtain success probability (1) by repeating the algorithm
(log d)°D times.) We apply Theorem 10.1 for 6 = O(1/logd) and 7 = 1/logd such that for every
i € [n], the distance guarantee for the top eigenvector of M, is at most 0.001 and the ratio between
first and second eigenvalue is at least 1 + 1/logd. By symmetry, for every index i € [n], the
probability that the top eigenvector of M, is 0.001-close to a; is at least 1/d(log d)°). Since the
vectors a1, ..., a, are orthonormal these events are disjoint. Therefore, with probability at least
1/(log d)°V over the choice of g, the top eigenvector of M, is 0.001-close to one of the vectors
ai,...,a,. Since the multiplicative gap between the top eigenvalue and the remaining eigenvalues
of M, is at least 1 +1/log d (by Theorem 10.1 for our choice of 6 and 7), it follows that with constant
probability over the choice of the random initialization of the matrix power method, the second
step of the algorithm recovers a vector that is 0.001-close to the top eigenvector of M,. In this case,
the resulting vector u satisfies the check [(u®3, T)| > 0.9.

In order to find all components in time d'*® - O(log d)°™ we run d - (log d)°® independent
evaluations of the above algorithm. Note that each run involves multiplication of a d> X d matrix
with a d dimensional vector and therefore in total we are to multiply a d X d matrix with d X d matrix.
Therefore, using fast matrix multiplication, we can “parallelize” all of the required linear algebra
operations and speedup the running time from d*(log d)°™ to the desired O(d'**)- (log d)°V. O

Remark 10.3 (Extension to other settings). The same rounding idea in Theorem 10.1 can be
extended to the setting when the components a1, ..., a, are close to isotropic in the sense that
||Zl- aa;’ — Idd” < 0. The success probability will decrease to roughly 1/d*P°Y(®) and therefore
when ¢ is at most a constant, the overall runtime will remain polynomial in d.

Suppose ay, . . ., a, are separate vectors as in the setting of Theorem 1.5, we can apply the idea in

k/3 1+41
paragraph above to the 3-tensor }; bl@3 where b; = a? Pandk >0 ( ;Oggpg

) -log(1/n) is a multiple



of 3. By Lemma 5.4 and the condition on k, we have that b; are in nearly isotropic position with

[0 <

1+ 1. Hence, using idea above we have a spectral algorithm without sum-of-squares

for this setting. As noted before (below Theorem 1.5), the error tolerance of this algorithm is in terms

..........

for example, to dictionary learning.
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A Toolbox

Lemma A.1 (sums-of-squares proof for Cauchy-Schwarz inequality). Let x1,...,x, and y1,..., Yy
be polynomials in some indeterminates. Then

() <(E)E)

Proof. The difference between the RHS and the LHS is a sum of squares.

i=1 i=1 i=1

Lemma A.2. Let u be indeterminate and a be a unit vector. Let A = {||u||* = 1,{u,a)* < t}. Then for
any unit vector b such that ||a — b|| < 26, we have that

Ak {(u, b2 < (VT +V5) )

Proof. First of all, by Lemma A.3, A + (u,a) < Yt and A + (u,a) > —/7. To bound (u, b), we
decompose 1 and b into their components parallel to and perpendicular to a.

Let u” = u — (u,a)a, so that u’ is a vector polynomial in u that satisfies u = (u,a)a + 1’ and
(u’,a) = 0. Then ||u|]> = ||«’||> + {(u,a)?||a||* and therefore A + ||u’||> < 1.

Similarly, let b’ = b — (b, a)a, so that b = (b, a)a + b’ and (b’,a) = 0. Since ||b — a||* < 25, we have
(b,a) > 1 -6, meaning that ||b’||* = ||b||> = (b, a)|la|> < 1-(1-06) = 6.



Then we are ready to bound (u, b):
(u, by = ((u,a)a +u, (b,a)a+1')
={(u,a)Xb,a)y+{u’,b’).

Since A + (u,a)b,a) < vt and also (v, b)* < ||u’||||b’||> < §||u’||*> which in turn implies (by
At ||w’||> < 1 and Lemma A.3) that A F (u’, b’) < V5, we conclude that A + (1, b) < V7 + V0.
Similarly, A + (u, b) > -7 — V6. Hence

(u, b = (VT +V8)" = ((u, ) = (VT + VB)) (¢, by + (VT + V5)) <0

as desired. O
Lemma A.3. For a positive real number a, and x be an indeterminate, then we have that
{?*<a’}tF{x<ax>-a} (A1)
Proof. The first statement simply follows from the following two polynomial identities,
a—x= %(az—x2+(a—x)2) ,
and similarly,
x+a=4 (@ -2+ (a+x)?).
O

Theorem A.4 (Consequence of Davis-Kahan Theorem [DK70]. c.f [YWS15]). Let &, 5 be symmetric
matrices in R4, Let v1, 7 be their top eigenvector respectively and let A1 > A, ... and A= Ay.. . be
their eigenvalues, respectively. Then,

2|z - £

llo1 = 011 < =
A1 = Ag]

Lemma A.5 (Consequence of Theorem A.4). Let a be unit vector and Id; = aa™, Id—y = Id —aa.
Suppose symmetric matrix M satisfies that

max {|[Id_1 MId_q ||, |[1ds MId_q||} < ea™Ma

Then, a is 3\2e-close to the top eigenvector of M in Euclidean distance.

Proof Lett =a"Maand M = taa™ = Id; M Id;. Then we have that M = (Idy +1d_ 1)M(Id1 +1d_1) =
M + Idi MId_; +Id_1 M1Id; +Id_1 M Id_;. Therefore by the assumption we have IIM M]|| < 3et.
Therefore using Theorem A.4 with £ = M and £ = M we obtain that the top eigenvector of M is
3V2¢-close to M in Euclidean distance. O



B Missing proofs in Section 3

Proof of Theorem 3.3. Suppose A = {fi 2 0,..., fu > 0} with f1,..., f € R[x] and deg(f) < 4.
Let m = |A| and let £ = max;e[,,) deg(fi). We use an optimization algorithm to find such pseudo-
distribution D. Here the variables are all the moments ]ED(X) [[Ties xi] for all S with |S| < d. The
constraints are linear constraints over these variables

-

ieS

S C [m], h € R[x], |S|¢ + deg (h?) < d}} .

We can separate over these constraints in time (n + m)o(d). Indeed, for every fixed choice of S,
the set of constraints of the form Ep ([T;cs fi) h? > 0 may be written as a single matrix constraint
Ep (TTies fi) [(1, x)®47151] [(1, x)2#-151¢]" > 0, with the equivalence established by mapping  to a
vector of coefficients. Therefore, by Theorem 3.1 and the equivalence of optimization and separation
[GLS81], we can find moments [Ep,)(1, x)®? of a degree-d pseudo-distribution in time (1 + m)O@),
A standard multivariate polynomial interpolation argument allows us to recover the underlying
pseudo-distribution D [BPT13]. O

Proof of Lemma 3.4. Suppose D is a degree-d pseudo-distribution. Let A = {f; > 0,..., f, > 0}
andlet B={g1 >0,...,gm > 0}. Moreover, A ¢ B means that for every constraint {g; > 0} in
B, there are sums-of-squares polynomials p; s for each S C [n] such that g; = Yscrpj,s [lies fi
where each summand p; s [];es fi has degree at most ¢’.

Consider some set T C [m] and some sum-of-squares polynomial /" such that |T|¢¢’ +deg h’ < d.

We would like to show that
1{5)(]7 g]-)h’ >0. (B.1)

jeT
A k¢ B means that for every constraint {g; > 0} in B, there are sums-of-squares polynomials p; s

for each S C [n] such that g; = Y sc(n) Pj,s [lies fi where each summand p; s [];es fi has degree at
most ¢’. Substituting g; in equation (B.1), it suffices to show that

jeT \Sc[n ieS

We expand the outer product over T and see that the polynomial inside the pseudo-expectation
is in fact a sum of many polynomials of the form g1 ...qr| ([ Tiew fi) #’, where each of the g;
is equal to pjs for some j € T and some S C [n], and where W C S is a multi-set, with
deg(q1...qr ([Tiew fi)) < |T|¢. Moreover, we note that since each g; is a sum of squares,
q1---qr ([Tiew fi) can be written as g [T;ew- fi where g is a sum of squares and W’ is the set of
elements that appear in W an odd number of times. We calculate

deg(q) = deg(q1...q1)) + deg( I_I fi)
iEW\W’



<(TIE= WD+ (W] = W)
<|T|EE — |W'| e,

where we used deg (41 - .. qi7| ([Tiew fi)) < |T|€ in combination with deg ([T;cw fi) > |W|, along
with the fact that therefore |IW| < |T|¢. Therefore since gh’ is a sum of squares and |W’|{’ +deg(qh’) <
d, by the definition of D ¢ A, we have E (g1 ... qr) ([Tiew fi) '] = E[qh" ([Tiew- fi)] > 0. Then by
linearity of pseudo-expectation we prove equation (B.2), which completes the proof. m]

Proof of Lemma 3.5. We prove the contrapositive. Let A = {f1 > 0,..., f, > 0}. Assume that
Altq {g > —¢} for some ¢ > 0.

A polynomial & satisfies A F; {h > 0} precisely when h = Y gc[, Ps [lies fi for some sum-
of-squares polynomials ps where the degree of each summand is at most d. We observe that
H ={h| Aty {h>0}}is a convex cone. Let H be its closure. We argue that g ¢ H.

Indeed, if there exists a sequence of polynomial g that converges to g (in coefficients), then
there exists a sufficiently large K such that for k € K, {||x|> < B} F gx(x) — g(x) < €/2. Therefore
Al g+e=gr+(g9— gk +¢) > 0. This contradicts our assumption.

Then by the hyperplane separation theorem, there exists a linear functional L over the space
of all degree-d polynomials such that L[g] < 0 and L[h] > O for all & € H. Since 1 € H, we have
L(1) > 0. We can scale L properly so that L(1) = 1 and therefore L defines a pseudo-distribution D.
In particular, D is a pseudo-distribution such that D |=¢ A because ([];cs fi)h € H holds whenever
S|€ + deg(h) < d and thus Ep [(Hies ﬁ)h] > 0. However, we also have D £, 8B since L(g) <0. O

Proof of Lemma 3.7. Let A = {fi > 0,..., fy > 0}. For any vector z € R?, we prove (z, E[M]z) =
E[z"Mz] > 0. Indeed, A -, M implies the existence of g;, v;’s that satisfy equation (3.1), where
qi can be written as q; = Y5 pi,s [1jes fj- Therefore, E[z"Mz] = E [Zi Ys€z, 0i(x))*pis [1jes f]]
For fixed i,S, we have that deg({z, vi(x))?) = 2deg(v;), and |S| < ¢’ — 2deg(v;). Therefore, we
have |S|€ +2deg(v;) < €€’ < d,and by D [£; A we obtain that |E [Zi Y5z, vi(0))*pis [jes f]] >0,
which completes the proof. m]
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